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ADVERTISEMENT. 



X HE Mathematics in general, and particularly ^he Fluxionary 
and Integral Calculus, having, for many years, been greatly 
progressive, it would have been a great omission on the part 
of the editor of a work of such standard excellence as 
SiMPSOK^s Fluxions, to have entirely overlooked the obvious 
improvements. It has, therefore, been the primary object in 
this new edition, in addition to a corrected copy of the text, 
to fomish the Student with the most elementary theories, on a 
variety of new and interesting subjects — to present him, as 
it were, with the links, connecting past with present science. 
If the labours of the editor effect, in the smallest degree, a closer 
union between what have been too long separated, he will have 
the satisfaction of feeling they were not made in vain. 

To the Student, any explanation at present with regard to 
\ the Appendixes would be unintelligible, and to the Adept, 
unnecessary. 

i 

An author of Simpson^s celebrity needs no recommendation. 
The ablest Geometers of this and other countries, have at all 
^ times bestowed upon him the most liberal praise. The following 
extracts will serve as specimens : 

a2 
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^* DemoDstrationes oUm contrahere i mIuI ut auditorum 
meorum comodo consulerem et Theorian I'luxxonum paucis 
exhibere: quod fere eodem tempore in An^ ■> prrcstltit Thomas 
Simpson.^ 

Frisiusy of. 1, page 9IS7. 

** Thomas Simpson, the ablest Analyst (if ^ore^xard the useftd 
purposes of Analytical Science) that this count: y c;in boast oi^ &c.'* 

Woodhouae^ Phys. Aat page 202. 

*' At the moment when we now write, the treatises of M ac- 
laurin and Simpson are the best which we have on the Fluxionary 
Calculus, SccJ" 

Plaiifatr's Worksy Vol. 4, page 328. 

The last quoted author, however, proceeds to state, that ex- 
cellent as these treatises are, they are still inadequate to the 
present state of science. 



Januatyy 1828. 



TO THE 



RIGHT HONOURABLE 



GEORGE EARL OF MACCLESFIELI* 



Sec. &c. &c. 



My Lord ; 

AS I esteem it a very great honour to be permitted 
to place the following sheets under your Lordship's 
protection, who is not only an encourager of, but an 
ornament to, mathematical learning; I have taken 
more than ordinary pains, that, what is here ushered 
into the world, with such advantage, may not be found 
altogether unworthy of so distinguished a patron. 

I am not vain enough to imagine, that, to one 80 
deeply read in these abstruse and curious speculations, 
as your Lordship is universally allowed to be, this 
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work will appear without faults : but, then^ I have 
the satisfaction to think, on the other hand, that, 
whatever is here to be met with capable of bearing 
the test of an exact q^nd solid judgment, will also 
have its due weight, and not fail of receiving your 
Lordship'8 approbation : and if, upon the whole, there 
is merit enough found to entitle me to a favourable 
reception, it will gratify the highest ambition of, 

My Lord, 

Your Lordship^s 

Most Obedient Humble Servant, 



THOMAS SIMPSON. 



THE AUTHOR'S PREFACE. 



Having, in the year 1737, published a piece, on 
this same subject, under the title of A Treatise of 
Fluxions (whereof the whole impression hath been 
long since sold), it may be proper here, first of all, to 
assign the reasons why this work is sent abroad into 
the world as a new book, rather than a second edition 
of the said Treatise. Which, in short, are these two : 
First, because the present work is vastly more full and 
comprehensive ; and, secondly, because the principal 
matters in it which are also to be met with in that 
Treatise^ are handled in a different manner. 

Besides the press*err<»rs with which the said Treatise 
abounds, there are several obscurities and defects 
(which the Author^s want of experience, and the many 
disadvantages he then laboured under, in his first 
sally, may, it is hoped, in some measure excuse). 
But what is now offered to the public, being a per- 
formance of more mature consideration and judgment, 
it will, I flatter myself, be found much more correct 
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and claim a favourable reception ; especially, as par- 
ticular care and pains have been taken to put every 
thing in a clear light, and to oblige the lower, as well 
as the more experienced, class of readers. 

The notion and explication here given of the first 
principles of fluxions, are not essentially different from 
what they are in the above-mentioned Treatise, though 
expressed in other terms. The consideration of time, 
which 1 have introduced into the general definition, 
will, perhaps, be disliked by those who would have 
fluxions to be mere velocities : but the advantage of 
considering them otherwise (not as the velocities 
themselves, but the magnitudes they would uniformly 
generate in a given finite time), appear to me sufficient 
to obviate any objection on that head. 

By taking fluxions as mere velocities^ the imagina- 
tion is confined, as it were, to a point, and, without 
proper care, insensibly involved in metaphysical dif- 
ficulties : but according to our method of conceiving 
and explaining the matter, less caution in the learner 
is necessary, and the higher orders of fluxions are ren- 
dered much more easy and intelligible. Besides, 
though Sir Isaac Newton defines fluxions to be the 
velocities of motions^ yet he hath recourse to the in- 
eremtents, or moments, generated in equal particles of 
time, in order to determine those velocities ; which he 
afterwards teaches us to expound by finite magnitudes 
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of Other kinds : without which (as is already hinted 
above) we could have but very obscure ideas of the 
higher orders of fluxions : for if motion in (or at) a 
point be so difficult to conceive, that some have even 
gone so far as to dispute the very existence of motion, 
how much more perplexing must it be to form a con- 
ception, not only, of the velocity of a motion, but 
also infinite changes and affections of it, in one and 
the same point, where all the orders of fluxions are to 
be considered. 

Seeing the notion of a fluxion, according to our 
manner of defining it, supposes an uniform motion, it 
may, perhaps, seem a matter of difficulty, at first view, 
how the fluxions of quantities, generated by means of 
accelerated and retarded motions, can be rightly 
assigned ; since not any, the least, time can be taken 
during which the generating celerity continues the 
same : here, indeed, we cannot express the fluxion by 
any increment or space, actually, generated in a given 
time (as in uniform motions). But, then, we can 
easily determine, what the contemporary increment, 
or generated space would he, if the acceleration, or 
retardation, was to cease at the proposed position in 
which the fluxion is to be found : whence the true 
fluxion, itself, will be obtained, without the assistance 
of infinitely small quantities, or any metaphysical con- 
siderations. 

Thus, for example, the motion of a ball, descending 
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by the force of its own gravity, is continually acce- 
lerated ; but to have the fluxion of the distance fallen 
through at any given position of the ball, we must find 
how far the ball wouldj uniformly, descend, from that 
point, in a given time, if the gravity, or the earth^s aU 
traction, from thence, was to cease acting. By which 
means we shall have as clear an idea of the fluxion and 
the true measure of the velocity of the ball, at any point 
assigned, as in those cases where the motion is, 
actually 9 uniform. 

Again, if a right-line be supposed to move parallel 
to itself with an equable motion, and to increase in 
length, at the same time ; the area generated thereby, 
will increase with an accelerated velocity ; but the 
fluxion thereof, at any given position of the line, will 
be had by taking that part of the increment which 
wouldj uniformly, arise, was the length (as well as the 
velocity) of the line to continue invariable from the 
proposed position. For, if the length be supposed to 
increase, from the said position, the area generated, 
from thence, will be, evidently, greater than that which 
would uniformly arise in the same time; since the 
new parts, produced each succeeding moment, are 
greater and greater. Therefore the fluxion must be 
less than any space that can be described, in the given 
time, when the line increases. And, in the same 
manner, the fluxion will appear to be greater than any 
space that can be described, in the same time, when 
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the line decreases. // must, therefore, be equal to 
that space, which will arise, when the length of the 
generating line, from the given position, is supposed 
neither to increase nor decrease : agreeable to Art. 4. 
Thus much it seemed proper to offer here with re* 
gard to the first principles. I shall now proceed to 
say something concerning the order observed in treats 
ing, and putting together, the several parts of the 
work ; wherein the ease and benefit of the young be- 
ginner have been particularly consulted : to load such 
an one with a multitude of rules and precepts, before 
giving him any taste of their use and application, 
would, certainly, be very discouraging; and like 
obliging a traveller to ascend an high mountain, with- 
out allowing him to stop by the way, to take breath, 
and refiresh his spirits with a prospect of the agreeable 
and extensive view he has to expect when he arrives 
at the summit : I have^ therefore, after demonstrating 
the first principles, proceeded immediately to exem- 
plify their utiHty in several entertaining inquiries, be- 
fore touching at all upon the inverse method, or the 
more difficult parts of the direct. And, since that 
branch of the inverse method which treats of the com- 
parison of fluents is, naturally, somewhat difficult, it 
is referred to the second part of the work, together with 
such other matters in the Theory as might appear, 
either too tedious or hard to a learner at first setting 
out. The Uke care has been taken in the disposal of the 
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rest of the work. As to the several particulars whereof 
it is composed, I must refer to the book itself, they 
being too many to be here enumerated : one thing, 
however, I must not omit to take notice of, relating to 
that part which treats of the aforesaid business of 
fluents ; to which it may, perhaps, be objected, that 
notwithstanding my having insisted so largely on the 
subject, there are a number of forms of fluxions and 
fluents to be met with in authors, that I have not so 
much as touched upon. This is granted; but then 
they are most of them such as, I dare pronounce, can 
never arise in any inquiry into nature; and it would, 
doubtless, be time and labour misapplied, to swell the 
work, and embarrass the learner with a number of un- 
necessary dif&culties, and empty speculations ; when 
what is, really, proper and useful, in the subject, is 
sufficient (it is well known), to exercise his utmost at- 
tention and resolution. 

I cannot put an end to this Preface without ac- 
knowledging my obligations to a small tract, entitled, 
An Explanation of Fluxions in a Short Essay on the 
Theory ; printed for W. Innys : wrote by a worthy 
friend of mine (who was too modest to put his name 
to that, his first attempt) whose manner of determining 
the fluxion of a rectangle, and illustrating the higher 
orders of fluxions, I have, in particular, followed, with 
little or no variation. 

THE DOCTRINE 



THE 



DOCTRINE AND APPLICATION 



OF 



F L U X I O N S. 



PART THE FIRST. 



SECTION I. 

Of the Nature and Investigation of 

Fluxions. 

1. JIN order to form a proper idea of the nature of 
Fluxions, all kinds of magnitudes are to be considered 
as generated by the continual motion of some of their 
bounds or extremes; as a Line by the motion of a 
Point ; a Surface by the motion of a Line ; and a Solid 
by the motion of a Surface. 

2. Every quantity so generated is called a variable^ or 
flowing quantity: and the magnitude by which amf 
Jhtting quantity would be umformfy increased in a 
givenportion oftimCj with ike generating celerity at any 
proposdi position^ or inatoM (teas it from thence to con- 
tinue invariable) is the fluxion of the iaid quantity at 
that position, or instant, 

B 
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Thus, let the pouit m be conceived to mo\te from A^ 

and generate the 

T7L Ul T variaole right- 

A ' ■ I ■ ■■■ |n»....«...».^*"^ ling A m, by a 

R. motion any how 

regulated ; and 
let the celerity thereof, when it arrives at any^ proposed 
position R, be such as wouldy was it to continue uni- 
lorm from that point, be sufficient to describe the dis- 
tance, or line K r, in the given time allotted for the 
fluxion : then will R r be the fluxion of the variable 
line A m, in that position. 

3. The fluxion of a plane surface is conceived in 

like manner, 

B S 5 G "^y supposing 

p •"" a given right- 

I line mn to 

imove parallel 
..•.* — ^ to itself. 




n 



m 



m 



R •* the plane of 

, the parallel, 
and immoveable lines A F and B G : for if (as above) 
R r be taken to express the fluxion of the line A 99, 
and the rectangle R r s S be completed, then that rect- 
angle, being me space which would be uniformly de- 
scnbed by the generating line m n, in the time that 
A m would be uniformly increased by m r, is therefore 
tl^e fluxion of (he generated rectangle B m, in that 
fjosiliiHi, acodfeding to ibe true meaning of the del$ni^ 
tum. 

4u If the length of the gfoierating line mu oop^ 
tinually varie^j the fluxiQii of the area will still be 
e^qpounded by a rectangle v^^ that lixie and the 
fluxion of the •absdfi^a, or h^m : for, let the cur- 
vSineal space A t^i 9 be generate^ 1>y the ecmtmual and 
parallel motion of the (now) yariM^le line 19 ^3 aind 
let R r be t)i9 fl«udw tf thd btoe, or ab^fdssa, A m (as 
before) ; t)i^ tlie reet^ngle Rr 9 Sf irill hete also be die 
fluxion of tlie aeit^ted space Amn: because, if the 
lengtli and velocity of tne generating line m » were 
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to continue invari- 
able from the posi- 
tion R S, the rect- 
aiigle Rrs S wpuld 
then b^ ifpifonnly 
generated, with the 
Ym pelerity where- 
wiux it oe^^ns to be 

g£perated» or with 
which the space 

At»n is increased 
in t|fat p^if^on. 

5. From what has been hitherto said, it will appear, 
diat the J^Madons of quantities are alvoays as the cek' 
rS^ ^ which the quantities themselves increase in mag' 
im/^ : whence it will not be difficult to form a notion 
(of iJie fluxions of quantiti^ otherwise generated ; as 
iijfefi such as arise from tl^e revolution of right-Iine9 
and planes, as those by parallel motion : but of this 
hereafter. I come now to show the manner of deter- 
mining the fluxions of algebraic quantities ; by which 
all others, of what kind soever, are explicaUe. But 
flrst of all it wDl be requisite to premise the following 
observations. 

I. That the final letters u, ^, x, y, z, of the alphabet 
are commonly put for variable quantities; and the initial 
kiU9^ a, b, c^ dy &o, for imariMe ^m$: thus the 
diameter. q£ a gxyen eirdb may he deoodsed by a, fSdA 
iJb. fiinfi of any a»ch ^imss^ (eofm^ss^ p» v^laUe| 

IL '^hat thefiuMo/A of a quantity represented ij^ 9 
single letter 9 is usually expressed hy. the same letter wdh 
t^^t <xr fuU-poiait oner it: thus the fluxian of 9 is 
cepresented by %and i^t of y by y- 

]l{I. ^hat theflmim of a qw'^^^ which deqreuseh 
^^^)^?^r^^$^9 %9 to be consider€4 as negative. 
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PROPOSITION""!. 

6. The Fluxion of a Quantity being given^ it is proposed 
tojind the Fluxion of any Power of that Quantity^ 

As a clear understanding of this problem will be of 
great importance throughout the whole work, it may 
not be improper to consider it first in one or two of Its 
most simple cases. 

Case I. Let x express the fluxion of x^ (according 
to the foregoing notation) and let the fluxion of x^ bp 
required. 

Conceive two points, m and n, to proceed, at the same 
time, from two other points, A and C, along the 
right-lines A B and C D, in such, sort, that the mea^ 
sure of the distance C S fy), described by the latter, 
may be, always^ equal to the square of that A B (x\ 
described by the former moving uniformly. 

4^- _LR B 

■ •\ — I — »• — jy 

X y 

I 1 I r ^ ■ ' ■ I 

Ftirthiermorej let r, s and R, S be any contemporary 
positions of the generating points, and let the lines 
dc and y represent the respective distances that wwdd 
he uniformly described, in the same time, with the cele- 
rities of those points at R and S, then those lines will 
express the fluxions of Am and C n in this position, 
(^ tKie Definition, Art. 3 and 5). 

Moreover, since C « = A>r* and C S = A R* (by 
hypothesis), if R r be denoted by v, we shall have C S 
(yj = a?% and C* (= jt— t?l*) = x^—^oev + t?% and 
consequently Ss(=CS — Cs) = 2xv — d* ; from 
whence we gather, that while the point m moves over 
the distance v, the point n moves over the distance 
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I^V'-v*, But this last 'distance (since the square of 
any quantity is ^own to increase faster, in propor- 
tion, than the root) is not described with an uni^rm 
motion (like the former), but an accelerated one ; and 
therefore is equal to, and may be taken to express, th« 
uniform space that might be described with the mean 
celerity at some intermediate point e, in the same time. 
Therefore, seeing the distances that might be described, 
in equal times, with the uniform celerity of m, and 
the mean celerity at e, are to each other as t? to 2xv 
— ©*, or as ] to &— », or, lastly, as i to 2a?i— t?jc, 
(all of which are in the same proportion) it is evident, 
that in the time the point m would move uniformJ|y 
over the distance x, the other point n, "with its celerity 
at e, tooiUd move uniformly over the distance ^x ^ vx. 
This being the case, let r, R, and «, S, be now sup- 
posed to coincide, by the arrival of the generating 
points at R and S,, then e (being always between s and 
S) will likewise coincide with S ; and the distance, 
2xx— i?x, which might be uniformly described in the 
aforesaid time, with the velocity at e (now at S), will 
become barely equal to 2xx ,• wnich (by the Defin,) is 
equal to (yjy the true fluxion of C n or x*.* 



* It may, perhaps, seem inaccurate, that the fluxions of 
4r and a^ are compared together, and expressed both by 
lines, when the flowing quantities themselves, considered 
as a .right-line and a square, admit of no comparison. 
This objection would, indeed, be of force, were the expres- 
sions restrained to a geometrical signification ; but here oar 
notions are more abstracted and universal, not obliging us 
to regard what kind of extension, may be defined by this 
or that expression, but only the values of the algebraic 
quantities thereby signified ; to which the measures of all 
other quantities whatever are ultimately referred. And 
though quantities of different kinds cannot be compared 
with each other, their measures, in numbers, may. Thus, 
for instance, though it would be wrong to afiirm, that a 
square whose area is 9 inches, is equal to a line of 9 inches 
long, yet it is no impropriety at all to say the numbers ex- 
jpressing their measures, in inches, arc cquaJ. 



6 THE IfAXPKE AND INTESTICATION 

7. Ctue % Let ^e ilaxien df »' be l'e<}aited. 
Suppose everjr thing to remain as jn the pteoeding 

case; only let C n be here equal to the cube «f A m 
(faistead or the square). 
Then, in the verj same manner, we have S s (=±C S 

— C «=«'— a?— t?l^)±:8jc*t)— 8jw>*+t?^ : from Whence 
it appears, that the distances which might be described 
in tne same time, with the uniform celerity of m, and 
the mean celerity at e, will in this case, be to each 
other as V to Sx^v — Sxv^ + <?% or as i to Sx^x -^ 
Sxvx+v*±: which last expression, when 5, e, and S 
coincide (as before) will become 8jB^i, the true fluxion 
of*' required. 

8. UmveraaUy. Let C n be always equal to Ami" ; 

also let »— vl* (or*— t? raised to the power whose ex- 
ponent is n) be represented bj **— aaf"'t> + 6*"^t)* 
— cx^^t)', <^c. and let every thmg else be supposed as 
above. 

• 

Then, since Ss (af— *— t?!') is=a*'*~'©— 6*"~*i?* 
+ c*^'t7', 4*c. it is plain that the spaces which might 
be described in the same time, with the utiif(nrm cele- 
rity of m, and the mean celerity at e, will here be to 
each other as t? to ox^'t?— 6*^ V + c*"~^t?', ^e. or as 
* to o*^' i— &*•"*©* +c*^'tj*x, 4fc. 

Therefore, all the terms wherein v is found, vanish- 
ing, when «, c, and S coincide, we have a*^' x for 
the required fluxion of Cn, or af; which fluxi(m, 
because the numeral co-efficient of the second term of 
a binomial involved is known to be, universallyj equal 
td the exponent of the power, will also be truly ex- 
pressed by n**"'*. Q. E. L 

9. If the quantity A m (or *) be generated with an 
accelevated, or a retarded motion, instead of an uni- 
form one, the fluxion of *" (or Cn) will come out 
exactly the same : 

For the spaces r R and s S, actually described in the 
siame time, being always, to each other, in the ratio 
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of X to ajp*"*i — ij»*""' vXf Sfc. the mean celerities^ 
dit cert^n intermediate points between r, R, and s^ , S, 
mvi^ hhio hb in.ihisl rstib: whidi, wHenv vanishes 
{as iibove) will become ilikt of x to fli^' i, (or na^i) 
the very satiie as befbre. 
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10. Tofnd the Fluxixm of the Prottuct or Rectangle 

of two varicAk Quantities, 



Coiideite two rightJines D E and F G, perpendi- 
culaQr to each 




Other, to move 
fiom two other 
right - lines, 
BA an4 B C, 
continually pa- 
rallel to them- 
selves, and 
thereby gene- 
rate tne rect- 
angle DF. Let 

the path of their . . 

intersection, or the loci of the angle H, be the liiie 
B H R ; also let D d (i) ^nd FffyJ, be the fluxions 
of the sides B D (x) and B F (y), and let d m and/w, 
parallel to DH and FH be drawn. Therefore, her 
cause the fluxion of the space or area B D H is truly 
expressed by the rectangle D m (=zy±*^ an^ that o£ * Art. 4 
the area, or space B F H, by the rectangle F n, and 
equal quantities have equal fluxions, it &Uow& that the 
fluxion of the rectangle «y=I> F (=B t) H + B F H) 
is truly expressed by yx + xy, Q. E. I. 
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T^e'scmte otherwise. 

11. Let »y be the given xeetai^e (as before) ; And 

?ut z=:x+y9 then «* beingss«*+2a^+J^% we have 
«*— f«*— ly =r opy. But the fluxion of |2*---|ap* 
"~iy* (and consequently that of its equal ogfj^ is zx 
'^xx'^yy (by Art, 6) : which, because z=:x+y and 

issi-f y, is also equal to x+y x £4-y'^x£'^yyrszyx + 
fy. Q. E. I. 

COBOLLABY 1. 

IS. Hence the fluxion of the product of three va- 
riable quantities (yzu) may be derived : for, if jt be 
put sBtf, ihscLyzu wSl become = yx^ and its fluxion 
^y^+y^ (<^ above): but x being = arte, and there- 
fore ^=2r^-ftti, if these values be substituted in jry 

/4-»yj it will become yxzu-^-uz+zuy^szyzu-hyuZ'^' 
zuyy the fluxion of ^^m required. In Iikc manner, the 
fluxion of xyzu mil appear to be xyzu + ocyzu + 
ixyzu'\-xyzuy and that of xyzuw:=ixyzuw + xyzuvD'\- 
xyiuW'\'Xyzuw+xyzuw. 

* 

COBOLLABY % 

IS. Hei)ce, also, the fluxion of a fraction *— may 

u 
be determined. For, putting xrs — , we have xz=iUy 

and therefore xz4'Zxz;iU fas above/ ; whence, by trans- 

,,...'• . u xz u tiz ^t 
position and division, » = = ; (by 

Z Z Z Z" 

writing ^ for x)^ — H — ; which is the true fluxion 
of X, or its equal — , the fraction proposed. 

Z 

14. Now, ^from the foregoing propositions, and their 
subsequent corollaries, the following practical rules 
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tot determining the fluxions of algebraic quantities?^ are 
obtained. 



RULE I. 

To find the fluxion of any given power of a variable 
quantity. 

Mubiply thejtuxwn of the root by the exponent of the 
power, and the product by thai power of the same root 
whose exponent is less by unity than the given exponent. 

This rule is investigated in Prop. 1, and is nothing 
more than nx*~^i (Uie .fluxion of x*) expressed in 
words. 

Hence the fluxion of x^ is SxH ; that of o^^is Sx^x; 

and that of a+y^'^ is 7y x a+^1% (because a beii^ 
constant^ y is the true fluxion of the root a+y, in this 
case). 

Moreover the fluxion of 0^-^-2^% will be i^xizz 

xaM-^*> or 3zz Va^-^z^: for here, x being put 

sra^-f 0-, we have x^Szz, and therefore ^x^Xy the 

fluxion of xi (or a^ + z^i) is = Qzx \/a^ +.^^9 as 
above. 

RULE II. 

15. To find the X fluxion of the product of several 
variable quantities multiplied together. 

Multiply the fluxion of each by the product of the rest 
of the quantities^ . and the sum of the products thus 
arising will be the fluxion sought,* 

Thus the fluxion of xy is xy +yx ; that of xyz is 
xyz + xzy +yzx; and that of xyzu, is xyzu + xyuz+xzuy 
—^-yzux. 
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RULE III. 

16. To find the fluxion of a fraction. 

From thefiujcion of the nuitikrator drawn into the de- 
nominator^ subtract the fuxion of the denominator 
draum into thenumtfeEtor^ and dittos the r&niaindeir by 
• Art li the square of the denominator,* 

Thusy the fluxion of ^ is .^LZU: • that rf ■ ( ■ '■?-, is 

y y^ X+y 

l^iS±|p^ == fcf; and that bf i±^ 
or 1 4- -: — ^, Is -^- — ^- - ^ ' ; acnd so 6f others. 

17. Ill the examples hitherto ^veni each is resolved 
by its own particular jule ; but in those that follow, the 
use of ti^'o, and someliimes of all the three rules is re- 
quisite. 

Thus (by Rules 1 and 2) the fluxion of x'^y^ is 
2r^jry+%^xi; that of ^ is ^^^^^Lzi^, (by Rule 

1 ard 3) and that of ^^s ^T^£fZfy% 



z z^ 



where all the three rules are necessary. 

When the proposed quantity is affecCed by a co-efii- 
cient, or constant multiplicator, the fluxion found as 
above^i must be multiplied by that co-efficient or mul- 
tiplicator. 

Thus, the fluxion of 5a:' is ISx-x. For the fluxion 
of x^ being Sx-i, that of 5x% which is 5 times as 
great, must consequently be 5 x Sx^x, or \5x-x. 

And, in the very same manner the fluxion oiax* will 
appear to be nar"^'i. Moreover, the fluxion of 



a 

— 1 



j'2-fyl43 or axa:^ + y2) S will ^ expressed by 
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axx±-hyp 



«x — fxari+%j^x^^+j^ ', or--^— ^ 



diat of V'r+jfi' or xTfii\i, by ii+ixfjjry"* x 



..1 



and that of y =• or ^ i - bv 



a:«— flS 



; which 



by reduction, U^ 2^xx^^a^l^-xixx^-fl^l *xx-ha 



X— a 



_ 23c x x^-g^-jcx X j+g _ gi X x-g X x +fl-yi X x-^ 
X— axx^— g^l* X— ax i/x«— a« 



__ x + axxi— 2fljc 
X— axV^x^-^a^ 

Having explained the manner of considerinj; and de- 
termining the first fluxions of variable or flowing quan- 
tities, it will be proper to say something now concern- 
ing the higher orders, as second, third, fourth. See. 
fluxions. 

18. The second fluxion of a Quantity is the fluxion 
of the variable or algebraic quantity expressing the first 
flMXion already defined.* By the third fluxion is meant 
the fluxion of the variable quantity expressing the se^ 
cond : and by the fourth^ the fluxion of the variable 
quantity expressing the third fluxion : and so on. 

Thus, for example, let the line A B represent a 
variable quantity^ generated by the motion of the point 
B, and let the (first) fluxion thereof (or the spac6 
that might be uniformly described in a given time, with 
the celerity of B) be always expressed by the distance 



K THE NATCBE AND INVESTIGATIOK 

of the point D from a given^ or fixed point C : then 

if the celerity of B 
]B be not every where 

A*""^ ^ the same; the dis- 

D tanoe C D, express- 

' mg the measure of 

F that celerity, must 

E '"" also vary, by the 

p H motion of D, from 

^ ■ ■"' !' - *■ or towards C, ac- 

cording as the cele- 
rity of B is an increasing or a decreasing one : and the 
fluxion of the line C D, so varying (or the space 
(E F) that might be uniformly describe in the aforesaid 

Siven time, with the celerity of DJ is the second 
uxion of A B. Agaiii, if the motion of B be such 
that neither it, nor that of D (which depends upon it) 
be equable, then E F, expressing the celerity of D, will 
also have its fluxion (5r H ; which is the third fluxion 
of A B, and the second fluxion of C D. 

And thus are, the fluxions of every other order to be 
considered, being the measures of the velocities of which 
their respective flowing quantities^ the fltixions of the 
•Art. 2. preceding order are generated.* 

19. Hence it appears, that a second fluxion always 
shows the rate of the increase or decrease of the first 
fluxion; and that third, fourth, &c. fluxions, differ 
in nothing (except their order and notation) from first 
fltixions, being actually such to the quantities ftom 
whence they are immediately derived ; and therefore 
are also determinable, in the very same manner, by the 
general rules already delivered. 

Thus, by Rule 3, the (first) fluxion of x^ is Sx^ot : 
and, if i be supposed constant, that is, if the root x 
be generated witn an equable celerity, the fluxion of 
Sx*x (or &x X a*) again taken, by the same rule, will 
be 3jc X 2«jc, or 6xx^ ; which therefore is the second 
fluxion of x^ : whose fluxion, found in like sort, 
will be 6x\ the third fluxion o( xK Further than 
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which we cannot go in this case, because the last 
fluxion 6x^ is here a constant quantity. 

20. In the preceding example the root x is supposed 
to be generated with an equal celerity : but if the 
celerity be an increasing or a decreasing one, then x, 
expressing the measure thereof, bein^ variable, will also 
have its fluxion ; which is usually denoted by z : 
whose fluxion, according to the same method of nota- 
tion, is again designed by :!t ; and so on^ with respect 
to the higher orders. 

21. Here follow a few examples, wherein the root 
X (oty) is supposed to be generated with a variable 
celerity. 

Thus, the first fluxion of x^ is Sx^x (or 3x*x«). 
And, if the fluxion of Sx^ x x (considered as a rect- 
angle) be again found (by Rule 2), we shall have 
6xx X X + 3i - X X = 6xx^ + Qx^Xj for tne second fluxion 
ofj:'. 

Moreover, froni the fluxion last found we shall in 
like manner get 6xxx'^'^6xxitxx+6xxxx'^3x*x^ 
(or 6x^ + 18xxx'\'3x''x) for the third fluxion o{ xK 

'J'hua ako, if y=wj:*"'jc, then will y=nx% — Ix 
sr^x^'+nxjr-^; and if i«=jg^, then will 2i5 = 
dty-hysi: and so of others. But, in the solution of 
problems, it will be convenient to make the first 
fluxion of some one of the simple quantities (x or yj 
invariable, not only to avoid trouble, but that it may 
serve as a standard to which the variable .fluxions of the 
otI)ter quantities, depending th^eon, may be always 
refercied. . The reader is also desired here (once for aU) 
to take particular notice, that thejliurions of all kinds 
and orders whatever f are contemporaneous^ or stick as 
may be generated together, with their respective celerities^ 
in one and the same time. 
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SECTION 



Of the Application of Fluxions to tJte Solu- 
tion of Problems DE Maximis et Mi- 
nimis. 

9&. If s qoantity oonceived to be generated by mo- 
tion, increases or decreases till it amves at a cert^n 
magnitude or positioD, and then, on the contrary, grows 
lesser or greater, and it be required to determine the 
s^id magnitude or position, the question is called a 
Problem de Masitnii et Minium. 

Gehekal Illostxation. 

Let a point m, move uniformly in a right line, from 
A towards B, wad Let another prant s move e£xK it 
with a Telocity ather increanng, or deaeaung, but s6 
that it may, at a certain pomQon, D, beoMue e^ial to 
that of the former point m, moving uoifiin^lT. 

1'his l>^ng premised, let the motion of it be fist 
considered as ai^ '^ 

- P- -y V . ( whiciTUi: the dift- 

TV 111 tance pf n bebwi 

m will c^tiuiui|l(y 
increase, till the two points arrive at the cotei^piKriutj 
positions C and D ; but afterwards it will agam ^ 
crease ; for the motion of n, till then, being slower tl^ffl 
at D, it is also slower than that of the preceding point 
i?i (by hypothesis) hut becoming quio^er afterwards 
than that of in, the distance m n {as has been alrefc^ 
said) will again decrease : and therefore is a nummiOH, 
or the greatest of all, when the celerities of the two 
pcnnts are equal to each other. 

But, if n arrives at D with a dedeasiug celerity ; 
then its motion b^g Erst swifter, and afterwards slower, 
than that of m, the distance m n will first decrease and 



then increase ; and therefore is a Minimum^ or the least 
of all, in the forementioned circu9^|a]:v!<s. 

Since, then, tne distance m n is a maximum or a mi- 
nimum^ when the velooiti^ o£ n^ aii4 ^ ^^ ^^.^9 <nr 
when that distapM ii|crea8e$ a^ (b^% ^I^QOfigh itne mo- 
tion of m, as it decreases by that of n, its fluxion at 
t}|4t inst^t is evidently equal to nothing.* There- "Art^ft^. 
$>re, ^s the motion of the points m and n may be con* 
oeived sudi that their distance mn may express the 
measure of any variable quantity whatever, it fol- 
lows, that th? fluxion of anv variable quantity what- 
ever^ whep u maximum or minimum, is equal to no- 
thing, 

EXAMPLE L 

^« To divide a given Right-tine A B inio two such 
" Paft8j AC, B C, tJiat their Product ^ or Rectangle^ 
mojf he ikt'sreate$!t possible. 

Put the'gi-* 
v«i line AB {^ 

= a, and let A' * iB 

the narj AC, 

ooni^ia^ced as variable (by the i^otion of C (nsa A Uh 
wfurds B) be denoted by x : iken B C ' being =; a— «, 
We hi|ve A C x B C = a«— «* : whose flipdtok ax-^^i; 
being' put == 0, according to the ptescrfot, yre g^tcu^ 
=2«x, andcpnsejuentlj'opsrfa. Ttief^e AC and 
BCi in the requii^d circumstance, aire equal to eaoh 
otliisr : wMch we also kn^w from other principles. 

EXAMPLE H. 

94f' Tofiad tJkie Fraction whfch shall ^s^eed it^ Cube bg 

the greatest quantity.poss&U. 

Let X denote a variable quantity, expressing number 
m general ; then the excess of x aifyo^e x^ being uni- 
vereaHy represented by «— «', if the fliudon thereof be 
taken^ <|t. w stall have «— 3**4=Q; 9^4 therefiw 
* = V 7, the fraction required. 
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EXAMPLE III. 

25. To determine the greatest Rectangle that can be 
inscribed in a given Triangk, 

Put the base 
A C of the gi- 
ven Triangle= 
&, and its Alti- 
tude B D=a ; 
and let the al- 
titude (B S) of 
the inscribed 
rectangle m c 
(considered as 
variable) be de- 
noted hy X : 
Then, because of the parallel lines A C, and oc, it 

iRriUbeasBD(^aj: AC('ft; ..DSfa'^x): '^ 

=zac: whence the area of the rectangle, orocxBS 

.,, , bax—bx^ , /« . bax'-^bxx . 

will qe = ' ' : whose fiuxion —- being 

a a ^ 

(as before) put =0, we shall get »= | a* Whence the 

greatest inscribed rectangle is that whose altitu.de is just 

half the altitude of the triangle. 

@6. It will be proper to observe Aere, that the value 

of a quantity, when a maximum or minimum^ to&j 

oftentimes be determined with more facility by taking 

the fluxion of some given part, multiple, or power 

thereof, than from the fluxion of the quantity itself. 

Thus, in the preceding example, where the general 

box — 6*ic* b ——I—— 
expression is "~""":r~' = "7 X a* — a?*, if the constant 



a 



a 



multiplicatQr — be rejected, we shall have cw — «* ; 

^ tf 

whose fluxion ai—2«?i being put =0, we get »= fa, 
the very same as before, * 

The 



D£ MAXIMXS ET 1IINI1II0. 

The reason of which is obvious ; because when the 
quantity itself (be it of what kind it will) is the greatest, 
or least possible, any given part, power, or multiple of 
it is also the greatest or least possible. 

EXAMPLE IV. 

S7* Of all right-angled plane Triangles having the same 
given Hypothenusey to find that (A B C) whose Area 
is the greatest. 



Let AC=a, A 8=*, 
and B C =^ y: then, 
x^+y^ being = a^, we 

diall havens l/a^— a?-, 
and consequently f = 
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X 




— -/ flS — ^2 — the 

area of the triangle; Jx 

a^x^ x^ 
whose square —j — being also a maximum, * • Art 26. 



the fluxion thereof 



a'^xx 



2 



— x^x must therefore 



be=:Of: whence x is found=:av|, and ^^ Art. 22. 



^ The same otherwise. 

Since ixyis a maximum^ and jt^H f(^-=z(f^ let the 
fluxions of both be taken, and you wil! have \xy'^\yx 
tsO, and 2a:iH-^j/y=0; from the former of which y 

will be=: — ^— ; and from the latter it will be= : 

Therefore — and — are equal to each other, and con- 

^ . y 

sequently x^y (the same as before). 

c 
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EXAMPLE V. 

S8. Of aU right-angled plane Triangles containing the 
same given Arta^ to find that whereof the Sum of the 
two Legs A B + B C is the least possible. (See the 
preceding figure.) 

Let one leg, A B, be denoted by t, and the area 
of the triangle by a ; then the other leg will be de- 

noted by — , and the sum of the two legs will h^ x-\- 

—; whereof the fluxion is X — --- ; which, put = 0, 
X x^ 

gives X (A B)= V^: whence B C ^ ~) is also = 

l/^ Therefore the two legs are equal to each 
other. 

EXAMPLE VL 

29. To dttermin^ the Dimensions of the least Isosceles 
Triangle ACD that can circumscribe a given Circle. 

Let the Distance 
(OD) of the vertex 
of the triangle frohi 
the cent^ of the cir- 
cle, be denoted by x, 
and let the remaining 
part of the perpendi- 
cular, which is the 
radius of the circle, 
be represented by a: 
then, if O S, perpen- 
dicular to D C^ be drawn, we shall have D S= \/x^ — a* ; 
and therefore since D S ! O S ! : D B ! B C, we likewise 

have B C = , ; which multiplied by a: + a (BD) 




Vx"^ 



a' 
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gives for the area of the triangle : which 

being a minimum, its square must be a minimum^ and 

consequently — -, or its equal 9 a mtTtt- 

«"— a- X— (t 

nitfm also.* Whose fluxion, therefore, which is* Art 36. 

- — ' — ■ , being put = 0, and 

• 1^ _^— 

the whole divided by ■ — , we also get S x x—a 

x— al* 

— x 4- a=0 ; whence x=2a : therefore, O D bein^=: 
20 s, and the triangles O DS and BDC equiangular, 
it is evident that D C is likewise=2 B C = A C ; and 
so the triangle A C D, when the least possible, is equi- 
lateral. 



EXAMPLE VII. 

SO. To determine the greatest Cylinder , dgj that can be 
inscribed in a given Cone A D B. 

Let a=B C, the altitude of the Cone ; 
i= A D, the diameter of its base ; 
x=zfg (dh) the diameter of the cylinder, con- 
sidered as variable. 

pv=i(-l — i \ the area of the circle 

whose diameter is unity. 

Then, the areas of circles being to one another as 
the squares of their diameters, we have 1^ '. x^ ]\ 
p '. (px-) the area of the circle ^^: moreover, from 
the similarity of the triangles ABC and A djj we have 

ib (AC) : a (B c) : : kb^ix {kd)\ df^ ?*r^; 

b 
which multiplied by the area px'*- (found above) gives 

c2 



/ 
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^ 



T"* 

for the solid 
content of 
the cylin- 
der : wnich 
being a 
fnaxiffiUMy 
its fluxion 
9pabxx , 

b 
Spaa^x 



must 



a 



• Art. 92. be=0,* consequently a? = g- and df^z-^i firom 

whence it appears, that the inscribed cylinder will be 
the greatest possible, when the altitude thereof is just 
y of the altitude of the whole cone. 



EXAMPLE VIII. 

31. • To determine the DimeTisions of a cylindric Measure 
A B C D, open at the top^ which shall contain a given 
quantity (of Liquor, Grain, Sfc.) under the least 
internal Super/mes possible. 



..-- 



.••*•••' 



'•••M.- 




Let the diameter 
AB=x, and the al|;i- 
tudeAD=^; moreover 
let p (3,14159, &c) 
denote the periphery of 
the circle whose dia- 
meter iis unity, and let 
c be the ^iven content 
of the cylmder. Then 
it will be i. p'. \x\(px) 
the circumference of the 
base; which, multipli^ 
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» 

by/the altitude y^ gives J7xy for the concave superficies 
dP the cylinder. In like manner, the area of the base, 
by multiplying the same expression into \ of the dia- 

metor x^ will be found = ~t-; which drawn into the 

altitude j(, gives --t— for th6 solid content of the cy- 
linder; which being made = c, the concave surface 

4c 
pxy will be found = — , and consequently the whole 

sur&ce = h ^v" : whereof the fluxion, which is 

4cr pxx , . ' ^ , _. 
+ —q-^ bemg put = 0, we snail get— 8 c+jm;* 

'A 

=0; and therefore xssSy —■ : further, because |9j:' 

=8 c, and j9.r^^=4 c, it follows, that x^9y\ whence^ 
is also known, and from which it appears, that the dia- 
meter of the base must be just the double of the alti* 
tude. 

EXAMPLE IX. 

SS. Of all Cones under the same given Superficies (s) 
to find that (ABD) whose Solidity is the greatest. 

L^ the semi- 
diameter of the 
base, AC=x, and 
the length of the 
slant siaeAB=^; 
and let p (as in 
the preceding ex- . 
amples) denote the 
penphefv of the 
circle whose dia- 
meter is unity. 
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Then the circumference of the base will be r= Hpx, 
the area of the base = px% and the convex superficies 
of the cone == pxy (which last is found hj multiplying 
half the periphery of the base by the length of the 
dant side) : wherefore, since the whole superficies is 

sspx^'\'pxy=8y jee have^ar -. x; whence the alti^ 

tudje CB (VTF-AC^) = V— - - ; which 

^ p^x^ p 

multiplied by ^^y 4- of the area of the base, gives 

^ \/ -7-:; for the solid content of the cpne. 

Which beu)g a maximum^ its square —^ ^-^ — must 

^IsQ be a max;f,muni,; md therefore —^ ^ =0; 

whence ^— 4px*=0, and consequently x=:\^ — : fifom 

8 5~~ t)x^ 3pjr'^ 

which V (= — ^x=z — i— = -^ — =3r)willlike* 

P^ px px 

wise be known ; and from whence it will appear that 
<the greatest cone under a given surface (or a given 
cone under the least surface) will be when the length 
of the slant side is to the semi-diameter of the base in 
the ratio of 3 to 1, or (which comes to the same) 
when the square of the altitude is to the square of th^ 
whole diameter in the ratio of 2 to 1. 
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EXAMPLE X. 



@S. To determine the position of a RightMne D £, 
which^ passing through a given point P, shall cut 
two RightMnes A R and A S, given by position^ in 
such sort that the sum of the Segments, A D and 
A E, made thereby, may be the least possible. 




Make P B parallel to A S, =0, and P C, parallel te 
A R, =i ; and let B D=x : then^ by reason of the 

parallel lines, it will be, x ! a ! ! i ! C £ = — : 

T 

therefore A D + A E=6+a:+aH • and its fluxion,* 

X ^, which, in the required circumstance, being 

=0, we have x'^-^ab also =0, and consequently j:= 

V^ai; whence the position of D E is known. But the 
same thing may be otherwise determined, independent 
of fluxions, from the general solution of the problem 
for finding the position of D E, when the sum of the 
segments A D and A E (instead of bein^ a minimum) 
shall be equal to a given quantity. Of which problem, 
the geometrical construction may be as follows. 
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Com^lete^he parallelogram A B F C (a8 before) and 
in R A produced, take Ac= A C, and let c F be equal 
to the given sum of the two segments : also let two 
semi-drdes be described upon Be and BF, and let 
AH, perpendicular to B c, intersect the fiyrmer in H ; 
likewise let H K, parallel' to F c, intersect the latter in 
I ; draw I D perpendicular to F c, and through P and 
D draw D £, which will be the position required. For 
A B X Ac being= A H»=D I*=B D x D F, we have 
B D : AB : : Ac (A C) : DF ; also, because of tfie 
parallel lines, we have B I) ! A B I ! A C ICE ; whence 
D F= C E, and consequently A D + A E (A D + A C 
+ F D) is equal to c F, which construction is more neat 
than that in p. 155 of my Geometry. But to show how 
far this may conduce to me matter first proposed, we are 
to observe, that as the problem here constructed appears 
to be impossible, when the right-line H K (instead of 
cutting or touching) fails wholly below the circle B W F, 
the least possible value of B F (and consequently of AD 
+ A E) must therefore be when that right-line touches 

thecirde; that]is,whenBD=:DI=: AH= •AB x AC; 
which value is the very same with that found above. 

The same conclusion may also be deduced from the 
algebraic solution of the aforesaid problem : for, put- 
ting &+x+aH — (AD + AE) = *, and solving the 

equation, x will be founds: —-^^ — 1-\/ fl5L ah: 



H J- 



<ri*-» 



which eqiii^tion being no longer possible than till 






-*a& is != 0, We have x^ in that circumstance, r= 
— 5 — = \/3 ; still as before. In like manner the 

maxima and ndnima may be determined in other cases, 
by finding the position or circumstance wherein the 
general problem begins to be impossible (supposing the 
quantity sought to be given). But the operation by 
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fluxions is, for the general part, much nofe isbort and 
expeditious* 

EXAMPLE XL 

S4. The same being given as in. the preceding Example^ 
to ddermine the Positumy when the Line D £ itself , 
is the least possible. 

Upon A F let fall the perpendicular PQ ; make B Q 
==c, and the rest as before: then DP* being (= 
DB«+B P2-2B Q X D B)=x2+a«-2cj, and JPB^ ! 

DP« : : D A^iDES we have ar^Ix^+a^-Scr: ! b+xV 

X*^ X x'^ 



2c . a^ 



whose fluxion, which is 2fXJ+a:xl— — + — + 

x x^ 

bT^xrx-— J-, being put = 0, and the whole 

x^ X 

equation^ divided by 2i x b+Xy there will come out 1 — 

—+ — [-b+xx ;= 0; whence a:' — Stcj^ + c^x 

X X^ x^ x^ ■ 



+i+J?xcx— a-=0; that is (by reduction) af^— cx^ 
+ bcx-'a^'b=0 : from the resolution of which equation, 
the position of D E is determined. 

Lemma. 

35. If a body or point (nj be supposed to "move in a 
right4ine A B, its absolute celerity^ in the direction of 
that line, will be to the relative celerity , whereby it tends 
to or from a given point C, any where out of the line, 
as the distance Cn is to the distance Dn, intercepted by 
n and the perpenOcidar CD; tyr as radius to the co^sine 
of the angle of inclination D n C. 

For, ^putting CD = a, D n = a?, and C» =^ j^, 
we I have a^'i-x^z^y^, and consequently 2jri=%y;**Art.2&s. 
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£ 



A D 



'Art.2&5. 




B 



Whence x 

y :: y (C«) : x 

(D«) :: Radius: 
co-sine DnC: but 
the fluxions of 
quantities are as 
tne celerities of 
their increase, * 
therefore the truth 
of the proposition 
is manifest. 



COBOLLABY. 

It follows from hence, that the relative celerities in 
any two different directions, n E and nC, are directly as 
the eo-sines of the corresponding angles DnE and 
D nC Therefore, when n E is perpendicular to C n, 
(and the angle D n E therefore equal to C) the celerity, 
in the direction n £, will be to that in the direction 
n C, as the sine of D n C is to its oo-sine. From whence 
it appears, that the celerities in the directions Dn, C n, 
and £ n (perpendicular to n C) are to each other as C », 
D n, and C D respectively. 



EXAMPLE XII. 



/ 



86* To determine the Position of a Point, from whence, 
if three RightMneshe drawn to so many given Points 
A, B, C, 4heir Sum shall be the least possible. 

Let H P G be the periphery of a circle described 
about the point A,, as a center, at any distance A 6 ; 
in which let the point P be conceived to move with an 
uniform celerity, from G towards H. Then, because 
the relative celerity thereof, in the direction P C, is to 
that in the direction B P produced, as the co-sine of 
thfe angle C P H to the co-sine of the angle B P G (by 
the preceding Lemma) ; and since these celerities, when 
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ike sum of C P and B P is a minimuMf must lie equal,* 

it follows, therefore, 

that the said angles yd A. 

CPHandBPG,as 

well as their co-sines, 

will in that circum- 
stance become equal 

to each other ; and 

consequ^itly A P C 

also equal to A P B. 

From i^hoice it ap- 
pears, that (take A G 

what you will) the 

sum of the three 

lines, A P, B P, and 
C P, cannot be the 

least possible when the 

angles A P B and 

A P C iure unequal. 

And, by the same 

argument, it also appears that th^ sum cannot be 

the least possible, when the angles B P A and B P C 

are unequal: therefore, their sum must be the least 

possible, when all the three angles about the noint F 

are equal to one another ; provitkd the case will admit 

of sueh an equality, or that no one of the angles of the 

triangle A B C is equal to, or greater than 4- of 4 right 

angles (for otherwise the point r will fall in the obtuse 

angle) : hence this 

Construction. 

Describe, upon B C, a segment of a circle, to «on- 
tam an angle of 120°, and let the whole circle B C Q 
be completed ; and from A to the middle (Q) of the 
arch B Q C, draw A Q, intersecting the circumference 
of the circle in P ; which will be the point required. 
For the angles B P Q and C P Q, standing upon the 
equal arches B Q and C Q, have their complements 
A P B and A P C equal to each other ; and therefore 
the angle B P C being 190° (by construction) each of 
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the said angles A F B, A P C, trill likewise be 120 
d^ees. 

After the same 
manner, it will 
appear that the 
sum of all the 
lines A P, B P, 
C P, &e. drawn 
from any num- 
ber of mym 
points, ABC, 
&c^ to meet in 
another point P, 
will be the least 
possible, when 
the co-sines of the angles RPA, RPB, RPC, &c. 
that the said lines make with any other line R S, pass^ 
ing through the point of concourse, d^troy each otn» : 
which willbe when all the angles A iP B, B P C, C P D, 
&c. are equal in all cases where the position of the 
given points will admit of sudi an equality. But if the 
nui&bS^ of given^ints be four, the requured ^int will 
be in the Intenection of the two right-lines joming the 
opposite pomts : for supposinj; A P C and B P D tobe 
continuea ri^t-lines, the oosme of R P A will be equal* 
and contrary to that of R P C, and that of R r B 
equfd and contrary to that of R P D. 




y 



EXAMPLE XIII. 

37. If two Bodies move at the same Time^ from two 
given Places A and B, and proceed uniformly from 
thence in given Directions^ A P and B Q, tvith Cek* 
riiies in a given Ratio ; it is proposed to find their 
Position^ and how far each has gone, when they are 
the nearest possible to each other. 

Let M and N be any two cotemporary positions of 
the bodies, and upon A P let fall the perpendiculars 
N E and B D ; abo let QB be produced to meet A P 
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A M 



in C, and let M N be drawn : moreover, let the nven 
eelerity in B Q be to that in A F, as n to m, and let 
A C, B C, and C D Twhich are also given) be denoted 
by Oj b^ and c, respectively, and make the variable dis- 
tance CN=a;: tnen, by reason of the parallel lines 
NE and BD, we shall have b (CB) : x (CN) : : e (CD) 

ex 
! C E = -=-• Also, because the distances, B N and 

6 
AM, gone over in the same time, are as the celeri- 
ties, we have likewise, n \m \\ x~-b (BN) .' A M 

-, and consequently C M (AC<»A M)=a+ 



n 



mb mx 



mx 



mb- 



=d (by writing d:=a'\ Y Whence 



MN« (=CM«+CN«-CMx2CE)wmaIsobefirand= 

Zex 



( 



J mx\ mx 






,^ 2dmx mrx^ 

^ a» — -j -^^ 



n 



n 



n^ 



+ x'^ 



^dx Somx^- , n . 2<Zmi . 2m-j;i 
H ; — , whose nuxion + 



+ 2x»— 



b ' nb 
2«d» . 4cmj:i 



n 



HI" 



, . — j~- being made=0 (because MN is 
to be a minimum) we get --bdvm+m^bx ^nrhx—n'^cd 
+ 9,mncx = ; ajid consequently x = — -^^ — „, . ^ = 

; from whence BN, A M, and M N 



•are also given. 
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The same'oiherwise. 

Because the relative celerities of the two bodies, at 

M and N, in the direction of the line M N (pro- 

, ,. , - , co^ne M , co^, N 

duced) are truly expressed by r: x nuand 7— 

^ ^ ^ r J radius ^ rod. 

• Art. 35. X » respectively ;* and as these celerities,- when the 

distance M N is a minimum^ do become equal to each 
t Art 22. other,"!* it follows that, in this circumstance, m\ n\\ 

co-sine N. ! co-sine Mi! secant of M .' secant of N 

(by plane Trig.) 

Whence this construction. Take C H to C B in the 

given ratio of m to n, an^ draw H B ; upon which 



A 




M m 



S reduced (if necessary) let fall the perpendicular A R ; 
raw B N parallel to A H, meeting C Q in N ; lastly, 
draw N M parallel to A R, and it will give the position 
required. For, first, it is plain, because AM (R N) ! 
B N (: : C H : C B) : : m : n, that M and N are co- 



temporary positions : it is likewise plain, that R N and 
B N will be secants of the angles K N R (C M N) and 
K N B (C N M) to the radius N K'; because the angle 
NKR (=ARK) is aright one. Which lines or. 
secants are in the proposed ratio of m to n^ as has been 
already shown. • 
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But the same solution may be^ yet, otherwise de- 
rived, independent of fluxions, from principles entirely 
geometrical. For, let m and n be any two cotemporary 
positions at pleasure, and let C H (as before) be to 
C 6, as the celerity in A P to that in C Q ; moreover, 
let n r, parallel to A P, be drawn, meeting H B pro- 
duced in r, and let A r be joined. Then, since C JB I 
C H : : B « I nr (by aim. triangks) and C B *. C H 
I '. B n ! A 111 (by Hyp* J it follows, that n r and A m 
(which are parallel) wll also be equal to each other ; 
and therefore A r and m n, likewise equal and parallel. 
But A r is the least possible when perpendicular to H r. 
Whence the solution is manifest. 

EXAMPLE XIV. 

^ 38. Let the body M move uniformly from A towards 
Q, with the Celerity m, and let another Body N pro- 
ceedfrom B, at the same time, with the Celerity n. 
N^ow it is proposed to jind the Direction (B D) of 
the latter f so that the Distance M N o/* the two 
Bodies, when the latter, arrives in the Way or Direc- 
tion A Q of the former J mny be the greatest possible. 



Si 




Let B C be perpendicular to A Q, and make A C= 

a, BC=:&, and BN=«. Therefore, if the ppsition 

M be supposed cotemporary with N, we shall have n 1 

fnx mjc 

m :: X '. A M= — ; whence C M= a, and con- 

. n V n ' 
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sequently MN (CN-C M)=>/?'^^-— + a; 
whereof the fluxion being taken, and made = 0, we 
get • y . ' = — ; therefore ac= . , and C N 

(j/jc^ — ftO= . : whence, m ! n :: BN I 

C N ! I radius ! oo-sine N. The same conclusion is 

otherwise derived, thus, 

/ Let the right-line RD be supposed to revolve about 

^ the point B as a center, with the motion so r^ulated, 

that the intercepted part thereof B N may inicrease with 

the uniform celerity n : then, the celerity with which 

• Art, 35. 71 X Todius* 

C N IS mcreased bemg = : — ^ , this expression, 

when M N is a maxmumy must consequently be equal 
+ Art. 22, to (m) the velocity of the other bodyf M ; and there- 
fore m '. n '.'. radius ! co-sine N, as before. 

EXAMPLE XV. 

y 

39. Supposing a Ship to rail from a given place A, m a 
given Direction A Q, at the same time that a Boat, 
jrom^nother given place B, sets out in order (ypos- 

^ sible) to come up- with her^ and supposing the rate at 
which each Vessel runs to be given ; it is required 
to find in what Direction the latter must proceed^ so 
that if it cannot come up with the former, it may^ 
however, approach it as near as possible. 

Let the celerity of the ship be to that of the boat 
in the given ratio of m to n ; also let D and F be the 
places of the two vessels when nearest possible to each 
other, and from the center B, through F, suppose the 
circumference of a circle to be descnbed. Then (the 
distance D F being the least possible) the point F must 
be in the right-line (D B) joining the point D and the 
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ss 



center B ; be- 
cause no other 
point in the 
whole periphe- 
ry, at which 
the boat from 
B might ar- 
rive in the same 
time, is so near 
to I) as that 
wherein the 
line DB inter- 
sects the said . 

periphery. But now, to get an expression for D F, in 
algebraic terms, let B C be perpendicular to A Q, and 
makeAC = a, BC = 6, andCD=x; and then BD 

(i/BC* + CD2) will be=: v^JM^; moreover, because 
m\n\ : A D {a+x) : B F, you will have BF=^"^^ 




m 



and consequently D Fi= V^ft^ + x^ — 



na-\'nx 
m 



whose 



fluxion, 



Vb 



OCX 7iv 

= — -- , beinff made = 0, we find 



rib 



ar= 



y = : whence the direction B D is known : 

and, if the value of Xy thus found, be substituted in 
that of DF (found above) we Shall have DF = 

— ; whence the position 6f F is known. 

- m 

And from which it is observable, that, as DF must be 

a real, positive quantity (by the question) this method 

of solution can only obtain when m is greater than w, 

and b l/m^— n', also greater than na : for in all other 
cases the boat will be abl^ to come up with the ship. 

The same otherwise. 

Let the radius of the circle E F H be conceived to 
increase uniformly, with the celerity w, whilst the point 

D 
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D moves uniform along A Q, with the celerity m : 
then, the celerity at D, in the direction of B D pro- 

duced, being =— p 9 ^'^^ relative celenty with 

which the point D rececles from the periphery of the 
said variable circle, will be universally expressed by 

in X dhsine D i«ii' /\ i -rv-r^* 

n ; which bsinff = 0, when D r is a 

radius 

minimum^ we have in this case m x cosine D = w x ra- 
dius, and consequently m \ n '. : radius : cosine D. 
Therefore, if at C, a right-angled triangle C J d be 
constituted, whose base C d = w, and its nypothenuse 
d i=m, and parallel to the latter you draw B D, it will 
be the direction required: in ^hich, if there be taken 
B F, a fourth proportional to m, n, and A D, you will 
also have the position required. 

EXAMPLE XVI. 

40. To determine the greatest Parabola that can be 
formed by cutting a given Cone A C D. 




Let »D, parallel to C A, be the axis of the parabola 
rvm, and rm the base (or ordinate) thereof; putting 
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D C=a, CA=b, and Dn=x; ttieti, because of the 

Ax 
parallel lines, it will bea:i:-, x: — =jio: more- 
over, by the property of the tnrde, we have rn* 
(=nm,-='DnxCn)s=ax—x^, and consequently rm 

Sv'ax— x'^ ; which, multiplied by ^ x — (becauie 
every parabola is — of a parsUelc^am of the same bate 
and altitude) gives ^ Vox— x^ for the ctmtent of the. 



• being 



parabola: whoso fluxion, or that of 

put equal to nothing, we find x= -j : whence n 0= 

5- xAC, rm=C Dx v'x' and the area of the greatest 

or required paiaboU= AC x CDx-^. 

EXAMPLE XVII. 
41 . To determine the greatest Ellipsis BTES that can 
be formed Ay cutting' a given Cone A B D. 
Let B E be the 
greater, and T S the 
iesset, axis of the d- 
lipsis BTES, consi- 
dered as variable by 
the motion of (the end 
of the transverse) E, 
along the line A D ; 
moreovei, let £ ti be 
parallelto A C,the axis 
of the cone, meeting 
the diameter BD iti n, 
and let the diameters 
EF and np be parallel 
to B'D, whereof the . 
latter np is supposed ^ 
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to pass through O, the centre of the ellipsis : then, put- 
ting A C = a, C D=6, and C r=x, we shall have Bu= 
b+x ; also, because of the parallel lines we have C-D 

(b) : C A (a) : : T)v (b^x) :?2i^=:Ei; ,• whenc^ 

6 

BE (/B.^+E.O = V^^-x6-+^N-a^^rai 

Furthermore, since the triangles E O n, E B D, and 
BOj?, Bfit j^re equiangular, and EO (=BO) = iBE, 
we likewise have On=iBD ==6, andOp=iEF = Cw 
=*r ; and consequently O n x O p (=0 T-, bt/ the jpro- 

p&rty af the circle) ^bx ; whence S T= 2 Vbx^ and 
thereforeBE x ST= V ^^^^! + ^^^^^^^^^^ ' 



b 

Now the area. of any ellipsis being in a constant 
ratio to the rectangle of its greater and lesser axes 
(namely, as 3,1 4150, &c. to 4) the last general ex- 
pression must therefore be a maximum^ when the 
area is so ; and therefore its fluxion, or that of b"x x 

bfx\^ + a'^x x"6^^ {-¥x + 9>b^x^ + b"'X^ + a'^b^v 

• Art. 22. — 2a-6x^ +a-x^) equal to nothing;* that is, b\v 

4- 4ib^xx + S b^jC^x + a'^b^x—^^a'^bxx + 3 a-x-x = : 

„ 4 6 X X a2 — 6^ 5^ 

whence ^ ~ 3^.^-36^ = - 3-, and ^ = 

2 Jxa2— J« ± i \/a^-14a^6"--f ft-* /. i.- k .1- 
^ — • ,. ; from which the 

ellipsis is,]^nown. 

BuJ; it is obsiervable, that, when a^^l4ta'^b- + b^ is 
negative this soli^tioii fails, because the square root of 
a negfitiye quantity is to be extracted. Therefore, to 
detenpine the limit, put a^— 140-6^ + 6* = ; then, 
by ordering the eqi^atlop, you wDl get a^ = b- x 

T+V^ and a=b x2+y^3 ; ajnd therefoi;e a \ b :'.2 
+ \/ 3 t 1. Hence, if the ratio pf A C to C D be not 
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greater than that of 2+ 1/3 to 1, or (whidi comes to 
the same fhing) if the angle DAC be not less than 15 
degrees, the fluxion of tne ellipsis can never become 
equal to nothing ; but the ellipsis itself will increase 
continually from the vertex till it coincides with tho 
base of the cone ; and therefore is greater at the base 
than in any other position. 

But it is fiirthcr to be observed, that this problem is 
confined to yet narrower limits. For either tlie 
eiripsis will increase, cohtinujJly, from the vertex to 
the base^ of the cone (which is shown to be the case 
when the angle D A C is greater than \^^') or efee it 
will increase till the point E arrives at a certain positicm 
fl, smd afterwards decrease to another certain position h.^ 
and then increase again till it coincides with the base of 
the cone (for it must always increase again before it 
coincides with the base, because, after th^ point E is 
got below the perpendicular B Q, both die axes of the 
ellipsis increase at the same tinte). 

The same thing also appear^ from the foregoing equa- 

26 X a^-62 ± h /a4-14a-62-h64 . ^ 

tionxap= -— ; Whose two 

3a"- 4- 3 6^ 

roots express the two values of x (pr C v)^ at the times 
of the maximwm, (at H) dnd its succeeding miiitmum 
(at h). Hence it is maiiifest, that the ellipsis may ad- 
mit of a maxirtium between the vertex of the cone 
and the perpendicular B Q, and yet that moxifhuni 
be le^s tn^ the base of the cone, utiless the fore- 
said angle D A C be so much less tliati 15^ (above 
found) that the increase from A to D be less than 
the decrease from H to A. Now, therefore, to de- 
termine the exact limit, let the foresaid increi^ent 
atid diedi'emeiit be supposed equal to eiach otner^ or, 
which is the same in effect, let the ellipsis B T E S B 
= the circle B ^ D m, or B E x S T = B D% that is, let 



s/. 



i'xM^'+«'xS:i^2xi6£^4j,. fi^^hich 



, 7 ■ 
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.„ J2 4i' - 6^X - ^bx^ - X^ 

equation you will get a®= — x ^ 

X b—x^ 

fts 4J2+3Jx+x2 • n , 

=— ^x — —7 : moreover, from the equation 

X 0"^^ X 

b^x + Wxx + SJ^x^i 4- a-6^x - 4a- Jii + Sa^x^xsO^ 
(given above), you will again get a^^r 



-6^ + 4Ax-3x« 

&« X 6- + 4ijr-f 3x2 i. 1 • .u 

whence, by comparing these 



6— xx3x— d 

I , , . W-\-3bx+x^ J^--f4Jx+3a« 
equal values, there arises = ^ 7 

which, ordered, gives a:^+2Jx— J^=0, and therefore 
x=b 1/2-6/ 

Moreover,'— being = — rrr , if b-^^bx be 

substituted herein for its equal x\ it will become 
a^_ 5b^ + bx _Sb + x__ Sb + bx/^-b _ 4i+x ^2 
6«" bx-x^ " Sx-i"" 36/2-36-6 ~ -^^-W^ 
4T72xiT372 ^ ^ 22+16|/2 ^^^ ^ g ^ 

Hence we have, 1 ! \/ll+8/2 : : 6 (DC) : a (A C) 
: : radius to the tangent of the angle A D C = 78" 3' : 
whose complement 13 AC ==11° 57', is the least limit 
possible. Therefore, unless the angle which the slant 
side makes with the axis be less than 11° 57V the 
greatest ellipsis will be less than the base of the cone. 

EXAMPLE XVIII. 

42. Of all Triangles^ having the same given Perimeter^ 
ana inscribed in the same given Circle ; to determine 
the greatest. 

Let the diameter D A bisect the base B C of the re- 
quired triangle BEC in H, draw AE, AB, and BD; 
also draw AF jwrpendicular to BE, and GE parallel to 
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BC, meeting A D in G : 
then, putting AD = a, 
half the given perimeter 
of the tnangle = b, and 
D H=^,- wehaveBH= 
^ay—y-, and therefore 
EF=fr-V'ay-y'.* More- 
over DH f>; ■ AD (a) 
■ I>B^ : JPA ' . : E F« 
(6-/^^^') : EA" 
= - X 6— V'ay — y'l ; 




therefore A G (:^)=EZi^. and H G = 
(AG-AH=) ^'-^^ 



whence the area of 



the triangle BEC (BHxHG) = - 

+2^, whose fluxion 2Jy— — y- bring put = 0, 

gives vV^ay—jQr = iba; whence y, and &om thence 
the sides ^ the triangle may be determined. 



EXAMPLE XIX. 

43. To determine tke greatest Area that can be ctmtained 
under four given SigfU-lijtes. 

Though it is demonstrable from common geometry 
that the area will be a maximum when the trapezium 
A B C D, formed by the given tines, may be in- 
scribed in a circle,-f- yet I shall here give the solution 
Irom the principles of fluxions (whose uses I am now 

• By Prop. 13, pagn 63. Eltm. Trig. 
t Sob page 117, of Elem. Giometrif. 
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illustrating). In order to which, let the diagonal A C 
be drawn, and upon C B and A D let fall the perpendi- 
culars AE andCF; putting AB = a, BC = Z>, CD = c, 

DA = d,BE=x, 

EB c ^^^ DF=j^; 

then A ±j being 

= \/a-—x-y and 

the area of the 
trapezium 
(iBC X AE + 
AAD X C F)will 

be=i&vV--J72 




• Art 22. and its fluxion 



and therefore 






hxx 



l/a"- 



X' 



Moreover, 



since6--f-a2 + 2&i; (=AC^ =d2+c-— 2%, by taking 
the fluxion thereof, we have 26x=— 2<Zy, or ^dy=i 
hx; which, substituted for — dy in the foregoing equa- 
hxy hxx , ^ y 



tion, gives 



's/e^^yt V^a^-x^' 



and 



X 



jp. y a;c _ jr.- ^ qI ^yl 

— T ; and consequently, V c^ — y" (C F) : y 

y a^ — X' 

(D F) . : %/ar^ - ^r^ (A E) : :r (B E) : from which it 
appears that the triangles DCF and ABE are similar, 
and that (D + ABC being=2 right angles) the trape- 
ziuin may be inscribed in a circle; but this by the bye. 
We are now to get an expression for the area in known 
terms, and in order thereto we h ave hr-\ -aP'-\-2bxz:x 

d2 + c2-2£fy, J^=— , and CF=:1^-^— (because AB 

a . fl 

:BE: :DC.DF, &c.) : therefore, by substitution, 6- + 
^^ + 2ix=di+ic^-— , and the area G BC x AE 
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+ f A D X C F) =i6v^a2 - x« + ^Va^-^' = 

ab-\'cd y 

— ^- — Va'—x^; and therefore the square thereof =s 






xl + — xl--~. But since b^ + a^ + 26^=4- -i-c^'-^ 



a a 



2cdx , X d^ + c'^^¥'-a^ - ^ -. . 

^5 we have — = — rr-: — rr— i — , 1 H = 1 + 

a ' a ^b + 2cd ' a 

5Tc]--&-al2 ^ 2a6 + 2cd-d2-c^ + i* + a2 

; and 1 — •- = = , . 

'^b + ^d a 2ttJ-f^crf 

= — ^-7 — ^-r — ; and consequentljr the square of the 

area = — ■ x — • — ■ X • - 

4 2a6 + 2cd 9ab^-2cd 



^rfT71--^5-::^-x&T^--d=?^ which (because 

16 ^ 

the,diiFerence of the squares of any two quantities is 
equal to a rectangle unde r their sum and - difierence) 

•11 1 1 d + p + i— ax«^+c— 6 + ax5 + aH-(Z— c 
will also be = — -, X 



^±^_±L^=id+ic+i&H- la-ax id+ic+f^+ia-^ 

X\d^-\c + \b-\-\a-'C X pTic+P+lo^^. Whence 
it appears, that if from \ the sum df all the four sides 
each particular side be subtracted, the continual pro- 
duct of the remainders will be the square, or second 
power, of the area. 

From this theorem, the rule in common practice, 
ibr finding the area of a triangle, having the three 
sides given, is dcdudcd as a corollary : for^ making 
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a=0« the trapezium becomes a triangle, and the second 

power of its area = ^d + 4c+ f6 xid + ic+ib—b 

X id+^C'h^b—c X |d+|c4-|i— d: which, in words, 
is the common rule. 

EXAMPLE XX. 

44. To find the greatest Value ofy in the Eqtmtion a^x* = 



K 



By putting the whole equation into fluxions, &c. 

we have %a^xx^%cx-^2yy x 3 X ^hI^- ; which in the 

• Art, 22. required circumstance, when y = 0,* becomes 2a^xx 

a^ . . 

= 6xx X jr«4-y^l^ ; whence x^ ^-y^ = -^, and x"- +y«i' 

= g yg - : but, by the given equation j?*H-y-l = a^x^ ; 
consequently a^a:^ = , and therefore x = 






2 



3v/3' 

7%c 5awe otherwise. 



Since J:x+j(yl' is given = a^jr^ we have 3:^+^-= 
a^xj:^, and therefore y^=aiXJr^—j:^; whose fluxion, 

» 4 ^1 ^ , . ^1 0,'x x"^ 

"^a^xx ^X'-Zxx, bemg put =0, we also get ^ — 

, . . a* X ar^ , a^ . 

=j:; whose cube, is ^= — = x^, or ^=- = x* ; 

whence 27x^=0^, and consequently xz=za ^Z ^ , 
the same as before. 
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45. When, in the general expression, whose maxu 
mum or minimum is sought, there are two or more, inde- 
terminate quantities, independent of each other, their 
respective values, in the required circumstance, will 
be determined, by making them flow, one by one, while 
the others are supposed invariable ; as in the following 

EXAMPLE XXL 

Wherein it is proposed to find three such Values of x, y, 

and z^ as shall make the Value ofb^'^x^ X x'^z^-z^ 

X xy-^y^ the greatest possible. 

t 

First, considering^ as variable, and the rest constant, 

we have ary— 2yy=0;* whence y=^ixy and xi/--y^=: * Art 29. 

^x^. By making 2r variable, we have jr^i— Sz^i=0; 

X 2x^ 

whence z =— ;;r, and x^z—z^ = ^ ,^ . Now let these 

values of xy —y^ and x'^z—z^ be substituted in the given 

expression, and it will become jr x a /a x i^ — x^ = 

^ ,^ ■ : therefore 5i^x^jc— 8x'x=0 : whence 2*= 
• 6|/3 

$6x^5,j^(=ix) =i6x^5,and^(=^g)=i4x 

^5 

The reason of the foregoing process is obvious: 
for, if the fluxion of the given expression, when any . 
one^of the indeterminate quantities is made variable, be 
not equal to nothing, that expression may become 
greater, without altering the values of the rest, which 
are considered as constant i^f* and therefore cannot be-|-Art22. 
the ^eatest possible, unless the said fluxion is equal to 
nothmg. 
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EXAMPLE XXII. 

46v To determine the different values of x^ when that of 
3x'— 28ajc'+84a^x*— 96a^x + 486* becomes a Maxi- 
mum or Mmimum. 

The fluxion of the given Expression being (asnisual) 
put equal to nothing, we have ISjt'— 84a:r2-f 168a*jc 
. — 96a^ = 0, or x^ — Hax^ + Ua^x—Sa^^O: from 
"whence (by the method of divisors) we get x— a=0, 
x—^=zOf or^T'— 4fa=0: therefore, the roots of the 
equation, or the three values of Xj are a, 2a, and 
4a. 

Scholium. 

47; It appears, from the last example, that a quan- 
tity may admit of as many maxima and minima (ac- 
• Art 2^ cording to the meaning of the definition*) as there 
are possible roots in the equation, arising from as- 
suming its fluxion equal to nothing. Now to know 
which of those roots point out a maximum^ and which 
a minimum ; find whether the value of the said fluxion, 
a little before it becomes equal to nothing, be positive 
or negative; \i positive^ the succeeding root gives a 
maximum I but if negative^ a minimum: the reason 
of which is extremely obvious ; because so long as any 
quantity increases, its fluxion is positive, but when it 
decreases, the fluxion is negative. 

As an exam'ple hereof, let the quantity Sx^— 28ax' 
4-84a*x^— 96a^a: + 485S be again resumed; whose 

fluxion i s 12jc x j:^— 7ajc2-f.l4a2x— 8a^ = V^x x x—a x 

a:--2axj?— 3a: whereof the value, before it becomes 
equal to nothing, the first time (or before a;=a) being 
negative (because the product of three negative factors 
is negative) its first root (a) therefore indicates a mi- 
nimum : whence we may conclude, without consider- 
ing farther, that the second root (Sa) ^ gives a maxi- 
mum, and the third (4a) .another minimum, But^ if 
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you would know whether the first or third root gives 
the lesser value of the two ; it is but substituting in the 
given quantity, which will come out 484"* — STa^^t and 
486"^— 64ia* respectively; therefore the latter is the 
lesser, and the very least value the proposed expres- 
sion can admit of. 

When all the roots prove impossible, the quantity 
proposed (as its fluxion can> never become =0) must 
either increase, or decrease, continually ; and therefore 
can neither admit of a maximum nor a minimum. * 

Moreover, it may so happen, that the roots are pos- 
sible, the fluxion =0, and yet the quantity itself be 
neither a maximum nor a minimum, in that circum- 
stance. 

For let us ag^in suppose the point n to move after 
m, as in the general illustration (vid. Art 22), only 
let the velocity of n (in the Jirst case) increase no 
longer than 'till it arrives at D ; after which let it again ' 
decrease : then, though the fluxion of the distance 
mn, is nothing, at the position C D, yet the distance 
itself will not be a maximum ; because n (having 
af^terwards, a9 well as before, a less velocity than m) will 
still continue to lose ground.— In the same manner the 
matter npiay be explamed with regard to a minimum. 
And it is evident, that these cases will always h^pen 
when the fluxion of the given quantity is rf the same 
denomination (with regard to positive and negative) 
both before jmd after, it beconies equal to nothing: 
which; by the rules of common algebra, is knowii 
to be when the equation admits of an even number of 
equal roots. — An example hereof^ however, may not 
be improper. 

Let then the quantity proposed he Q^^x—SOa^x- 
-\-16ax^ ^3x*; whose fluxion is 24a^x— 60a-jri-f 

4Sax*jt-rrl^^x=3:l^x X a— X x d—x x 2a— j: : which 
being made=0, it appeals that the two least roots are. 
equal. Therefore there is neither a maximum nor mi~ 
nimum when ^=a (because whether x b^ tak^n a little 
less» or a little greater, than a^ the value of the fluxion^ 
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Will Still be affirmative). The greatest root, however, 
not being affected with another equal one, indicates a 
maximum, according to the rule above prescribed. 

To render what has been observed above still more 
conspicuous, let the given expression, 24a^x--30a*j:^ 
-f-loax^— 3j?*, be represented by the variable ordinate 
P Q of the curve AQM NB, whose abscissa AP is (as 
usual) denoted by x. 

Then, whilst (12jc x a^x x a— x x 2a— x) the 
fluxion of the ordinate continues positive (or till x 
becomes =a=AB), the ordinate itself will increase: 
but at the? position B M it becomes stationary (if I may 
be allowed the expression) the fluxion being then=0. 
After which, the nuxion being again affirmative, the 
ordinate will again increase, till x becomes =Sa (= 
A C) ; when, the ^uxion becoming nothing (a se- 




M^^ 



A P 



a 



P C 




cond time), and afterwards negative, CN will be a 
m(iocimum : soon after which the curve descends 
below its axis, and continues to recede from it in in~ 
jinitum* 

Another thing there is that ought to be regarded ii> 
the solution of tnese kinds of problems, and that is, 
whether the maocima or minima, fqund by assuming 
the fluxion =0, fall within the limits prescribed by 
the nature of the question or figure ; which is oft^n 
restrained by conditions that do not enter into the al- 
gebraic computation. 

Thus, for example ; suppose it were required to find 
that point (F) in a given ellipsis ABHD which, of all 
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Others, is the most remote from the extreme B of the 
oonjugate axis BD. 

Tnen, drawing 
FE parallel to the 
transverse A H, and 
putting AH=a, BD 
=6, and BE=a:, we 
have, by the property 
of the curve B F- 
(=BE" + EF2) ^2 
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a^ 




+ bx—x/^ X jT ; from 

0" 

irhenoe x is found = 

fa'6 
"^ZZhr ^^*» ^^^ *^® nature of the figure, the 

greatest value that x (=BE) can possibly admit of is 
b (=:BD), therefore if the relation of a and b be such, 

that "T^jTg is greater than i, this solution is manifestly 

impossible. To determine the limit, therefore, 

^ =4; then it will be found that 2&*=a% 



make 



a^-fr 



Whence the foregoing solution can only obtain when 
SBD^ is equal to, or less than AH^. 

Again, it ought to be also considered whether the 
value of X, found by the common method, gives a less 
quantity -for the maximum y and a greater for the mini- 
mumj than will arise from the extremes themselves by 
which X is limited* 
Thus, let it be 
^ required to deter- 
mine the greatest 
and least ordinates 
in a curve, APR, 
whose equation is 
y=6a2a?— 9ax« + 
4x% and whose 
greatest abscissa 
AD is given equal 
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Hexe we sfaall^ -by taking the fluxion, <$-c. have x:=s 
{a, OT x=a : the former of which values gives the cor- 



\7^ 



responding ordinate BP=a y -j; and the latter, CQ 

=a : but the first of these is not the greatest o( all 
others, because the extreme DR exceeds it, being = 
2a ; nor is CQ the leiast possible, because the ordinate 
at the other extreme A is nothing at all. 

Sometimes one, or more, of the points Q, S, Sfc, 
determining the maxima and minima^ will fall below 
the axis AF (as in the annexed ^figure). In which 
case the corresponding value of the general expression, 
represented by the ordinate, will be negative : but at 
the points h^ c, d, S^c, where the curve intersects the 
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axis, it will be equal to nothing: whence (by-the 
bye) the reason why the roots of an equation («• 
— a:c"~*+4*x"^. . . . + 9"=0) are impossible by pairs 
is evident. For, seeing Ai, Ac, Ad, Ae, S^c, are the 
roots of that equation, or the different values of a?, 
when the ordinate x*— aa?'~* + i-JP*"^ ..... +g" 
(MN) becomes equd to nothing, it is plain, if PA, 
expressing the given term 9*, be increased to Pa, so. 
that AF (then coinciding with af) may touch the curve 
in S, the adjacent roots Ad and Ae will then become 
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equal ; and if 9* be farther increased, so that the axid 
may fall wholly below tl|e curve, not only those two, 
but also the other roots, Ab and Ac, will become im- 
possible. 

Various other observations might be made, relating 
to the limits of equations, determined by these maxi- 
ma and minima ; but this being foreign to the matter 
in hand^ I shall content myseliwith one remark more, 

Any expression^ . which being put equal to nothings 
admits of two or more equal roats^ has as many suc- 
ceeding orders of jbixions equal to nothings at the 
sametmcj as are expressed hy the number' of those roots 
minus one. 

Thus, an equation, having three equal roots, has 
both its first and second fluxions equal to nothing, 
when the fluent itself is equal to nothing. 

Hence we have another way (besides that given 
above) to know wheti a quantity may have its fluxion 
equal to nothing, and yet neither admit of a maximum 
nor a minimum : for, since this circumstance always 
takes place when the equation admits of an even num- 
ber of equal roots (as has been already shown) the 
nilmber of orders of fluxions, equal to nethii^, 
at the same time (indudiitg the first) must ako be 
even. • 

Hence, also, we have an easy method for discovering 
when some of the roots of an equation are equal; 
and, if so, what they are. 

Thus, let x^ — Sax^ + 4a' = be propounded ; 
whereof the fluxion Sx^x—6axx being assumed equsd 
to nothing, we find xz=9a; which wiu also be a rotot v 
of the given equation, if it admits of two equal ones : 
to try it; therefore, I substitute 9>a for x, and find it 
answers* 

Again, let Sx^—^Sax^ + 18a*»^ + 27a'a?-27a^=,0 ; 
whereof the first and second fluxions being SSx^x-— 
84aa?^x + Q^^xx + 27a'i and 96jr*i2 _ 168ajci* + 
9QaH\ if the latter of them be assumed =0,. x wi^ 

E 
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he founds ^±4/^—-=,^, or|-: one of whiph 

quantities, if tUe equation proposed admits of three 
.equal roots, will be the value of each of them : by 

trying -^^ it will be found to succeed. Whence, by a 

38a Sa 
well known rule, the fourth root (being = -^ — 5- 

X 3= — a^ is also, given. 

The reason of these operations, as well as what is 
asserted. above, may be thus demonstrated. 

Let r — xxr^x ^c. x A + Ba?4-C«2 4^. =0, 
be any equation, having two or more equal roots, re- 
presented, each, by r : put^=r— a:, and let the num- 
ner of the equal roots be denoted by n ; then, by isub- 

stitution, we have y x A + B x'r^y + C x r— ^1* 4rc. 

s=0; which, by e^cpanding the powers of r^y, and 

.putting a= A + Br +Cr*4-c. ftrs B+gCrH- 3Dr^ 4 ^c. 

willbe further transformed -to y* x a — &y + cy* — dyf^^ . 

=±0: whose fluxion nayy*^^^n+l . iyy-fn+2x 
qjfy^' ^e. is evidentljr equal to nothii^, when y, car 
its equal r— «, is nothing ([provided n be greater than 
■u nity). It is equ ally ji ain, that the seocmd fluxii»L 

n . n— 1 . ay^y^^-^n+1 .nJy*y|^^+nT2.n+l . cy*y 
(Jrc. will also be equal to nothing, in the same cir- 
cumstance, if n be greater than 3, Spc. 4*c. 

Hence, universafij, let the number (n) of e^al 
roots be what it will, that of the orders of fluxions 
equal to nothing, at the same time, will be expressed 
by that number minus one, as was to be showii. 
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SECTION III. 

TTie Use of Flttxions in drawing TangenU 

to Curves, 

Il,LlT»T]lATIOK. 

48. Let a C 6 be a curve of any kind, and C the 
given point ^m whence the tangent is to be drawn. 
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C^Bceiye a right-line v^ to be carried along uni- 

'fiidaily, |iara)lel to itself, from A towards Q, and let^ 

viit tiiesffme time, a point p so move ^in that line, 

'.4tt to dfifi^^, or trace out, the j^ven corve A C 6 : 

.jdsQJLet/min, or Cn (equal and pardUel to mm) express 

the fluxion of Am, or tho celerity wherewith the line 

'mgj'i^ ii^i^ed ; and let n S express the corresponding 

iill^^j^ of ii^j)>in l^e posit^ mCgj or the celerity of 

iim^piijit cp^ in the Une mg. Moreover, through the 

jis^t C Jt^ th^ right-Une 3 F be dmwn, meeting the 

a^^^ die curve (A Q) in F. 

e2 
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N0W9 it is evident, if the motion of p^ along the 
line mgy was to become equable at C, the point p 
would be at S, when the line itself had acquired the 
position mSg (because, hj hypothesis, C n and n S ex- 
press the distances that might be described by the two 
uniform motions in the same time). 
^ And, if to 5^ be assumed to represent any other posi- 
tion of that line, and s the contemnorary position of 
the point p (stiU supposing an equable celenty of p) ; 
then the distances C v and v «, gone ove^, in the same 
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time, by the two motions, will, always, be to each 
other as the celerities, or as C n to n S : therefore, 
since Cv ',vs ','. Cn\nS (which is a known property 
of similar triangles) the point b will, always, fidl in 
the right-line F C S : .Whence it appears, that, if the 
motion of the point p along the line mg was to become 
uniform at C, that point would then move in thia right- 
line C S, instead of the curve-line C 6. 

Now, seeing the motion of/?, in the description of 
curves, must, either, be an aocdetated or a retarded 
one, IjBt it be, first, considered as an accelerated cAie': 
in which case the arch C G will fall, whMy^ abofe 
the right-line C D (as in fig. 1), because the ^stance 
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fj{ the poiot ^ from the axis AQ, at the .end . of ainj 
given time? is greater than it would be if the aoode^i- 
tipn was to cease at C ; and^ if the accelcfation had 
ceased at C, the' point p would (it is proved) have 
bee§n always found m the said right-line F S. \ 

'But if the motion of the j^mt p he sl retarded dne, 
it will appear, b^ reasoning m the same manner, that 
the arch C G wiU fall wh^ly below the right-line C D 
(as, in fig.^). 

. This being the case, let the line mg, and the point 
Py along that line, be now supposes to move oack ^ 
again, towards A and m, in the same manner they pro- 
ceeded from thence: then, since the celerity of p 
(Jig. 1) did before increase, it must now, on the con- 
trary, decrease ; and, therefore, as p^ at the end of a 
given time, after repassing the point C, is not so near 
tp AQ, as it would hove been, had the velocity con- 
tinued the same as at C, the arch C h (as well as C 6) 
must fall wholly above the right-Iine.F C D. And, by 
the same method of arguing, the arch CA, in the «e- 
cond casty will &11, wholly^ below F C D : therefore 
F C D, in both cases, is a. tangent to the curve at the 
point tD . whence, the triangles F m C and C n S being 
similar, it appears, that the sub^taii^t m F.is always 
a fourth-proportional to fnS) thi fluxion of the orm- 
nates (C nj, the fluxion of the abscissa, and the ordi- 
nate (C m). 

Otherwise 

49. Let ACG represent the proposed curve, and let 
the right-line F C D be a tangent to it, at any point 
C» B&eeting the axis. A Q (produced if i^ecessary) in 
F: suppose a point p to move along the curve, from A 
towards G, bw let the absolute celerity thereof at C, 
in the direction of the tangent C D, or the fluxion d 
the line Ap so generated*, be denoted by C S, any *-^'*' ***• 
part of the said tangent : then, if A H^ mp and m S 
oe niade perpendicular, and Ij^n paralld, toAQ,'fhe 
relative celerities of that point, in the directions Cn 
.and mC, wherewith Ip (= Am^ and mp increase in this 
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* Art SH. pontion, will be trul^ expressed by C n and n 8* : but 
the ederities by whi<^ quantitiei^ increa^ are lus the 
AvadaOB of those quantities: tl^refore (CS be- 
ing the fluxioa 
of the curv^ ^le 
Ap) C n and n S 
are the omrres* 
ponding fluxicms 
of the abscissa 
A m and the or- 
dinate mp : and 
we have Sn : nC^ 
::mC :mFj the 
same as before. 

Hence, if the 
atedssa A m be 
put=x, and the 
ordinate mpsijf^ 

weshaUhaveniFss^: by means of which general ok- 

y 

pr^ssioiij and the equation expressing the relation be- 
tween X and V, the ratio of the fluxions x and y wiU be 
&imd, and from thence the length of the Bub-tangent 
r^iF) af» in the following ^Examples : 




EXAMPLE L 

50. To draw a RigUJine C T, to touch a given Cirdt 

B C A^ tM a ^Veit PoiiA C. * 

Let C S be perperidumlair to the £ameter A B, and 

It A B at s. 




E; 



Sx:»and'SC 
«:j(r? then, \ff 
thte proper^ m 
the circle, jf^ 
(GS«>==B&x 

AS^ssjrxa— ar) 

= a r — s^% 
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-whereof the fluxicm being taken, in order to determine 
the ratio of x and y, we get ^yy=ai— 2jri; conse- 
quently -r= ' ^ = ^ ; which, multiplied by y, 

gives ^ = t'j2L-=: the sub-tancent ST*. Whence • Art. 48 

(O bemg supposed the center) we have OS (|a— xj : 
C S (ji)\ :C S fy>^ : S T ; which we also know from 
other principles* 

EXAMPLE II. 

SI. To draw a Tangent to any given Point C iff the 

conical Parabola A C G. 

If the Latus Rectum of the curve be denoted by a» 
the ordinate M C by y, and its corresponding abscissa 
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A M by J7 ; thai the knowi^ «quadon, ex:pxesaing djie 
lelittioti of X and y, being' aj;=y% we have, in^ this 

c^ a£=i9yy; whence ~= -^^ and consequ^tly 4^ ^&4a ^ 

= -^=: — =ar=ME. Therefore the sub-tancent 
a a ^^ 

ii5 just the double of its corresponding abscissa AM:* 
which we likewise know from O^er pnnciples. 



S6 THE USK OF FLUXIONS 



EXAMi?LE III. 



62. To draw a Tangent to a Parabola of any kind. 

The general equation of these sort of curves being 
a* af 5=y"+*, we ha ve na* aT"* i=m+nxy***~* y, 

and thererefore 4 = ^+^xjr whence ^ = 
' y Ha" jr"~* y 

"i;^r?=^= na-^- (because y"^=:a* X-) = 

fit '4' n 

^ xap=the true value of the sub-tangent : which, 

therefore, is to the abscissa, in the constant ratio of 
m+n to n. 



EXAMPLE IV. 

53. To draw a Tangent R T, to a given Point R, in 

a given Ellipsis BRA. 

If R S be an 
ordinate to the 
principal axis 
AB, and there 
beput fasuswd) 

r^i-^ T^ — ^ ^ BS=«,RS=y, 

^ ^ -^ AB=a,andthe 

lesser axis=& ; we shall, by the property ^ the curve, 
have a« : 6*: '.ax-^x^ (BS x AS) : y^ (RS*), and there- 

fore ft2 X a»— «*=ay^ : whence i^ X ax^9a:x^Za^yy^ 

<and — =: *^ ■ ; and consequently the sub-tangent 
y i«xa-2ar 

*Art49. STl'^Vs: -^^— r-s- =— =« =5 

^y^ 6«xa--2a? 6*x|a— a; 6*xfa— jr 
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.. Whence the point T being given,' through 



\a-^x 



which the tangent must pass, the tangent itself may 
be drawn. 

But if jou would derive an expression for the sub- 
tangent, m any other kind of ellipsis (besides the ooni- 

cal) lettheequation-5:ia-x^=.i xy^, exhiWt- 

ing the nature of all kinds of ellipses, be as- 
sumed: then, by taking the fluxion thereof, you will 

have — »Mc X a— a?.*" x «* H- nil*'"' x a— jtT 

z:z ^ X m-^-n X V""**"' y ; and therefore ^ = 
a /^ ^ y 

— X m + « X v*+* 

a ^ 



— m X a — if t*~* X 2* + noc^* x a — xl " 
= ,— .1 . — TTn >„ (because^x 



^•+* = a^xT X «") = 



m-v nxa — x x x __ 



m+n X ax—x'^ 



na^n+mxx 



; which is the sub-tangeut required. 



EXAMPLE V. 

S4j, To drau? a TVzTig-en^ to any given point jR, in a 

given Hyperbola BRA. 



If a and c be put to denote the two principal dia- 
meters of the hyperbola, the equation of the curve 

will be c* X ojr +»2=ay : from whence we have c* x 



6» 
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X 



^+2iri=ai«w, .•.4= 



fl«y 



c^xia+x" 



and consequent- 




ly ^ = ^'^ 
c« X or + »2 



ax 4- x'^ 

-f-^ = ST: 

whence BT (ST— 



BS)= 



— . i^** 



k^ + X 



18 also 



known ; and there- 
fore the pmnt T b^ng gpea^ thetangent R T may be 
drawn. ' 

The manner of drawing tangents to all sods -of 
hyperbolas, umversaUyj wul be the same as in the 
eu^ses^ theequationsof the two lands of curves difiering 
in nothing but thdr signs. 



EXAMPLE VI. 
55. Let the proposed Curve be that whose Equation is 

Then we shall have 2a«i+y^«+&rjy+3jc2j5^8y5^ 

X 

=0; the]tefore-2aj:jc+j^^»+8ap^a=S^^y--2a5yy, -r = 

y 
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EXAMPLE VII. 
56w Let the given Curve be the Cumtlo/ Diodes, whose 



Equation is ^=: 



X' 



a^x 



a— j?»^ a— j:1« 

whence -7- =s ^^i~^"' ^^ consequently the sub- 

2r xa— a: 






EXAMPLE VIIL 

£?• vZel tile Conchoid of Nicttoedes hefropoaed ; where- 
of the nature is 8uc£, that, if from a point B, called 




the Pole, any number of right-lines, BA, BR, 
B R, <$*c. be drawn, the parts of those lines C A, 
t) R, U R, 4*c. intercepted by the curve and its axis 
C T, shall be, all, equal to each other. 
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In this case (supposing A B and R S perpendicular^ 
and R H parallel io C T ; and putting B C=a, R v 
{AC)=ft, CSrsJT, and RS=^J we nave, ftr «6ii. 



Triaiis. a^y (BH) : % (RH): :j^ (RS) : ^=Si> .• 

but S » (v/Rt?*— RS«) is also= /i*^* ; therefore 

^^=V^i»— ^, or j:y=a+^ x i« — y is the 

general equation of the £urye; which, in fIu:don8, 

gives 2a:*j(y+2y2j.j|g—g^ ^ a 4-^ X J«— y2_gj^ x a+y* 

i. 

=2y X a + ^ X 6* — ay — 2y* ; and therefore t = 

«^^-^^— • - "^ 

^ ^ ^ ^, consequently •^ = 

^ + y ^ y X &^ — gy — %^ — x"j/^ __ 

^xa3^ "■ 

^+^xj^xy-ay^ %^^^^xft«^y^ ^j^^^ ^,^ 

— a5«— y . . - 

= — ' ; which being a native quantity, the 

tangent wiu therefore (all on the contrary side of the 
ordmate, from the vertex; and so, by changing the 

sicns we shall have '^ for the sub-tancent 

S T in this case. 

After the manner of these examples the sub-ta)Qgent, 
in curves whose abscissas are right-lines, may be de- 
termined : but if 4;he abscissa, or line terminating the 
ordinate, on the lower part, be another curve, thea 
ihe tangent may be drawn as in the following : 



llf DBAWTNG TAHGEKTS. 



^ 



EXAMPLE IX. 

58. Let the curve BR F be a cycloid; whose 
abscisfia is here supposed to be the semicirde B P A, to 
which let the tangent PT be drawn (as above). More- 
over fet r B H be a tangetit to the qrdmd, at the cor- 




responding point R, and let G R e be parallel to TPt? ; 

-putting the arch (or abscissa) B P = 2, its or^nate 

PR=j/, AF=i, and BPA=c : then by the property 

of the curve, we shall have c (B PA) :b {AF):: z 

(BPy : y (PR) : therefore^= — , and y = — = re: 

. c , _ c 

but, by similar triangles, r e (y) : R e (=sP c:=i^ ; ; 
P R (y) : P H=^=s (because ^ = -)• There- 

fore, if in the right-line PT, th«re be taken P H equal 
to the arch P B, you will have a point H, throu^ 
which the tangent of the cycloid must pass. 



EXAMPLE X. 

59. Let B P A be a curve of any kind, to which the 
method of drawing the tang^t cP^ is known; let 
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B R A be another curve of such a nature, that the or- 
dinate P R (y) ihall dwaj^s be a mean proportional be- 




tween BS (x) and AS (a^^xX supposing BPS perpcndi* 

Art 4«ci*ilar to A B: pwt P o=5», Sfiart?, oc=iJ*, and rr 

&49i =y- ^hen few oJooe;, er (y; : Re (=Pc = 

yiJ+?0::iiP0^;:P.H=ii!^S but, i^ 



the eqi^ition of. the curvets 
ai-«rii and ^=—-11—, 



and therefore F'fi s 



— ' ; — s— ; : whida will be expressed inde- 

^ndent of fluxions, when the property of the curve 
J3PA, or tbe rdati<m of a?and t^ Is given : l;Iuis, let 
B P A be the coooimon parabola, and A B its. liti» rcc- 



IN DRAWING TANGENTS. 



« 



turn; theh v being=vax 



ax 
will be =s — jzzy 
9 Vox 

and therefinre PH 



x ggy — &rg x t/i^ + i?« \ a— xx V^4rgH-aa ? 

\ ai— aacap /"" a— *» 

Thus far relates to cunres whose ordmates are pa- 
rallel to each other : we odme now to curves of the 
Efpind kind> wl^oae ordinates all issue from a point: 
such as the spir^ BAG, whose cnrdinates C B, tSAy 
G 6, are all refisrred to die pobt C, called the center 
of the spiral. 

Illusteation. 



60. Let SAN 
a tangent to the 
spiral at any point A, 
also let C T Ibe per- 
pendicular thereto, 
and let the arch CB A 
(considered as variable 
by the motion of A 
towards 6) be de- 
noted by Zy and the 
ordinate C A by v. 

Then ziyy.AC 

(j,J : AT=^. 

Hence, if upon C A, as a diameter, a semi-circle be 
described, imd in it, fiom A, a right-line A T equal 

to ^ be inscribed, that right-line will be a tangent 

to the spiral at the point A. 

EXAMPLE L 

. 61. Let the nature of ^ the curve CBA be such 
that the arch CBA may be, always, to its cor- 




• Art.5 
&35. 
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responding ordinate C A in a constant ratio ; namely 
as a to £: thenj becaulse z \y\ \a \ J, we have 2r=t 

^ i= ^ and consequently A T (^'^^= ^ = — x 
bo \ i / a <i . 

A C : therefore, AC and AT being in a constant ratio^ 
the angle CAT must also be invariable. Whidi is 
a known property of the logarithmic spiral. 

EXAMPLE 11. 

62. liCt B A A be the spiral of Archimedes ; whose 
nature is such that the part E A of the generating or- 
dinate, intercepted by the spiral and a circle B E D de- 
scribed about the same center C, is always in a constant 
ratio to the corresponding arch B E of that circle. 




Suppose A n perpendicular to A C, Sfc. 
Put BC=c, CA=^, and let the given ratio of A E 
to B £, be that of i to c: then b : c: ly—c (AE) : 

^7^ =B E : whose fluxion therefore is=-^. Now 
b o 
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if the right-line C£ Aa be sup|^scd to revolve about 
die center C, the angular celerity of the generating 
point A, in the perpjanclicular direction A n, will be to 
uiat of E as Ac to EC ; theref(nre as the latter of these 

e^rlties is expressed by —y the former will be ex- 
pressed by^ X -—-9 or ^: which is to (y) the celerity 
c o b 

of A^ in the direction A a, as ^ to unity^ or as ^ to 

i. . Therefore C T and A T are in the same ratio (by 
Art: 85), and conse quently AC : C T: : V^^^+i^: 
y; and AC : AT::vV+i« : 6; whence CT and 

AT are given equal to _^=,and-^= re- 

spectively. From either of which the tangent AT 
may be drawn by Art 60. And, in the same manner ' 
may the position of the tangent of any other spiral be 
determined. 



SECTION IV. 



Of the Use of Fluxions in determining the 
Points of Retrogression, or contrary Flexure 
in Curves. 

68. When a curve AR sis, in one part AB 
concave, and in the other part R S convex, towards its 
axis A C, the point R limiting the two parts is called 
a point of retrogression, or contrary flexure. The 
manner of determining which will appear from the 
fdlowing 



F 



I 
\ 



ee* 
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, Ijllustaatiok. 

Suppose 8 right-line BD to be earned along nnt-i 
fonnly, parallel to itself, from A towards C ; and 1^' 

the point r^ 



D 



D S 





- • '1 


A 


F*^ 


^^^^^^ 




' 


7 


\ 


■ 





ti 

TV 

n 



A. B BBC 



ad, 
move m ' that ' 
line, at the same 
time, as to traced 
out, or describe^ 
the given' curve^^ 
line A R S. 

48) while the- 
celerity of thd. 

Soint r, in the 
ne B D, de- 
creases, the curve 
win be concave 
to its axis AC; 
but when it in- 
creases, convex to 
the same : therefore, as any quantity is a minimum at 
the end of its decrease and the beginning of its in- 
* Art 92. crease,* it follows that the said celerity, at the point 
of inflexion R, must be a minimum : whence, if the 
t Art. 5. fluxion of the ordinate B r, expressing that celerity ,-!• 
be (as usual) denoted by y ; then will y (the fluxion 
X Art. 29.of y^ be eqiial to nothing m that circumstance, j: 

So far relates to curves which are, in the former 
part concave, and in the latter convex, to their axes: 
but if (on the contrary) the celerity of r* first increases, 
and then decreases, that celerity at the required point, 
between IJle increase and dtoease, will be a maxtmum^ 
aftd* therefore itff fluxion (or y) is Kkewise equal to 
§ Art 99.noihing in this cascS 

• iPurth^rmore, if C S (perpendicidar . to A C) be np^ 
eonsidered as an axis, and the abscissa S n .(<»:' it$ 
complement B r^y) be supposed to flow unifprmlyi 
(as AB was supposed before) ; then, by the, same argu- 
ment, the second fluxion (— x^ of the ordinate «r* 
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m 

(or its et&nplement A Bssor) will be equal to notEuig. 
£teiiee it is evident that, at the point of contrary flexure, 
the second fluxion of the ordinate wDI become equal to 
aodiing, if the abscissa be made to flow uniformly ; 
and Otoe t9er«a< 



EXAMPLE I. 

64. Let the nature (^ the curve A R S'/nee the pre^ 

ced^ Jigwre) be defined by the efuHtion ay=aixi+ 
Jfi fme absc^ A B and the ordinate B r being, aa 
usual represented by x and ^ respectively). Then jju 
expressing the celenty of the point r, in the line B D, 

will be equal to ^, ^ ^"^ ^: whose flisdon^ or 

that of i^h x^+Zx (because.a and x are constant) 

must be equal to nothing;* that is,— }a'i'"^i+2i •Art«S» 

=0: whence aix"^ =s 8, ^ = &w, 64tx^ ss a', and 

a:=ia=:AB; therefore B R (=^!fiif!') = -fta.- 

irom which the position of the point R is given. 



EXAMPLE 11. 

65.^ Let the nature of the proposed curve be defined 
by the equation oy^ — a^x— x'ssO. 

Then, by taking the first and Second fluxions thereof 
(supposing ct constant) we shall also have 2avy— a'«— 
8a^x±=0, and Zay^ + 2ayy-'6xx''- = 0; whereof the 
latter, when y is == 0, becomes 2ay^—6xx^=:0y and 

therefore y^= : but by the former y= — ; 

•^ *a "^ Soy 

whence = — ==>o — » and consequently 12ax^ 

^ 2ayr 

r % 
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ssa^+Sx^V; but, by the given equaticm, Ifeiay^ ±tf 

I«a«;r« + 12J^S therefore' IZa^x^ + 121;^ = a« + Sx^f 
or 8jr*+6a*a^— a*=(y: whence x will be fimndst: 

Otherwise. 
Sinee fly«saa%+ap', we have ^= ^ ,. anJ 

fluxion^ or that of g^ -jr 8;pg x a^x+ y^F ^ (beca use 
X is constan t) bemgput = 0, we get &r xa^x+x^l""* 
+a8+aCr«x — |a«— 4x«xa«x+jr*»""^ = 0, or 6j? x 

tf«x+j:*H-(T*+3jp* X -2!±£f!: whence So;^ + 6a«i« 
— a^asff, and yas wj-g- \r 3— 1), the same as before. 



EXAMPLE IIL 

66. Let the proposed curve be the conchoid of 
Niccmjtiesy whereof th e equa tion is ct^^=a+^*X 

• Art. 67. w^y* or ,«=i31ii*!zi!. 



IN CUAVXS OP CONTBAEY FLEXUEE. 49 



y* 

-— a— ^xy: whence, making y inva- 



y y 



riable, we also have i«+jpaJr=-— j— + -— -— 1 xy*: 






which, because £ issiO*. will be »>= — :— + -— r — * •ArtCS. 
xy«= ^ — j-jSi — sSl X y. But since, by the 

£nner equation, a:a^= — fLZJL-- — "iJL x y, we like- 

y 

wise get «*= — ^ — — 5 — ^ — xy% and consequent^ 

SaTb^ + 9abhf^i/^ x x^y^ = a 4 yl^ x ab^ +y^ l« : but, by 
"the equation of the curve a?^y« is=a+y|* x 8'— y* ; 
therefore 3a«ft2 + 2a6«y—y4 x a+y1* x »«— y«=a+y]2 
}<a6«+yM%and3a^i«^2aft«y-y*xi«— y2=a4*+yM2; 
whence y* + 4ay^ +5a2y«— 2ai«y— 2a^&-=0; which 
divided by y+a, gives y'H- Say ^ —5aft^=sO; fixmi 
whence y may be detennined. But if £=a, the equa- 
tion will become more simple by dividing again t)y 
y+a; in which case we get y*+8eiy— 2a^=0, and 
consequently y =3 a y^3 — a. 



EXAMPLE IV. 

67. Let.a^y=180a^a^2_ii0a«j:'+30ajr^-3j:^ 
Then will a^y = SBOa^ari-SSOa^x^i + 120ar^i- 
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And fl^=sS60a'i«-.660a«xi«+860a«2x2-60j?^i«. 
• Art dS. Thorefore, 6a'--lla«j:+6ajr«-x»=:0 :* 

Which bmg divisible by any one of the three quan- 
tities a— x, ^-^Xf <Hr 3a— :t, the toot x mU6t tnere- 
fiire have thi:^ values, a, 2a, and 3a, and consequently 
the curve, defined by the given equation, as many points 
-ef contrary flexure. 

But, u you would know whether the part of the 
. ^eorve Ivixig between any two adjacent pmnts^ ibuB 
fbiind, be ccmvex or concave towards the axis ; see 
whether, the value of the expression for the seccmd 
fluxioii of the ordinate, between the two oorreipond- 
ing roots, be positive or negative : for, in the former 
t-^j^-case^tihe curiae if convex, and In' the htjter. jgcmci|ve|*f 
(provided the wkide curve lies on the same side die 
axis). Thus, in the example before us ; because the 
second fluxion of the ordind^te is always as 6o^-^lla!^x 

+ 6ax*— «' (=a— xx2a-rxx3a— t) fmd it appears 
that the valulrof this expression, whfle j^ is less than the 
first root Of will be positive; the curve, there-. 
Jbre,' at 'tike b^inning, w31 he convex to its axia: 
biit when x becomes greater ihan a, the spid expression 
being negative, iim curve w^^ th^ ^ concave, and so 
continue till a? is equal to the^seoond root Sa ; after 
which the fluxion again becoming affirmative, the 
curve will accordingly be convex tm j:=:8a; beyond 
which Umit the inurvature continually tends^ the same 

WOT. 

But it will be ^ropet to observe, that there are oases 
where the second fluxion of the ordinate jnay become 
equal to nothing, without either changing its value 
firom positive to negative, or the contrary (similar to 
those already taken notice of in Sect II. p. 45 and 4ff)^ 
which cases always happen when the equation admits of 
an even number of equal roots : and then the point 
found as above is not a point of inflexion, because the 
curvature on either side of it tends the same way« 



( n ) 



SECTION V. 

The Use of Fluxions in determining the Radii 
. of Curvaturet and the Evoiutes of Curves. 

68. A CURVE p O H is said to be the evdate of 
another curve A R B, when it is of sudi a patuie, that 
a thread ROH, coinciding therewith (or wrapped Ufoa 
the same) being unwound or disen^iged mm it, bj 
S'powcr acting at the end R, shall, by that end (tM 
tfaieid oontinuing tight) describe the givencorve ARB. 
i • . J . . . * 

Illusteatxok. 

'From the point O, where the right-line RO (called 
the xajfios ot curvature) toudies the evolute p O H, 




let the semi«-cir€le SRD be described; which semi- 
circle, having the same radius with the given curve, 
at R, will consequently have the same degree of cur- 
vature. But the curvature in two curves is the 

same, when, the fluxion of their abscissas being the 
same, both the first, and second fluxions of their 
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ocnrresponding ordinates Rn and R hi are respectiyely 

equal to each other : for, the first fluxions being 

equal, the two curves will have, at the common point 

«Art4aR, one and the same tangent tRhi* and, if the 

seomd fluxions be likewise e^ual, the curvature, or 

deflection bam that tangent, will also be the same in 

both ; because these last express the increase or decrease 

t Art 19.0^ motion in the direction of the ordinate^-f upon wbidi 

t Art 4a the curvature entirely depends.;^ 

This beinff premised, let the abscissa Sm of the semi- 
circle (connoered as variaMe) be put =10, its ordinate 
Rmsv, B,r ss tb, rh^v, and RX=:i; then, R A be- 
ll Art 4ai]|g a tangent to the circle at R,|| the triangles Bir 
and R O m will be equiangular, and therefore w (Rr)i 

i (RA)::v(Rm) : ROs:^; which, because the 
radius of every drde is a constant: quantity^ must' be 

invariable, and coni^uently its fluxion : — = : 

w 

whence v is foutid;;= — ^= — r (because, w being 

constant, and tc>«+6*=r««, we; have, in fluxions, 
Si70 =2iif, and so -r--r.=r — r ). Therefore since » is= 

— r,wealsoffetSO=RO(-7 ) =3 — 7^ = r^— : 

— 1>' ^ \w/' — wv — wt? 

which last is a general expresston fot the radius of any 
circle, whatever, in terms of the fluxions^ of its al>. 
scissa (w) and ordinate (v). But, by what is premised 
above, these fluxions are respectively equal to those of 
the abscissa A n (x) and ordinate R n (y) of the pro- 
posed curve ARB. Therefore, by writing i, y, and y, 

instead of 20, t?, and t?, we have^- — rn- (= — r:.) 

-ay -ay/ 

for the general value of the radius of curvature, R O. 
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T8 



The same otherwise. 

If the mdius of the circle be putsR^ and every 
thiw dae be supposed as above ^ then (by the inroperty 
of the circle) we shall have v^ (Rm*) = £Ht0— w^ 
(SttxDm^: whence in fluxions (making w constant) 
we get Svo = SRto— 2trto, and ^* + Svos— Sw^: 

from the last of which equations v is firands r- 



i« 



tro 



«-^-r- ; and consequently RO(^-r^= — : 
the same as before. 

Otherwise without the Circk. 

Let R O and r O be two rays perpendicular to the 
eorve, indefinitely near to each other ; and from their 
intellection O, let OF be drawn parallel to An, cutting 
R« and A F (parallel to Rn) in Band F. 

trheM^fore, mpodng R E=: t), A n=s^r Jl nssy, 4^a 
(as befiMre) we snail haye^ 1^ similar triangles, as R P 



«: Il: 




(x) :Vq 0)::TSiEft>) :EOz=z% and consequently 
FO(A«+EO) = jc+^: which value (as well as 
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that of AF) continuing the same whether wer^ard the 
radius R O, or the nSius r O, its fluxion must there- 

fim be equal to nothiiig ; that is, i+'^l^.^ti:^ 
=0 ; nrhenoe t) =3 ?^-— ^, and conseauently RO 

\x/ vX-^xii <ix^±Q iiX^xi) * 



yX—xjf jfx—otg p-xg 



i» 



ja. supposed oonstant, or £=:0, will become — r^ qb 
aibwe. 

But if y be supposed eoiistant; it will be ^r- And^ 

yx 

if i be oonstant, it will then be ^: fiir, sinoe x^ 4- v^ 
aci% by taking the fluxion thereof we have 9xx+ 

AfjjfdvO; whoiee «=r -.^; and therefore RO'(r= 

' " •■'''■■■- ■ ■•/■.. 

Now from the several values of the radius of cur- 
vature R O, found above, the corrieq^ding values of 
A e and e O will likewise be given. 

Thus, if ^ be made constant ; then, RO beings 

-^., we shall have Ac (AJt+C)m=Ai«+4xR0) = 
— apy z 

x+ £1., and cO (R«-Rn=ixRO-Rn)=A. 

But, if ^ be made constant, then, R O beiBg=-rr, 

.we shall have A e = x +~j and cO s= -rr — ^• 

oS yx -^ 
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ia$tlj9 if i be suigpo^ed constant ; then R O being 
«"^ we shall have Ac=x+v> and cO=: 4— y- 



96 




Which several expressions will serve as so many ge- 
neral theorems lolt d^lehniditag the quantity of cur- 
vature, and the evolutes of given curves : Imt, befinre 
we proceed to examples, it wi]} be propor to observe, 
that the right-line A^, d^odng' the radius of curva- 
ture at the vierte^t A (tp1l)e^£»mid,by iiu|king x, at y^ 
==0) must aiw&ys be suti^raeted from TLO and A'i^ to 
haVe the irue lengdt of the arch jpO, audits cor- 
responding abscissa pe. 



EXAMPLE I. 



- 69. Let the given curve ARB be theecHumonparabda, 
whose equation is j^=aW: Then will"y2=|a^aKr"^t 

= — -, arid (nialing x constant) j^=— Ixftffi^jT^ 
2r* 



4xJ 



whence z i)/7+^^) = t»s/E±I^ 
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— _.) = — r- : 

which at the vertex A, where :r=0, Will be=fas 
A p. Moreover A e (x+'—::^zsia+Sx, and tfaeie- 
forepe (At^Ap^ssSx, the abscissa of the evolute: 
likewise O c ( — - — v J ==—7- the ordinate of the 

evolute. Therefore, O el^ x a being in a constant ratio 

to p^^i namely as 16 to 27, the curve is, in this 
case, the semi-cubical parabola: whose lurdi pO 

(R 0— Ajp^ is also givenae — — — fa. 



EXAMPLE 11. 



70. Let the curve A R B dqiote a parabola of any 
other kind : then, because y^ax^ is an equation to 
all k jnjs o f pan|lH>las, we have ytsnaatT'^ x and y= 

»x» — lxajr-*i«: therefore z. (•«*+>«) = 

yz^\ X + n^a*x^^ rx / ^^ 
Ae (x + ^.) = X 3-— , O c (—^-y) 

1 4. a^T^l X na%2-» J A wW---'. 
= I __ f and A 2> = — 7- • 

— n — Ixncuf^ ^""^ 



,«• 



which, if » = I, will become = g- 5. l^wtj if » be 
greater thaA {, it will be=0 ; and, if n be less than |, 
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it will be infinite : whence it appears, that the radius 
of curvature at the vert<^ wiH l>e a finite quantity in 
curves whose first (or least) ordinates are m the sub- 
Aimlicatd ratio of their absossas, and in aU other cases, 
eimer nothing or infinite. 
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EXAMPLE III. 

71. Suppose the given curve to be an ellipsis ; whose 
equation (putting a and c fo r the two principal dia- 
meters) is a«y«=sc* X o^^^^^ 

Here, by taking the first and second fl uxions of the 

given equation, we have 2a^j(y=c^xxa— ^, and 
«a^*+^^=c««x — 2i=— 2c2««; whence y = 

stituting the values of jr and i, will become y = 



diY.a^9a 



2di/ar— J?* 
cx« 



, and-y= 



a^cH^ X a— arV 



c» 



4a^ X cu: — a:j? X ocVax — ** 



« tf— af^'+^xo*-^ 



therefore i (/i^+«0 = V ■ ^_„..— 



4a^xar— a* 



c«a«+tf«-_c«x4ar— 4«« 



Sa 



and the radius of 



flap— a^« 

/ i' \ a2c«+a*— c«x4<u7— 4r«l^ 
curvature ( ■ , ,. i =s • 

\— aw/ 



which 



when the diameters a and e are equal, or the ellipsis 
dege nerates to a circle, will be every where equsl to 

~-, or \a ; agreeaUe to the definition of a circle. 
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EXAMPLE IV. 



/■ % 



72* J^^Jini tkeMadius of Curvatwre, and the EvobUf 

of the Common Ch^do^ 

Let ARB be the given curve, and AOH its evolnte ; 
also let RA and OS be parallel to AC^ and eO and Rts 




■ 4 

I • • . \ 

t ' I 

. 4 » 



perpendicular to A C , and put A R B (=2 S C)=tf, 
A K=2r, An=:T,'and R»=j^: then BRs=a--i, Vi 
=fa— ^; and, hy -the property of the curve, a* 

(AB^>:5;=^« (BJEIO : : la (B C) : |a-j^ {BhJ 

, 2(m:— 5f« ^. n . ' dz — zz 
whence y= .^ ■ ; therefore .y = :: — , z^^j^ 



^a 



a 



Cio =,!fii:$iii!, «^ ^ =^ £V^=£ ^^^ 



a- 



a 



(making z constant) x = 



z^xa—z 

- • 

a\^2az^^' 



from which 



▲il» Tfit XTOtOTB OF CUftYltS. T9 

ii»v ,, , ^ • Art ea 

ife get R O, or A (='^) = •Soar-^S and e 0/ 

or 'A-9 (sf^-^jr^rs ; whidf, when z^(h 

or'BblH coincides widi BH, become AOH^BH)^:^ a, 
and C H (AG):»f<ik K«ice, booMise it iq^ta»i diafey 

SIR* ri«):AO^ (5fay-.s*):: AG (id^lAS 
j^. ■ ) it follows that tbe evolul^ A O H ib abo .a 

ejrclcnd'eqiial,' and similar, to the involute A R B. 

If the,evc4ute had been given, or supposed^ a cydwd,' 
ixA thfi invc^ute required, the proeesis would have been, 
inore simple, as follows : * 

Let Ah (2AG)=a, AO(=RO)=j?, AS=x, 
SO==j^, BR=t?, BAsrw, Rr=:v, Re=w, 4-c. Then 
itwiU be,t t Art 48. 

i : i (::0 »i : OR)::Re r«^; : Rr = !?i. 

■ ' ■ • • ST 

«:«::«(JE10): Rm=^, 

■ z 

Whence we have t?=-r-> R rt (R in— A S) = -; — x, 

and A* (OS— Om^=^ — r* which expressions an- 

ftii^r to'any curve whatever. 
But, in the case above proposed, A H^ (a-) \ A O^ 

r««)::AG(ia) : as (x); therefore x=^, x = -, 



and i (vi*— x2)=: ; and consequently R» 

.■'.••• ■ a • 
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i^ience also 



w = 



•Art- 5. 



0" — gg 



au; 



and t> (-T-)= -7=== 

^ .^ . therefore it will be ; w i\\a \ y/%aw) 

: : /|tf : •» ; that is, as Er : tsuwVbc : •BA : 
vhidi is a known property of the cyieloid . . 

Hithorto regard has oeen had to curves where the 
ordinates are parallel to each other; but when the or- 
dinates are all referred to a given point, as in spirals, 
&C. other theorems will become necessary ; and may be 
thus derived. 

78. Let AR B be the proposed curve, P the noint, 
or center, to which its ordinates are referred, N O L 

the evcdute, 
'^^-"^ - and BO the 

ray of cur- 
vature at R: 
moreover, let 
FH be pernen^ 
dicularto RO; 
and, supposii^ 
the oixlinate 
PR(y; to be- 
come variable 
by the moticm 
of the point 
R along the 
curve, let the 
fluxions of AR 
and PH (p)^ 
expressing the^ 
celerities of 
the points R 
and H in di« 
rections per- 
pendicular t<r 
RO*, be de- 
noted by i and p respectively. 




/ . 



■ 1 



Air0 TMS EVOLUTB 07 CUBTKB. 

Therefinr^, the celerities of any two points, in a 
right-line revolving about a centet, beitig as tBftf^S- 
tanccs from that center, it follows that p '. z \ I OH : 
R ; wb^ce by dmsion (patting R Hzsv) we have 

i-»:i::t)(ftH>:RO=^=fc-#ir: bfat fz 

z—p pz^pp 
=:yy (by Art 60) and therefore R O = -:^^ 
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yy-PP 

which, because y'^^-pr' is=t>2 (and therefore yy^pp^ 
«; will abo be = 53^-^. 

I 

Thjt same otherwke. 

Let S R D be a circle described about the point O, 
as a eenter, and suppose the distance P K to be variibie 
by the idotion 

of the peiftk R ^ ^^"^T. 

aTong the arch ^ '>- 

(g the dr* ^i.^js^ 

(falsti^ of the 
eetrre): ,theri, 
Jfitwbg O R 

wot puttittg' Ok 
aft-, PRiejfi *!?. 
aas Mottj y^^ 
get OP« 




(O^R2+PTl^-«^Oft)^RH)=r*+^«-»arf^; wM*^ 
(as well as r; being a constant quantity, its tLi^tfa 
kyy^^rv must be equal to nothing ; and therefore r=: 

^, the very same as above. Nor is it of any con- 

V 

sequence whether y. and v be here looked upon as respect- 
ing the circle, or the curve ; sinoe,'af R, they must be 
th^ same in botK cases ; otherwise the curvatuie ooul^' 
m&t be tbe^sarae*. Now from the, value of R O thus* Art. 6a 
found, niAttch. (•corrected, when necessary) will also ex-' 
press the length of the arch N O of the evolute^, f Art. 6a 
the ordinate P O and the tangent O H of the evolute 



S% or THE RADII OF CUilTATU&C, 

may be easily deduced. For O H ( R 0-R H ) = ^ 

whence the nature of the evolute is known. 

EXAMPLE I. 

74. Let the given curve AR be the logarithmic 
sniraly whose nature is such, that the angle P R Q (or 
R P li) which the ordinate makes with the curve is 
every where the same. 

Then (denoting the sine of that angle by b, and 

the radius of the t^les by a) we have R H (v)=s^ 

and therefore R O {^-\ = ?p^ = -^ ; which bein^ 

\ vy b^ b ^ 

to P R (y) in the constant ratio of a to 6, oir of P R to 
RHy the triangles R O P and R P H must therefore b& 
similar, and so the angle P O H, which the ordinate 
P O makes with the evolute, being every where equal 
to P R Q, will likewise be invariaUe. Wh^ice it ap- 
pKsars that the evolute is also a logarithmic spiriu,. 
similar to the involute ; and that a right-line drawn 
from the center, perpendicular to the ordinate, of any 
logarithmic spiral will pass through the center of cur- 
vature. 

EXAMPLE IL 

75. I^tthe curve proposed be the spiral o{ Archimedts ; 
ii^here we have j>= ^ , ^ ^^f^ ^ __ ^ 



(see Art, 62). Therefore v = 2yy xyT^""*^^' x 
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M^£^Z^=y^^, whence the radius of 

♦curvature ^ is here = ^ — --J' ; which being = -5* * Art 73. 
wheti^::=09 the arch of the evolute,f reckoned feomfArt. 6a 
the vertex* is therefore =; -^ — — — •- . 

After the very samemanner you may proceed in other 

cases : but if the value of ^ (or '^J changes ia any 

case, from positive to negative, the radius of curva- 
ture (RO) after becommg infinite, will &1I on the 
other side of the tangent, and the corresponding point 
of the curve, when ^=0, will be a point of Contrary^ 
Fkxure. Whence it may be observed that the point 
of inflexion, in a curve whose ordinates are rererred 
to a center, may be found by making the fluxion of 
the perpendicular, drawn from the center to the tangent, 
equal to nothing, which case is not taken notice of in 
the preceding Section. 
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SECTION VI. 

Of the Inverse Method, or the Manner of de^ 
termining the Fluents of given Fluxions. 

76. XN the Iruotrst Method^ which teaches the nian^ 
ner of finding the respective flowing quantities of ^iven 
fluxions, there i^iH he np great dfffioulty in oonceiviiig 
the reasons, if what is already delivered in Sect. 1 on 
ike Direct Mfthoi^ has been duly considered : though 
the difficulties t|;i2^t occur la this part^ upon another 
account, are indc«4 vastly superior. 

Xt ^s ^ ea«j n^iatter, or not impossible at most, to 
fijpd* 1^^ ^i^xion of ai^ flowing q.uantity whatever; 
Bott in tb|3 fv^erse Methp4 ^^ c^Sfe is qyite ^fferer^ : 
fpr^ as theses is no oiethiptd f^ d^ucing the fluei^it 

f^oa^ the fluxion^ ap7w4 ^ ^ direct ^^^^^^^^^^^4 ^ 
it h impossible to la;^ ^fp'^ rv^^fp^ f^ny Pther fbn^js 
of ^uxions than thos^. p^^cular on^ ^hich we know, 
from, th^ 4y>'^^ metho^ ^]ms ^k^^ ^^^ ^^^ Idniis of 
flowuiff ^uftntitiesu Th«s, ^'.'^JWPP^^'^ .^^ ^^^ ^^ 
^xx is known to be x\ because it ^ j^y^ i^ Art. 6 and 
14, that '2xx is the fluxion of x' ; but the fluent of yx 
is unknown, since no expression has been discovered that 
produces yx for its fluxion. 

77. Now, as the principal rule in the Direct Method 
is that for the fluxions of powers derived in Art. 8 
(where it is proved that the fluxion of x" is univer- 
sally expressed by nx^^x) ; so the most general rule 
that can be given in the Inverse Method^ must be that 
arising from the copverse thereof ; which shows how io 
assign the fluent of any power of a variable quantity 
drawn into the fluxion of the root; and which, expressed 
in words, will be as follows. 

Divide by the fluxion of the root^ add unity to the 
exponent of the power^^ and divide by the exponent so 
increased. 
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Pof , dividing the finxioa ru/^^x by x (the flttjrion 
of the root x) it becomes Ttr""* ; and, adding 1 to the 
exponent (w— 1) we have wx"; which, divided by n^ 
gives jt", the true fluent of nx^% by Art. 8. 

Hence (by the same rule) the 
Fluent of Sjr^i will be = a?^ ; 

fir-} 

That of 8j:^i = -2r ^ 
That ef ^jr^^e = ^ ; 
That of j^^y = ?yl ; 
Thatofay3y = ^; 

O 

* iii + il 



That ofy'y = 






,1— « 



That of — . or axx^^ = -^ ; 

a+z\ ^ 



That of a + z\^ x i = 



4 • 



And that of a-T^^ x 2--^i ^ oM^ 



iw X n + 1 

for Aere the root, or the quantity under the general 
index n, being a* + 2r*, and its fluxion = ma'*"' i 
(Art. 14) we shall, by dividing by the kst of these 

quantities, have ; whence, increasing the 
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index by unity, and ditiding by (n + 1) the index so 



•+1 



increased, there comes out =~ 

mxn+1 

After the very same manner the fluents of other 
expressions may be deduced, when the quantity, 
or multiplicator, without the vinculum, is either 
equal, or in a constant ratio, to the fluxion of the 
quantity under the vinculum : as in the expression 

a-i-c?l* X dsT"^ z ; where the number "of dimensions 
of z under the vinculum (or general index) being equal 
to those of z without the vinculum + 1, the fluent 
may therefore be had, as in the preceding examples ^ 



a+c£"i xd ' 

and win come put ^ : and, that t^iis (or 

ncxm+1 

any qther expression derived in like manner) is the true 
fluent will evidently appear, by supposing x equal to 
a + csf^ the quantity under the vmcttlum ; for then 
(equal quantities having equal fluxions) x will be 



* Art. «. = ncs^^ z ; * and consequently a -^^ cs^ x ds""* z 

(sra^^x — ) = r-; whose fluent is therefore 

nc/ nc 



t Art. 77. — ^"^^tT t= — TT » ^ oefore. 

' ncxm+i nexm+i 



78. In assigning the fluents of given fluxions, there 
is another particular that ought to be attended to, not 
yet taken notice of; and that is, whether the flowing 
quantity, found by the common rulaabovc delivered, 
does not require the addition or subtraction of some 
constant quantity to render it complete. This indeed 
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can only be known from the nature -of the problem 
under consideration ; but that such an addition 
Hr subtraction may, in some cases, become necessary, 
is evident from the subject itself; since a flowing 
quantity increased or decreased by a constant quantity, 
has still the same fluxion ; and therefore the fluent 
of that fluxion is as properly expressed by the whole 
compound expression, as by the variable part of it 
alone : thus, for instance, the fluent of nx^|i may 
be either represented by x" or by x* ± a, because (a 
beii^ constant) the fluxion of x" ± a, as well as of x% 

79. Hence it appears that it is the variable part of 
a fluent only which is assignable by the common me- 
thod ; the constant part (wnen such becomes necessary) 
being to be ascertained from the particular nature of 
the problem. Now, to do this, the best way is to con- 
sider how much the variable part of the fluent, first 
found, differs from the truth in that particular circum- 
stance, when the required quantity which the whole 
fluent ought to express, is equal to nothing ; then 
that difierence added to, or subtracted from, the said 
variable part, as occasion requires, will give the fluent 
truly corrected : for, since the difference of two qus^n- 
titles flowing with the same celerity (or having equal 
fluxions) is either nothing at all or conatarUly the same^ 
the difference in that circumstance will likewise be the 
difference in all other circumstances: and therefore 
being added to the lesser quantity, or subtracted from 
the greater, both become equal. 

80. To render what is above delivered as familiar as 
may be, I shall put down a few examples ; in which 
the variable quantities represented by x and y are sup- 
posed to begin their existence together, or to be gene- 
rated at the sai^ time. 
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I. Jjdt f =: £i^«r ; then the flueiit, found as usual, 

^ 1^3/ ^ -5- ; where taking y ^^ Oy -5- alao va« 

oidies (because then «=s:0 by hypothesis): therefore 
the fluent requires no correction in this case. 

% Let y = a + xl* x ac ; here we first have y :?= 

-—7 — ; but when v = 0, then — -- — becomes = -— 

* 4 4 

(since jr, by hypothesis, is then = 0) : therefor^ 
— T — ahoays exceeds^ by— ; and so the flueiit pro- 

. perly OB„eoted wiU ^1,-^'.:=^ = a'x + ^ 

4 ' 

But the very same fluent may he otherwise founc), 
without ne^i^g any correction : for the given equa- 
tion (^=5 a-f"^^ xoc), by expanding a + «l' is trans- 
formed to y = a^x + Sa^xx-^Sax-x+x^x ; whence y == 

^^x-i — ^ h (wr + -7- ; the same as above. 

Hence it appears that the fluent of an expression, 
found according to one form, may .jequire a very dif- 
ferent correction from the fluent of the same fluxion 
found according to another form. 



3. Lety =* a*— jp^U x xx ; then, first, y = — 
— 5 — ; where takmg y = 0, — — - — becomes 
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^^ 

= — -5-; therefore — - — - — - is too Intle by -^ ; 

and so the fluent corrected will be y = — — 

.3 

3 



4. I,ety=a'"+ar*l xa:"*~'x; here we first have ^= 
; and making j^=0, the lattor part of the 



€r+o;r 



mxn+l 

eqttatipix becomes . -^.^ ;==y:y:.-^ — ==■; wheiw the 

mxn+1 mxn-irl 

equation, or fluent,' truly corrected, is y =z 
9sxn-4^1 



5. Lastly, let y = a + ijc* + cj:^ f x 



TO6aj'"~'x^'ncjc""*Jc ; then, in the first place, we have ^5= 
P+i 
- ; which, corrected as above^ beeomes 



u+bjir-^caf 



p+1 



-P+i 



y p+i — '• 



M. Hitherto t &niy are both supposed equa} to no- 
thing at the same time ; but that will not always be the 
case Ht the solution of problems. Thus, for mstance, 
though the sine and tangent of an arch are both equal 
to nothing when the arch itself is cquui to nothing, yet 
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the secant is then equal to the radius : it will be proper 
therefinre to add an example or two wherein the value 
of ^ is equal to nothing, when that of x is equal to any 
given quantity a. 

Let, then, the equation y^xH be first proposed; 

x^ 
whereof the fluent (first taken) is ^ = 5 ; but when 

^=0, then-^ = ^, by hypothesis; therefore the 
o o 

fluent, connoted, is ^= — 5 — . 

o 
Again, let the proposed equation be y = — x^i; 
then willy = ;- which, corrected, becomes y= 

w + 1 • 



Lastly, let y = & + hx"\\ x xx; then, first y = 



3 



— "ar — ; and when y=0 and j:=a, — ^r — be- 
comes == r;^ . therefore the fluent corrected is 

y^ ^-36 • 

82. AU the examples hitherto given relate to such 
fluxions as involve one variable quantity only in each 
term, whose fluents are assignable from the converse of 
the first general rule, in Section 1. But, besides these, 
various other forms of fluxions may be proposed, in- 
volving two or more variable quantities, whose fluents 
may also he found by help of the other two general 
rules delivered in the same section. 
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Thus the fluent o{y±+xj^ is exprcsged by »y ;* that • Art. la 
of ^ '^^ hj^'.f that at ax+xy+y± by ax+xy;t |Art!ia 
and that of luyy^' + yi— nojc*"' x x y«— a«"l" by 



^- ' : for, dividing (in the last cas?) by 

the fluxion of the root yx — ox",* which (by Art. ♦ Art 77 
14 and 16) Is njn^^y + yi — nor*"' «^ we first have 



y«— ojifl-; whence, adding unity to the exponent 



-£-, and dividing by the expon^t so increased, we get 



1+1 ^•^'" 



r+ 1" ?+ ^ 



for the true fluent of 



the quantity proposed. But it seldom happens that 
these linds of xluxions, which involve two different 
variable quantities in one term, and yet admit of known 
or perfect fluents, are to be met with in practice ; 1 
6hall therefore take no flirther notice of thetti in this 
place, but refer the reader to the second part of ^the 
work, my design here being to insist only upon what is 
most general and useful in the subject ; which brings 
me to further consider those forms of fluxions, involv- 
ing one "variable quantity only, that frequently occur in 
the solution of problems, whose fluents may (after 
proper transformation) be found by the rule already 
delivered in Art. T7. 
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88. It hai been already hmtied, that if a fluxiASl' of 

tlie binomial kind, as a + c«"l x dz^^i, has the lUdex 
fn— 1) of the variable quantity ("zj without the vin- 
cidum+lj equal to (n) the index of the same quan« 
tity undet the innculumf the fluent thereof may be then 
truly found by the forementioned rule. But the same 
observation may be farther -extended to AoH c&ai^ 
where the tVideJf ivitkout the vinculum increased hy unity 
is equal to any multiple of that under the vinculum ; as 

in the expressions, a + ca:"]* x 3b^^ z, a + C2r"l* X 



i ' I . 



ds^^z, a+c?]^ X dz*'^% &c. Whose fluents are 
thus determined. 



Put a 4- car =£ X, thof will «*=*- — — , and fttT'^ i 

c 



* Art. 8. ss — ;* wad therefore z^*^^ z ^ x — 

c c nc 



'■■■■ '*" - * ■>■ ; whence by substittttion we get a + csf'Y x 



J <K.-i . *•* X d X ^3t — dec , ct*^^ X -^ asf*ot 

Tec* ' wc* 

whose fluent (by Art. 77) iff tberefinre ^ — ^ x 



II 1 1 « I i I 



^-^ _; which, by restoring the vatue of 



m 



, d a + cz"r^^ a X a+c^»l"^' 
X, becomes -^ — - x -77 --^ ^ 



Tiim..m^'m'^..m nvov^ ^t^Kisn. 



n 



axa+car 






Hm < ' 1 1 A i K 



»c« 



a+c2" a dxa-fc?] 



flnfri 



X I ■A If . —^ T« »»••'- t^ '* * ** ' * "L" '»' 



f2^ 



^. 



^+2 m+2xm+ 



=- ; the true fluent^ofo+c?), x 



« i 



Agapij ft* the fluent^ rf « -h t«*r x rfjy^^^'i, be*- 

ca^je jp^^ i =5 — -^ and 2" = , we have s**"* z 

- ne . c 



a?— a 



( =^ «2« X Z^' i> = -TTtr^ X *;;r-=3l 



qp x^'X—^axc^ + a^x 



nc 



m I « s » 1- 1 ir 'T ^ 






whence, ITjTc^ Hmg ;;? dTj. f e get a '•kr fsr\^ X 



Sbi^-'z = 



ifcr X ac^af-— Sorx + a^ot 






fore = — - X -^ ~ • 



,m + * 



+ 



a*a? " + ' 



V»+l 



+1 



» r 1^ ■ ■ 



0?^ 









ri« + i 



m^ 






. ' ... ^fHk 

2 dxa+c2"i 



'*^«*+ I 



" "\3 ^ ^ 



«A 






> 
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Umverstdfyi let r denote any whole positive number 

whatever, and let the fluent of a+csf]"^ xdz"^^ i be 
required; .then, by putting a+c;&"=a:, and proceed- 
ing aft above, our proposed fluxion is 'transformed ta 

■ X X — al'"' ; which, expanding x — a X^^ 
* 
( by the Binomial Theoiem ) becomes — x 

' 1«f" : 



'--^-—^^^ -•--•' 



&c. whose fluent is therefore =r — x :• 



r^l xor""^"* . r — Ixr — 2x a'a:^'*^ v 

; = + -—__-_-_. &C. = 



<ir-»+* ap*^* r— 1 X ajT"^ r— I x r — 2 x a^*^^ 

X ^ • 5— + 



&c. 

Where, r being a whole positive number, the mul- 

tiplicator8l,r^l,r— i xr— 2,r— 1 xr— 2xr— S,&c. 
will therefore become equal to nothing, after the r first 
terms ; and so, the senes terminating, the fluent itsdf 
will be truly exhibited in that number of terms : ex- 
cept when m+r is likewise a i^hole positive number, 
less than r ; in which circumstance, the divisors m+r*? 
m+r— 1, m+r— 2, &c. becoming equal to nothing, 
before the multiplicators, the corresponding terms of 
the series will be infinite. And in that case the fluent 
is said to fail, since nothing can then be determiaed 
from it. 
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84* Besides the fiir^oiiig, theie is another way of 

deriyixig, the fluent of "oTc?]** x cfe'^'i, in tentns 

of the original flowing quantity 2; ; which will afford a 
theorem more commodious for practice than that above 
giTen : the method pf investigatum is thus : 

Let d xa+c«-r^' x (A«^+ B«^ + Cz^^ + Dz^^ 
Ac) (where j>, v, A, B, C, &c* denote unknown, but 
determinate quantities) be assumed for the fluent 
sought : then by taking the fluxion of the quantity so 
assumed, we shall have 



dcjix«+lx2^'ixa+^ xAjBT^+Bar'-^ + Ca'-^f 




D^^-^ &c. + d X a+"c?]"*' X pAj^^ i + p^v x 

Ba^— 'i+p— «© xCz^-^^^z^ &C.* which being put 'Art 8. 10. 

equal to the given fluxion, a + csT]" x dsT^^i, and 

the whole equation divided by a+w"!* X dxT^ i, there 
eomes out 

+ cn X mTlx^xAs^+Bz'^'^Cz^-^+'Dsf-^ Ac. 
+ a+ cz* X pAs^A-p—v X Bar^-+p— 2t> x Car'-*' &c 

whence, by collectii^g the coefficients of the like powers 
of i, we have 

''^'^\.cAz^^+'''''^^^\>^cBzP^''^+Z^^ 

— ;8r^ + paAz^ +p^vx aBst"* &c. i 

where, comparing p + n and n tj' the two greatest expo-. 

nents of 2:, we find/>=m— ii=r— I xn ; and by com- 
parihg the two next inferior exponents |H^n—t7, andp, 



96 vam xavkxa oe rjouomK^ flokvbs; 

#e HlnwiMf get v^sm r VhiiA TflhKss' iBbiBg^ jdMtitMed 
ahpy^ our equation is ledttced ta 



m 






where, puttiag m+f^gy Kod compaciBg lili tMffi- 
eients of lAe' lMittriogou» tenxifl^'^ we lnM^^Al^9f 

9 11= s .*> ^. ^^ "" 

snc s — Ixc 8X9-^1 X7lBr 



-= = ==r— == , D =. — 

«— .2^xr dx«— 1x5-^2 xwc^ «— 3^x^. 



-\ i 



r— Ixr— ^xr— axo? 
sxs-'l x«— »x*— oxnc* 
which values', with- those 0^ p^ and v, tmnif isulwtilntwjk 
ilk die assuBcned' AieDt, it hflGomes dxa-ircz^i"'^^ y^ 



4iKt ax*^l>^Mc* *x-fi— Lx>«*--2")<;if(? 



*WC 1 S — IXC 



r— Ixr— 2xa-j2: 



, &c. the true fluent of 



5 — 1 Xjs — ^xc^ 

a+c?T*^^ X cfe'*"'^, which/ wa& to Be ^emuned: 
which, fluent therefore, when r is a whole positive 
number, wilT always terminate in as^ many terms as 
are expressed by that number, except in that particular 
ease' speoilied m* the last article. Thus^ i£ r=5^oi& 

'^ Vide jK lei of my Treatise of Algebra. 
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the given fluxion be a + csr"! " x dz^""^ z ; then, s 
(m-k-r) being = m+ 2, the fluent itself will become 

Jicxm + 2 1 m + lxc ^C' 



- — :r ^ ; which is exactly the same 

m+2 m+2xw+l ^ 

with the first of those found in Art. 83 by a different 
method. 

The like agreement will likewise be found, when r 
is == 3: but when r either denotes a broken or a 
negative number, the series for the fluent will then 
run on to infinity ; because no one of the multiplicators 
r--l, r— 2, r*— 3, r— 4, &c. can in that case be equal 
to nothing. 

86. The foregoing fluent, it may be observed, was 

' found by assuming d x fl^fc?!"*^^ x A^r^ + Bz^" + C^'^*" 
&c. and comparing the two greatest exponents of 
the equation thence resulting : but if, instead of 

As^-f B2r^~* + C2r^2*&c. an ascending series, as A2:^ + 

Bjg^+'+Cz^"*"-" &c. (where the exponents of z con- 
tinually increase) be taken, and the two least indices 
of z in the equation (in like manner resulting) be com-- 
pared together, the same fluent will be had according 
to a different form, which will be of good use in many 
cases when the foregoing fails, or runs out into an infi- 
nite series. 

Thus, i{ p + Vy p + 9>Vj &c. be wrote in the room of 
p — D,|} — 2t?, &c. respectively, in the first equation of 
the last article, it will appear that 



H 
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+en xm + lxz'x As^-f Bz^" -^ Cz^^'^ &c 



-^a + cz'*xpAzf'-\-p-\-vxBzf^''-^p + ^xC 
which equation may be reduced to 



Czf'+'' &c. ) 



!f* 



paAz^-\-p'^vxaBzf+''+p-\^^vxaCzf+''' &c. 



? 



+;? ) +;j + u ) &c. ) 

where, by comparing the two least exponents, &c. J> 

1 1 

will be found = m, i?=:n, A = — = ; B = 

pa rna 



j? + »xm4rlxcA r + wi + lx wc A 

jj + vxa r + lxwa 



r + m + lxc ^ » + i? + wxm + lxcB 

; C = — ' 



rxr+lxna'^ p + 2vxa 



r-^-m+^xncB r + m + 1 xr + m+8xc« 

r + ^xna rxr + lxr + ^xwa' 

♦ 

Therefore, denoting r + m by s (as above) the fluent of 
a+cj&")"*x ds"*** i will (also) be truly represented by 



dxa + c^" X (- — — ==- 

\rna rxr+lxna^ 



5+lxs + 2xc22"'+^- ^ . , a + cz"!""^' xdz"' 

— ==:i «c.) or Its equal ^ 

rxr + 1 xr + 2x«a^ ^wa 



5+1 XC2" S + 1 XS + ^XC-Z-" 

X 1 - -^= + -= — == &c. 

r + lxa r + lxr+2xa- 

Which series will terminate when s (or r + m) is a 
whole negative number ; and therefore in all such cases 



the fluent is exactly detennined; provided r be not 
also a negative integer less than*5 ; for in this particular 
circumstance the fluent faik^ th^ drvi^r first becoming 
equal to nothing. Vide Art. 83. 

The use of the two foregoing general expressions, 

for the fluimt of iTc^'" H ds'*^^^, will anpearfinDm 
the following examples. 



EXAMPLE I. 



. ^ bxx 

86. Let it be required to find the Fltuni cf . - ■-•■^•r , or 

a 4 ^ xbxx» 

* 

By comparing the fluxion 1^^ ]^|MB|Sed iuih 



a+cz"]"* xdz"^^ i, we have a=:a^ c=l, z=ic, n=l, 
m=--|, d=J,.rw— 1 (or r— 1) =1; whence r=2) 
and « f r + m^ = ■§- ; whereof the former being a whole po- 
sitive number, let these values be therefore substituted in 

+ 



sm 



(Z ? X AC 

^ s — Ix 






r— lxr--lx aV o x i /. /• t. 

■■ — ■ , &c.) the lirst oi the two ge- 

« — Ixs — ^xc- 
Il^ral expressions for the fluent, and it will become 

b^a-^x]^ , a\ bxa-\-oc]^x 2«— 4a , 

' — T— X,(ar--r)='-^ -5 jth^qum- 

tity sought in this case. 



H a 
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EXAMPLE 11. 

87- Let the Fluxion proposed he y ■ ^ , or 

Here, by proceeding as above, we have a's^a^ c=/v 
r=a?, n=w, m =— f, £i=6, r=3, and « fr+wi^ =^: 
whence, by substitutmg these several values in 

the same general expression, we get ^-^ — ,x 



15 



'• \ 



EXAMPLE in. 



88. Wherein the Quantity/ proposed is — -J^^ > 






Here we have a=:g^y c=l, j2=^, n=S, ?n=f, 
rf=l, m— 1 (or 2r— 1) =—6; whence r (= — Q"^—y 

= — 5, and « fr+w^ = —2; whereof the latter 

being a whole negative number, let the several 
values here exhibited h6 therefore substituted ia 
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ma ^ r+lxa r+lxr+2xa^ 

&C.) the latter of the two general expressions above 

derived, and it will become "ZTZU ^ 

(l-ld^i'^^fMlii^Z^; the true fluent 
required. 



EXAMPLE IV. 

89. Lastly^ let the given Fluxion be a^fs^]i x 



7 
V9 



Then, a being =a, c = — y, wi=$, <i = l, r^ — 

and the rest as in the general fluxion o+x?]'* x 
dz"*-^z ; we shall, by substituting in the second 
form (because s is here equal to (—3) a whole nega- 

tive number) have — - — • x ( J — : 

^ — Inn ^ — 4a 



105na^2^ 



90. Having insisted largely on the manner of finding 
such fluents as can be truly exhibited in algebraic 
terms ; it remains now to say something with regard to 



Idife tnt, ItAKHBB OF FIKDIVG FLU EVtS 

those other fonns of expressions, involving one Varia- 
ble quttitity only, which, yet^ are so affected by com- 
pound divisors and radical quantities, that their fluents 
caiiliot be acatraiefy determined by any method what- 
soever; of which there are innumerable kinds: but 
there is one gena-al method whereby the fluents of such 
expressions are approximated, to any assigned degree of 
exactness ; namely, the method of Iryfinite Series ; 
which it will, ther^ore, be necessary to exjilain, s(k &r 
as relates to the manner of expounding the valufe of any 
compound fraction, or surd quantity, by help of such a 
series. 



EXAMPLE I. 



fll. ie/, theUf the Fraction be first given \ to he 

converted into an Infinite Series, 

Divide the numerator ax by the denominator a— x, 
as is taught in ccnnpound division of e0i6slti<m algebra ; 
ih^ the operation will stand as follows . 

X* x^ x^ ^ 

a'-x)ax (x +—+—+--+ &c. 

a a^ a^ 

oar— Jt- 



a 





x^ 






-f 


a 








x^ 




X* 


+ 




— 


r% 




a 




a- 








x^ 






+ 


a 



kc. 
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X^ X^ x^ 

where the quotient, or series x -^ h-;:-f-T + 

^ a a- a^ 

x^ x^ ' . . . . 1 

— I — &c. infinitely - continued, is taken to expound 

dX 



the value of the proposed fraction 



a— ar 



9'^. But, though the series thus .arising ought to be 
carried on to an infinity of terms, to have the true value 
of the quantity first proposed ; or, though the'quotient, 
continued to ever so great a number of terms, will be 
still something defective of the truth ; yet, if the value 
of the quantity (x) in the numerator be but small in 
comparison of the quantity (a J in the denominator, the 
remainder, after a few terms in the quotient, will be- 
come so exceedi|ig small, as to be neglected without 
any considerable error ; and then the value of the wholes 
or of the quantity first proposed will be very neatly ex- 
hibited, by taking a small number of the leading terms . 
only. 

Thus, for instance, let the value of a be expounded 
by 10, and that of x by unity ; then the remainder 

— ) after the two first terms of the quotient, being 

= --, this value, divided by the given divisor 

1 

(a— .T = ) 9, will therefore give — = 0,01111111, &c. 

for the defect, by taking the t\^:o first terms only : 
but, if the three first terms be taken, the defect will 
be still less considerable ; amounting to no more than 

gL, or 0,00111111, &c. 

This may likewise be made to appear, without any 
regard to the remainder, by collecting into one sum, 
the values of all the terms to be taken : for, if only 

the first two (pc + ~) be proposed, their sum will be 
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qsl, 1 ; whiehy deducted from the true value of the 
given fraction (= — ) = 1,1111111, &c. the 

difference will come out 0,01, the very same as 
before. 

Thus, also, by collecting the sum of the three, four, 
and five, &c. first terms of the series, you will have 
1,11 ; 1,111 ; and 1,1111, &c. which being suc- 
cessively deducted from 1,111111111, &c. (as above) 
there will remain 0,001111, &c. 0,0001111, &c- 
0,00001111, &c. fpr the errors or defect^s in those cases 
respectively, 

93. From what has been said in the preceding arti- 
cle it appears, that infinite series, in algebra (accord- 
ing to a common observation) are similar to, or cor- 
respond with, decimal fractions in common arithmetic : 
for, as a decimal fraction may be carried on to 
any proposed number of places, however great, and yet 
never amount to a quantity, which but a very little 
exceeds the value of the three or four first places ; so a 
series may be infinite with regard to the number of it^ 
terms, and yet a few of the leading terms only, may 
be sufficient to express the value of the whole^ very 
nearly : provided always, that the series has a sufficient 
rate of convergency, or that its terms decrease in a 
pretty large proportion : for otherwise, even^ a great 
number of terms may be used to little purpose : thus, 



j:- x^ 



in the foregoing series, jc H 1 — , &c, if oc be taken 

a a- 

= a, no number of terms will be sufficient to exhibit 

ax 
the value of the correSpdtiding fraction , it being 

infinite in that circumstance. 

94. Having endeavoured to show that the true 
value of an infinite series may be nearly obtained by 
adding tog^er a few of the first terms only, I s»hall 
pow proceed to give other examples of the manner of 
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converting fractional, and surd, quantities into such 
kinds of series, in order to the approximation of the 
fluents of expressions affected by them. 



EXAMPLE II. 



Let the qtuintity proposed be the fraction-^ 



c« 



then, by proceeding as in the first example, you will 
have 

c«+%-hj,^) c^ (1-^+ ^ - ^ &c. • 



c c« c' 






Where, from a few of the first terms of the quo- 
tient, the law of continuation is manifest , the nu- 
merators being in arithmetical progression; and- the 
signs, + and— , alternately. 



EXAMPLE in. 



95. Let the Quantity given be 



1— X— X' 



Then the quotient will be 1 + x + Sx^ + 4j:' + 5x^ + 
9r5 + 14r^ &c. where the law of continuation is ma- 
nifest ; being such that the co-efHcient of each suc- 
ceeding term is equal to the sum of those of the two 
terms immediately preceding it. 
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EXAMPLE IV. 

96. Let the Radical Quantity V^a^ + x- be proposed* 

Here, according to the common method of ex- 
tracting the square root, the process will stand as 
fallows : 

^ + - - ft) «'+^"' (« + l^-#i &c- 

a 4i&^ / ^ 2a 8a' 

a2 



+ X-4- — 



X' 



4a2 



X^ X^ X 



6 ^8 



+ 



4a"- 8a4 64a^ 

V,. ^ 

97. The law of continuation in series, thus arising, 
from radical quantities, is not easily discovered : but, 
if you would carry on the series to any proposed num- 
ber of terms, the work ^iU be a good deal shortened, 
by dividing the remainder by the divisor, when half 
that number of terms , is found (as in common di- 
vision) and obscrtang, at the same time, to neglect all 
such terms whose indices would exceed the greatest, or 
the grtotest plus the common difference, in the Said 
remainder, aoeording as the whole number of terms 
proposed to be found is odd, or even. 

Thus, if it ^efe proposed to continue the foregoing 



.o ^4 



X X" 

series a -f -— - to 6 terms, then the divisor 

2a 8a^ ' 
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9 

^or double quotient) being 2a H j-^, and the 

remainder •— "^r^ (^ appears from the last article) 

the rest of the operation will stand thus : 

a 4a^/8o4 64o^ Vl6a5 l«8a' 256V 

^6 ^ ^10 



+ .-T^- 



8a4 168<^ 64a« 



5jc^ «?^ 



|Q 



+ 



gia^ 128? 



^7,. 



128a8 



which three terms thus found being added to those 

jT- x^ db'* 

foukid above, we have a 4- tt- — ^-^ + 



2a 8a' ICJa' 
-^ . .V^ .^ for the 6 first teftns Of dtl itifittite 



128«7 ' g^ea'^ 

series exhibiting the value of Va" + x^. 

98. Another wAV Of resolving any radical quantity, 
is to assume a serlM (with unknown co-efficients) for 
the value thereof; mSi then the tferies so aSSuin^ being 
raised to the second, third, or fourth power, &c. ac- 
cording as the root to be extracted is a squ^ite, cubic, 
or biquadratic one, Ac. aii equation will be obtained 
(free from surds) from whence, by comparing the ho- 
thologou^ termd, th^ a^^mdd cO-effi!cierits, aAd con- 
sequently the series sought, will be determined ; as in 



108 
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EXAMPLE V. 

Where it is proposed to extract the Square Root of 
a*"+j?2« tu fl^ Infinite Series, 

In which case, assuming A + Bjc^'+Cjc^^+Dji?^" 

+ Ex^" &c. for the required series, and taking the 
square thereof, we have 

A2 + 2 A Bjr2" + 2 A C^4» + 2 A D^r^" + 2 A Ex*' &c. "^ {[ 

+ B«j?4« +2BC«^" 



««• 



and consequently 

A2 + 2 ABx2» ^ SAC j:^" + 2 ADx^» + SAEr*" &c. "1 
-a?--. a;2»+ B3jc^+2BCx^» +2BDjr«" &c. > 1^ 

+ C^a*' &c. J 

Therefore A*-a2«=0, 2AB-l=i=0, 2AC + B2=0, 
2AD+2BC=0, 2AE + 2BD + C^=Q, * &c. From 

which we get A = a' ; B ( = jtt- ^ = tt- ; C ( = 
^ ^ 2A/ 2a"' ^ 

2A/^ 8a^' ' ^ "" A / "T 16a^" ' 

, 2BD + C% 5 . 1. 1, 

( = —- ) = — —-- — &c. whence we have 

^ 2A / 128a7* 

A + Bx2« + Cjc^" + Bx^" &c, ( = /a"" +0^2-) = a" 

* Vide p. 181 of my Treatise of Algebra. 
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J u — &c. Which se- 

^2a" 8a'- ^ 16a5» 128a^" 

ries, if n be expounded by luiity^ will become a + 
-- — -— . &c. the very same with that in the pre- 
ceding article found* by the common method. 



EXAMPLE VL 

99. Let it be required to resolve a + i?!^ into an 

Infinite Series. 

Here, by assuming A + Bx"+C«2"+Dj:'" &c. and 

cubing the same, &c. we have 

A' + 3A*Bjr" + 3A2Ca:2- + SA^Daj'" + &c. ) 
« a- Jj:^ + 3AB2:r2- + 6ABCaj'-+ &c. [-=0 

+ B'j:'"4- &c. J 

Therefore A = aj; B (—^ =, ^ ; C (= - 

5:^ = - il . D f = - 6ABC + BK _ 5i^ 
A/ "" 9a^' ^2 3A« / "■ 81al 

and consequently, a+Jac'lj (=A + B«'+Cx2"+&c.) 

I , ^x« i^JI?«" , 5i'x5« 

= a^+— . + P + &C. 

3af 9a| Slat 

And, in the same manner, may the root of any 
other quantity be extracted : but as the celebrated bi- 
nomial thecnrem, discovered by the illustrious Sir Isaac 
Newton, is vastly more easy and expeditious, in raising 
powers and extracting roots than that, or any other, 
method, I shall now explain the uses thereof; but. 



&c. 



first of all, it may not b^ amiss to show how the tbeo- 
rem itsrif, from the principles of fluxion^, ipay h^ de- 
rived. 

Let, then, 1 +y be a binomial whpse first term is 
unity, ^and its second term any proposed quai^y y ,• 
and let the qu^tity to be expanded or thrown inta a 



series be 1+^"; where the exponent v is supposed, to 
denote any, number whatever, whole or broken, po-. 
sitive or negative. 

Now it is evident that the first term of the required 
series mui^t be unity ; because, when y i$=0, the Qther 

terms all vanish ; and» ii) th^l pf^ge, 1+^1* is equal to 
unity. Let, therefore, 1 + Ay^ + By + Cy+Dy 
&c. be assumed to express the true value of the ^id 
series, or, which is the same, let 

T+p' = 1 + Ay- + By + Cy + Dy &c. where 

A, B^ C, D^ &c. m* n^ pt ?» ^d denote unj^npwn^ but 
deterfninate quantifies : 

Then, by taking the fluxion of the whole equation, 

(supposing y variable) we shall have vy x l+^T^ = 
WW Ay-* + wyBy-' + pyCy^' + jyDy"* &c^ 
Whence, miiltiplymg the side§ of the two equations^ 

cross-wise, and dividing by y x 1 +y\'^\ there comes 

, out 1 + y X mAy"^' + nBy^^ + pVy^' -f gD^T" &c. 
= i; + 1? Ay + r By + vCy^ 4- vDy^ &c. which, by reduer- 
tion, is 

mAy-' + wBy-' +pCyP-''^qVf-' fcl 

* -{■rnAy'" +nBy -i-pCy^ ^c. > =?? 
-rv ^vAy^ — uBy — «;Cy ^cj 
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STov, since we are ^t liberty \o take th^ exponents 
of y what we will, so as to answer the conditipns of 
the equation, or so that all the terms here put down 
may mutually destroy each other; let tl^ieiii, ther^ 
fore, be so taken that the tenos themselves may be 
homologous, that is, let m^l=0, n— l=»/i, />--l=n, 
^— 1=2?, &c. Then, m being=l, n=2,2?=3, 5^=4, , 
kc if these several values b^ substituted abpve, the 
equation itself will become 

* + Ay +8By4-8Cy &c. V=0 

Where, taking A- i?=0,£B + A-rA=0, 3C+2B— 
t?B=0, 41D4-3C — wC=0, &c. so that every columu 
of homologous terms (and, consequently, tne whole 
expression) may vanish, we also get A=t>; B ( = 

t?A— A _ Axt?-^l N^ __ D X «j— 1 p ,_t?B— 2B 



*^-8-)="^-^^-3^^ D(=— ^^=Cx 
«j — 3\ i? — li? — St? — 3o© 

Whence, by writing these values^ with thoiM9 of a^ n^ 
I?, ^, &c. in the series 1 + Aj^'"+By+Cy &c. first 

assumed, we, at length, fiijd 1 +yi*=l + t?y + y x 

v— 1 ^ t) v— ItJ — 2 , V tJ — 1 

-2-xy- + ^x-^x-^xy + ^x^- X 

— 7i — X — - — X V + «c. which was to be mvesti- 
3 4 *^ 

gated. 

From the series here brought out, any power or 
root, of any other compound quantity, whether bi- 
nomial, trinomial, &c. is easily deduced : for, if y 
be put to represent the first term of any such quaQ^ 
tity, and Q the quotient; of the rest of the terms di- 
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vided by the first ; then the quantity itself will be ex« 
pressed by P + PQ, or Pxl + Q, and the v power 
thereof by P'x 1 + QI% which therefore is equal to 

P'x(l+t?Q + yX— ^xQ2 + yX— g-x-^ X 

Q^+-j-x-^x— ^x— ^xQ4+ &c.), by what 

is just now determined. ^ 

But when v is a fraction, as in the notati(m of 
roots, the theorem here given will be rendered some- 
what more commodious ror practice, if, instead of v, 

a fraction as — be substituted ; by which means it will 
n 

become P^xl + Ql' = P"x(H--Q+~x 

n n 

—^ — X —J- — Q** + «c.) whose use, in converting 

radical quantities into infinite series will appear firom 
the following Examples. 



EXAMPLE VII. 

100. Wherein it is proposed to extract the Square Root 
ofa^-^-x^y in an Infinite Series, 



Here the quantity to be expanded being a- + x-li, or 
^i X 1 -I > by comparing it with thfr general form. 



a2 



m 



P"xl+Ql% we have P = (T^, Q = -, m = 1, 



a' 
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and n=2 : whence, by substituting these values in the 
last general equation, we get 

.iq^t=ax(l + |x^ + | x-J X ^ + 1 x-i 

X •-•ixj+|x-:|x-|x-|x ^ + &c.)=a + -^ 

—*«*—*+ — ;c-^— &c. Which series aerees ex- 

8a^ 16a5 ISSa' ^ 

aody with those found in Art. 97 and 98, by differait 
methods. 



EXAMPLE VIII. 

101. Let it be required to extract the Cube^Roit of 
b^ — ^S in an Infinite Series. ' 



Here bjr comparing Pi'' x 1 — ^ ( = A' —y'^) 

with P" X r^Q)", it wiU be P=i», Q =— ^, 
mssl, and n=3: therefore, by substitution, we get 

Fl^i (=i X 1 -"1^1^) =bx (l + ^X-^^+iX 

-|x 1^+4^x1 x-f X -^ + ix-ix-^x- 
A x'5^+&c)-J---?:l - ^ - ^ - ^^ 



EXAMPLE IX. 

102. Leti^e Quantity io ie Qpnverted into an Infinite 

a 
Smes.be ■ y- .^ i - » 
yax—X' 

Ipvihi^ cflkS!^<:t];iegiMenqugrUl(itjr being -first tra|36£»HB€d 




pared with 1 + QL% we have Q = — — , m.= — 1^ 



a 

1-4 



ai^d jt=^ ; apd ttUereftre 1 — jl ,(=fJ + 9^" F ^ + 

m ^ 'm m — ^2« ^^ . • x ^ . t ^^ 
» « 2» a 

t>Pl'ed by V/ -J,. g>ves ^^^^ ^^+^^ ^ 

35x^ a 

-— -^ + &c. = - . ... y the ciuantity proposed. 

103. It npiay not t)e impfQp^ to ob;5erye her^^ thjit, 
^'WL both \1^ tenmB of t^e proposed quality are 
affirmative, and its exponent also affirmative and Jess 
than unity, the two first terms of the equal series 
will be positive, and the rest negative and positive, al- 
. temately ; but if only the. first term of the binomial 
be affirmative^ all the terms of the series^ after the 
first, will be negative: moreover, if the exponent of 
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the giv^n quantity be negative, and both the terms 
aflSrmative, the signs will change alternately ; but if 
onl^ the first be affirmative, all the terms of the equal 
series will be positive. 



EXAMPLE X. 
104. Let the Quantity proposed be the Trinomial 

Here, by dividing the rest of the terms by the first, 

&c. our given quantity is reduced to jr^F x 

l + 2x + 3x^* Therefore, in this case Pssj;', Q s= 
2x + 3x2, ^ -. 1^ an^j ^=53: whence (Jby substitu- 

tion) aFT2x^TSP]^ = X x (1 + ' x ^F+Sx^ + ix 
-i X 2x'{-SxA^ + 4^ X T* X — f X 2x+3^' &c.) = 



. , 2x + 3j:« 2x + 3x2|2 5 x2x + 3x] . 
Which, reduced to simple terms, is = ac + ^--- + 

105. When the proposed expression consists of a ra- 
tional, multiplied by an irrational quantity, the series 
answering to the irrational one must be first found, and 
afterwards multiplied by the rational quantity : but, if 
two, or more, compound irrational quantities are to .be 
drawn into, each other, then take the series answering 
to each quantity, separately, and multiply them toge- 
ther; observing, always, to neglect all such terms 
whose indices would exceed that of the last, or highest, 

I 2 



J 
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term,, which the series sought is proposed to be con^ 
tinued to. 



EXAMPLE XL 
106. Let the Quantity proposed &c 1 + t x 1 — j: i^- • 



First we have HT^^ = 1 -^ - ^^^^^ 
9x\2x^ 9x19x29a^ 



,/v ^^ — ^w> ^7 . ^^ — ^^ ^^ — &c. Which, mul- 
10x20x30 10x20x30x40 

tiplied by 1 + j:, produces 1 + x x 1 — x|* r^r 1 + 
9x 89x« 9. 49*5 9.19.69X* 



10 10.20 10.20.30 10.20.30.40 
ftr 29x« 147r« 3933x* 



&c. = 1 + 



10 200 2000 80000 



-&a 



EXAMPLE XII. 



107. Where the Quantity to be expressed in an Infinite 
Series is ' , or a*— x*)* x c*— x^]"*. 



^:^i 



a:'^ 



* 



Here we have, a- — x^i /^a x 1 =a (x 

*. T «* X'* Ofi 

+&c.)=a-.^-.--j^,&c. 
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XX 



And ^:^-i ( = c-' X 1 - - = C-' (X 

cc 



-i 



X* ^ . 1 



1 + -i X - - + -I X -I X - + &c.) = - + 

I 

^* SiT^ Sx^ 

5-^+— j + :r^ &c. Whence, multiplying these two 
value^^ one by the other, we get 






£rst terms of the series sought. 



EXAMPLE XIII. 



108. Let the Q^ntity to be exptmnded be the Multinomial, 

or Infinite Series, a?^+ar^+*H-&j?'^**H-c2'^*'H-&c.r ; 
whose Exponent v denotes any Number whatever, whole 
or broken, positive or negative. 

Here, dividing by the first term, the given quantity is 

transfonned to a:^x lH-aj:"H-&Jc**+cjc^+<ir4*+&c.]'; 
which, if ax^'\-bx^'\-cx^ &c. be put=y, will become 

x^xl+yY; which last expression (by Art. 99) is= 
*^x(l+ijy + -x-^-xj/2+_x-^x— ^ 
xy H-&C.) Whence (for brevity sake) putting A =v. 



• 
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— g — X — ^ — X — 7 — , &c. and substituting fc»r^, there 



comes 



out x^ + ax^+» -f 6j^+*» + cx^^^ + &c]' = 



a^ H- A(U^" ,+ A6 + Ba2 x x^-^^" + 

Ac + 2Bai+Ca^x :t^+^ + Arf + 2Bac+Bfi«+8Ca»6+Da* 
X :i^^" + (Ac -f 2Bad H- 2B6c + SCa^c + QCab^ + ^Tfc?h 
+Ea5xJ^^" + &c.) 

ElfAMPLE XrV. 

109. To extract the Square Root of a^— ar% and from 
thence to determine the Fluent of x V^a^— x^, in an 
Infinite Series. 

By proceeding as in the foregoing examples, the value 
of l/a^— x^ in an infinite series will be found.tO'boroi— 

, . . . ./-J Z . ^^X X^X 

byv x< 9Ye» X vc« — a?* .=3 ax — _- — ^— ^ -i. 

^ia oa 

x^ Sx^lx 
Tft^~ 1Q« 7 ^^ Whose fluent therefore, (by Ax^. 

Which ^as to^be determined. 
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EXAMTPEE XV. 

11X)« Let' it be required tb apprt>3rimatt^ the Flkent o/^ 

' i» an Infinite Series* 

« 

ft appears, firom' example 12^ that the value of 

,a« — j:2li ^ .^ • * a ^ / a 1 v 
. T expressed' ili a senes, is- H- ( r— ;— -^r^ \ 

56 S 



^^'+ ©-i-^c) ^ ^* ^ (w "" 



16ac^ 



vtW -* T^-rY x^ ^ &c. WM eh vdiie bdng 
tHerefore multiplied by j:''^, and the l^uent takeii (t>y 

the commm method)^ we get i ' ■•■ " -ft ^'-s'-^ ) 

n+lxc ^^ ^«c/ 

/6a 3 1_ 1 ^ aff . 

VJlKi 16ac» 16a'c'"'l6a'c/ n+7'*' 
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EXAMPLE XVI. 
111. « Wherein it is proposed to approximate the Fluent rf 

tn a Series, 

Here; if A be put=t7, Bjsvx — 2— ,C=t;x— ^ 

X -^, D = « X -— X -^ ^"^' *® quantity 

a:^ + ax^* + Aas^*" + cj?^+^ AcJ" expanded, will 
be =t a;^ + Aax^'' + A6 + Ba« x xf^^ + 

AT+^Ba&TC? X «^** + (Ad + 2B<ic + Bft« +5Ca«fi 

+Da*) xa?^+ H-&C. as appears from Art, 108, There- 
fore this expression being multiplied by a^ac, and the 



n 1 X * 

fluent t^en (as usual) we shall have ^^ + 

pv-\-m 

Ac H- 2Bflft + C^ x a;ft ^»^-3» 
pt> + m + 3n 

Ad H- 2B flc H- B^g H- gCa^ft + Ba* x »^+'"+^» 

^,, . ^ . A^ — ^ H- &c. for the 

pv-tm-tm 

quantity proposed to be found. 



( 121 ) 



SECTION VII. 



Of the Use of Fluxions in finding the Areas 

of Curves. 



CASE I. 

112. Let AiaiC he a Curve of any Kind whose 
Ordinates are perpendiadar to an Axis A B. 

Imagine a right-line hRg (perpendicular to A B) to 
move parallel to itself from A towards B ; and let the 
celerity thereof, or the fluxion of the abscissa Ab^m 
any proposed position of that line, be denoted by bd; 

then it will iqp^- 
pear from Art. 4. 
that the rectangle 
(bn) under bd and 
the ordinate &B, 
will express the 
corresponding flux- 
ion of the generated 
area'a6R; which 
flnxion, if A b=iX^ 
and 6 R = ^, will 
therefore be ^yx : 
fiom whence, by substituting for y or x (according to 
the equation of the curve) and taking the fluent, the 
area itself will become known. 




CASE II. 

113. Let A R M &e any Curve whose Ordinates C R, 
C R are all referred to a Point or Center, 

Conceive a right-line C R H to revolve about the 
given center C, ^d let a point R move along the 
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said line, so as to trace out, or describe the proposed 

curve line ARM. 

Now it is evident; that, if the? pcint* R was to move 

from any position Q, without changing its direction and 

velocity^ it m/buUL- 
proceed along the 
tangent Q S (in- 
stead of the curv^ 
and describe areas 
Q^C, QSG about 
thfe centfef Cy pi«K 
pjOfticmidi t&- the 
times of their de- 
seription;- bMkllse 
those al-eM^^ottri^' 
angles^ ba^i^d^' 
8atvdiittide(eP)J-^ 
are as the bases Qs 
and QS« and these 
are as the times, 
because the mo- 
tion m tUe tangent 

(jxpi&n. thct'iMpposition) would be unilbn»: 

Hbi6e,':if R She taket to denote the valu^of (ij 

the'fliixioiii' of the: curve line A R^ the cornesponding 

flitidlni ofTth^ tixei» A R C| will be ttuly represented^ by- 
Art 9 the linifoihnly' generated triangle Q C S '^^ : whiUi, 
. &5. pitiiing^ahe peipeiijdiculJuiL(CT) drawn from the center 

OS X CP \ 

tatlj^tai^^t, =-«, will' therefore be (=» ^ — ^r^— \bbk- 

from whence the area itself mayi be d^termincdi 

But, since in many.cases^ the value of z cannot be 
computed (from the property of the curve) without some 
trouble, the two followme expressions^ for the fluxiojEi*^ 
of'thfe area, wlU'commonlybe'feund'more commodi- 




ft 



iVt 



ousjviz.— ^ and*^, where t=RP and ^ :« the 
2t 2a 

ascK &1Sr>of acixcle^ described about the cex>ter C, at^ 
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anyydist&noe a ( = CB). These expresi^ons are de- 
rived firom that above, in the following manner ; viz. 

i:y::j^ (CR) : t (RP)*; therefore i ='?^ ; and •Art. 35. 

V 

consequently — = -— ; which is the first expression. 

Again, because the celerity of R in the direction of 
the tangent is denoted by i, that in a direction per- 
pendicular to C Q (whereby the point R revolves about 

C P 

the center C) will therefore be (= -^r^ x i ) f = t Art. 35. 

— il 'which being to (x) iA\& celerity of the point N 

(about the same center) as the distance (or radius) 
C R (y) to the radius C N (a) we shall, by multiplying 






extremes and means, have — =yx; and consequently 

— = ^ ; which is the other expression. 

The method of applying this, together with the pre- 
ceding fonxur^ will appear at large firom the following 
examples : wherein x, y, 2, and i£, are all along put to 
denote the abscissa, ordinate, curve4ine, and the area • 
respectively, unless where tiie . contrary, is exp|essly 
specified. 



BXA^MPJEE I. 

114. Let it be praposed^O' dUermintthe Area of a right- 

angkd Triangle A H M. 

Put>4;fae.baser:A^H)=9a^v the perpendiotilte HfM%^;;: 
andflet A B (x)h^.Bxig nortion of the. baPiO,, co^sideEed. 
as a flbwing quantity, and let fi R (y) be the ordixidte, 
or 'pprpoidicttlar) eosreqioiidaig : 



1S4 
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then, because of the similar triangles A H M and 



A B R, it will he a I b ',1 X [y =: — : whence 



y^ 




•Art. 112.(the fluxion of the area A B R*) is, in this case, = 

— ; and consequently the fluent thereof or the area 
a 

t Art 77. itself == ^— :f which therefore, when x=a, and B R 



ia 



coincides with H M, will become -^ s= 



ab AHxHM 



3 



the area of the whole triangle A H M ^ which we also 
know from other principles. 



EXAMPLE II. 

116. Let the Curve ARMH, whose Area you would 
Jlnd, be the common Parabola, 

In which case the relation of A B (x) and B R (y) 
being expressed by y*=ar (where a is the parameter) 

$ Art 11^ we thence get ^ = a^a:*; and therefore u (=^*+) 
z=:a*x cc: whence f(= i x a x^ =iia x x x ^iyx 
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lis 



(because aM=j^) =|xABxBR: hea<^e a parabola 
is ^ of a rectangle of the same base and altitude. 




The area is here found in terms of x ; but it will, 
many times, be more easily brought out in terms of y 

(without radical quantities) as in the very case last 



proposed : where x being = -2^ , we therefore have «= 

-^; and consequently u (3/x) = -^: whence «= 

f^= ^ X ^= ?|.xa:=4xABxBR; the samt 
oa 3 CD 

as before. 



EXAMPLE III. 



116. Let ARM (see the preceding figure) be a Para- 
bola of any kind ; whereof the general Equation is 

Therefore, by extracting the root, or dividing each 

m n 

exponent by wi + n, we have . ^ = a "'+" x a?*""*"" ; whence 
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m » 

& fyi) j= o*"*^ X xx^' ; and consequently u (the true 





/ 


nuentj or areaj — a x ■„ ' ^'^ 


1 


fl*"^" X2'"'^"xj:xm + n m+ n 




ABxBR. 


m + 2n '^ 



No notice has been yet taken of any constant quan- 
tity to be added to^ or subtracted, from, \the variable 
one, first found, in order /to render it complete, agreeable 
to the observation in Art. 78. 

But dvit no such com^ioii is required in ^any of the 
preceding examples, is evident from the nature of the 
^gure,; Jbeeause, ivhen x and j^ :are ..nothii^, .the rarea 
(uj ought also to be nothing, which, it actua%is m-- 
cording to the equations above exhibited. 

'The fluent found in the succeeding example^ will, 
Jiawevei^ stand in need dfacdnection. 






EXAMPLE IV. 

117. Where it is proposed to find the Area of ike Curve 
A R H, whose Equation is ^-^-a-x^ + ay =0. 

Here, the given equation is reduced to y -=. 
li£E3: ; whence i ( = yx)^ = tuELy^xx: 



a a 

♦ Art. 77. whereof the fluent (by the common rule*) is — 



XH MENJUNS AAEAfl- 



IP 




■ t 3 

ll IL : .which, when x:s:0 and tt=0, becomes — 

Sa 



— .; this therefore subtracted frpm — - 



a«— x2 



3 



3a 



, leaves 



a2 



a^ — x2]i 



3a 



for the fluent corrected, or die true 



value of the area A B R.* 



•Art 78. 



When the ordinate B R ( ^LClf-j becomes 

' ^ a ^ 

«qual to nothing, and B coincides with H, then x will 
become = a = AH ; and therefore the area of the whole 



a' 



curve A R H will be barely = — = f A H*. 



EXAMPLE V. 



118. Let it be required to determine the Area of the 
hyperbolical Curve whose Equation is x^^if = 



a 



i«»+« 



In this case we have y = 



a 



m+n- 
ft 



a"^ X 'x' "^ 



X 



m 

it 



1X8 
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M+« 



and therefore v ( = yx) = 0" xx"x; whose fluent 



IS 



a * X X * 



n 



na * XX 



; which, when x is 



M 



^ ■■■•■»■ J 




=0, will also be =0, if n be greater than m: there- 
fore the fluent requires no correction in this case; 
the area A M R B, included between the asymptote 
A M and the ordinate B R, being truly defined by 



ai+fi 



Qui ** X X "" \ ^jjg quantity above determined. But 



w— wi 



if w be less than wi, then the fluent, ^hen a:=0, will be 



n— wi 



infinite (because the index beipg negative, be- 
comes a divisor to twi"'^"). Whence the area A M R B 
will also be infinite. 

But here the area BRH comprehended between the or- 
dinate, the curve, and the part BH of the other asymp- 



nar''^*xx " 



tote, is finite^ and will be truly expounded by 

th^ same quantity with its signs changed. For the 



wi— n 
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fluxion of the part AM RB being a " x x *x that 
of its supplement B R H must consequently be — 



«+» — « a * X J? * 



a " X oc" i: whereof the fluent is — 



^ Iff 
n 



=a " X ar 



= the area B R H : which wants no 

correction ; because^ when x is infinite, and the area 
BBH=0, the said fluent will also entirely vanish, 

■I— « «i-Hi \ 

seeing the value of x * (which is a divisor to a "^ / 
is then infinite. 



EXAMPLE VI. 

119. WJiere let it be required to determine the Area, of 

the circtdar Sector A OR* 

Then, puttii^ the radius AO (or OK) = a, the 




arch AR (considered as variable by the motion of R) 
=jr, and R r = i, the fluxion of the area wiU here 
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HZ 

•Alt liabt oxpr^sfled by ^~ (tsthe tariaaj^ ORr :*) i^encir 



flj? 



Ac area itself is = -;r- = A O x i A R : from which it 

app^rs that the area of any turtle is expressed by n 
rectangle under half the circumference and half the 
diameter. 



EXAMPLE VII. 

120. Wherein it is proposed to determine the Area CB AC 

of the logarithmic Spiral. 

Let the right-line A T touch the curve at A; upon 
which, from the center C, let &11 the perpendicular 
C T : then, simee by the nature of the curve the 




angle T A C is every where the same, the ratio of A T 
CO to C T (s) will here be constant : and therefore the 

tAxt. 113. fluent of i x ^t=»4 >< ir - the area which 

t X t ^ 

was to be found. 



121 VIKBINC^ ABJS^%. 



m. 



EXAMPLE VIIL 

121. Let the Curve ARM be the Involute of a given 

Circle A O Q. 

In which case the intercepted part of the tangent 
Q. f (t) being every where eq[uid to the radiua C (m} 




q( the geoerttiDg cird9» we therefoe bav0 CF ("b) 
/C Jt^r^ B P2J35: i/^IC^^ : whence « ( 5t -^ ) 

s jC^SlJZ — ^ySf ; and consequently «e = 'n^ ' == 

^p - ^ = the required area A G R : 

Which will also express the area A R generated hj 
the radius of evolution R O ; because R O beini; r= 
^ k2 



«j^«v *.Artll3. 



182 
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• •Artll9. th^ arch AO, the sector A' C O <| A O x OC*) is 
equal to the triangle C R O (i R O x O C) which 
equal quantities being successively subtracted from 
C A R O, there remains AOR= A C R. 



EXAMPLE IX. 

% 

19SL Let the Curve C R R, whose Area C R^C^ you 
would Jind, be the Spiral q/* Archimedes. 

Let A C be a tangent to the curve at the c^ter 



^ 




Cf about which center, with anj radius AC (=a) 

suppose a circle A gig to be described ; then the arch 

. (or abscissa) Ag corresponding to any proposed ordinate 

GR, being to thiit ordiniate in a grven or constamt 

ratio (suppose as m to ») we have x (Ag) = -^; 

♦ Art. Iia therefore u = tA- = -J^ » and consequently u sz 

- 2a 2a» ^ • 

^=:theftreaCRRffC 
u(tn 
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J8S 



EXAMPLE X. 

123. Let the Equation of the Spiral C R R (see the last 
Figure) 6c xrr^+cy^ + dy'+ey^-ll/^' + ^'^- 
Then, X being = iy + 2cyy + 3dy-y4-4ey'i+&c. 

+ ^^ + &c. and therefore u = J^- + -^ + 
2a ba 8a 

•^ + -^ &c. = the true value of the area in this 



10a 
case. 



12a 



EXAMPLE XI. 



124. Let it be proposed to find the Area of a Semi' 

circle A R E H. 

Here, putting the diameter AH=a, AB=Jt, and 
B R=^, &c. (as visual) we have^^ (B R*) = ax— x^ 




(A B X B H), and consequently ii (yx) =x V^oa? — a:«= 

* .. ■ . . ■ i 

: which expression not being of the 

■ t ■ • ■ • . ... ... . . , 

kind described in Art. 83 and 85, that admit effluents 



«*a:*«xl 
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in finite terms, let it therefore be resolved into an in- 
• ^'^^ finite series, * and you will have u = aixix x 

2fl 8a« loa^ 128a* ^ 

A A i 

"5 o-r-^.r2r-5 &«•) From whence the fluent of 

xa Sa* 16a^ '^ 

every term being taken, aooor^ng to the common 

* x'^ 



method, there will come out m = a* x (-a- 



A B R. Now, when r = -| a, the ordinate B R wiU 
coincide with the radius O E ; in which case the area 

becomes =i i a^V^Ta^ x (4 — A — dk — Wv — 
.^^4^ &c.) = ?^^ X (0,6666 - 0,1 - 0,0089 - 

0,0017 - 0,0004 ^c.) = 0,1964rt2; which, multiplied 
by % gives 0,3928a^ for. the area of the semi-circle 
A E H, nearly. 

. As the foregoing series, in finding the area of the 
whole quadrant A O E, converges but slowly, a con- 
siderable number of terms ought therefore to be taken 
to have the conclusion but tolerably exact, the five 
first terms above collected being sufficient to bring 
oiit ho more than three places of figures that CBOi be 
depended on. For which reason it may be of use to 
consider, whether, by computing the area of some par- 
ticular portion (A BR) of the said quadrant, that of the 
whole may not be dedoeed ; where x being onail in 



fyitppadlBan of a, the sones may htise auoh a r$Xe of 
conirei^gedoy, that a smaller number of terms will bo 
sufficient.* * ^^' ^• 

Now, in order to this, it is well known that if the 
arch A R be taken =7 §- A E (or 80 degrees) ^ ^ine 
BR will be =i AO ; and consequently AB (x) = AO 

-OB=AO--V^OR«-BR«; which, if the radius AO 
be expounded by unity (to facilitate the operation) 
will be =0,1339746 very nearly : this, therefore, with 
the value of Oy being substituted in the forementioned 

^ries, \/^^ X ^ r -5Kr-r — &c we have 

0,0693505 X (0,6666666-0,0133975-0,0001603 - 
0,0000042 - &c.) = 0,0693505 x 0,6631046 = 
0,0452931 = the area A B R : which, added to the 

area O BR (=rOBxfBRr=\/I x } = 0^165068) 
gives 0,2611994, for the area of the seetor AOR; 
the treble whererf, or 0,7853962 (because A R»}AE) 
will therefore be the content of the whole quadrant 
AOE : which number, found by taking four terms <i£ 
the series only, is true to the last decimal plaee. 

This conclusion may be otherwise Intmght out, 

5f finding a series for the other part of the area, in*- 
uded between the radius O £ and the ordinate B R : 
wh^ein the co^-sine OB (instead of the v^sed sine AB) 
will be the converging (or variable) quantity. 

For, putting O B =b x, and OR (O A) =5, we 

have j^ ( B R = t/OR^-OB^ = b^-x^]^ ; and 
consequently (y*J the fluxion of the «ea O B R E^« f Art 119. 

1-7— &c. Whence the area itself is = to — ^ — 
Wb^ "^ IW ^ 115267' "^281669 "^^ 
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Now, if ff (O B) be assumed = | A O (so ihftt the 
ardi £R may be = f A E) and the value of b (A O) 
be expounded by unity, we shall have - 

«' (=jPX2»=,6x}=^) = ,125 
x^ (=r'xjc«=.^) = ,03126 
x' (=x5 x»«= 25?!^) = ,0078126 
^9 (-,j.7 xx2= 1^) = ,0019631 + 
A?" (=:x»xa:2=^) = ,0004888- 

Which values of the powers of x being respectively di- 
vided by 6, 40, 112, 1162, 2816, Sec. there will result 
0,5000000 - 0,0208333 - 0,0007812 - 0,0000698 
- 0,0000086 - 0,0000012 - 0,0000002, &c = 
0,4783067, for the area O B R £ in the forementioned 
circumstance, when OB = |OA: from which, de- 

ductmg the triande OBR (=/|x J =0,2166063) 
the remainder ,2ol7994 will consequently be the area 
of the sector E O R ; the treble whereof (because E R 
is here = y AE) will give the area of the whole qua^ 
drant, 0,7863982, as htfwe. 

EXAMPLE XII. 



125. Ltt the Curve^ whose Area you would Jindy be the 
_ Cissoid of Diodes ; whereof the Equation ist/^=' 



x^ 



a-^x 



4. 3^ 



• Art 118. Here we have u iyx*) = 



•a-a: 

a* xl-^ 
a 
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sr--. X 1 : whieh beinir none of the kind 

that admit of fluents in finite terms,* let it therefore * Art. 83 
be resolved, into an infinite series, and you will have ii= ^ ^' 






oi 



a^ -h ■or+Qli""*"T6^ "^ *^' Whence w (the 
aiea Itself) wiU come out = ^ x ("^"^" 7" + 

g^+88^+ &c)=x V - X ( 6 + 75 + 1255 + 



EXAMPLE XIII. 



'1S6. £d the proposed Curve CSDR be of such a Nature^ 
Aai (atgfposiw AB Unity) the Sum of the Areas 
CSTBC and UDGBC answering to any two proposed 
Abscissas A T and A 6, shall be equal to the Area 

. CRNBC whose corresponding Abscisssa AN is equal 
to, A T x A G, the Product of the Measures of the 
twofmner Abscissas. 

First, in osder to determine the equation of the 
(which must be known before tne area can be 
let the ordinates 6 D and N R move parallel to 
Ives towards HF ; and, then, having put GD=^, 
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NR=ja^, AT=a, AG=«, and AN=u, the fluxion 
of the area CD6B will be represented by ys^ amd thlt 




* Art 119. of the area C R N B by jgri^ i* which two expressitts 
musty by the nature of the problem, be equiu to cfieli 
other ; because the latter area C R N B, exceeds ihe 
former CDGB by the area CSTB^ which is here oqd- 
sidered as a constant quantity ; and it is evident that 
two expressions, that differ only by a eonstimt quantity, 
must always have equal fluxions. 

Since^ therefore j^« '\%z^zuj and tt =<», fry hypothesiiy 

it £)lIow8 that is=:C9j and that the first equation (by 

cubstitutii^ for i&) will beeome yeTsazB^ or y^az^ ex 
ludyvsiszas, that is, GD x AG= NR x AN : th«»- 
fine GD: NR : : AN : AG ; whence it appem that 
every or^nate of the curve is reciprocally as its cor- 
responding abscissa. 

Now, to find the area of the curve so determined, 
piitBCsfr, and BGs:;r: then, since AG (14-^) 



: AB G) ::BC (b) : GD Cy) we have j^ 

bx 



•>-a»d 



consequently u {=yx) =s 



l+x 



= Jx (i— «i+ X'X— 



x'x+x^ot - &c.) Whence, B G D C, the area itself 



,pillbes=:ix(x-:J.+^-|.+-^4c.) Which was 

to be found. 

Ifinay be here observed that the areas of the spaces 
above mentioaed, are 4^palogoa8 to, and have the veky 
same properties as logarithms ; and that those spaces, or 
logarithms, may be of difisrent forms or values, ac- 
cording as you take the value of the-first ordinate BC, 
whidi may be assumed at pleasure : thus, if B C be 
tiilenr=AB:=unity, the curve will become an equi- 
Jateral hyperbola whose center is A (because th^i A G 
X 6D=AB<) and in that case they are called hyper- 
bolical logarithms : but, if BC be taken =0,43489448 
{so that the logarithm, or the area of the space 
CD6B, answering to the abscissa AG, when expressed 
' by the number 10, may be expounded by umty, or 
AB^) we shall then have theoominon, ox Briggeantaan 
oTlogarithms. ^ « 

' From these logarithms (given by the tables) the 
business of findiujz fluents, is in many cases, very 
. mudb facilitated : ror, if the fluxion given appears to 
agree with the fluxion of any known logarithmic ex- 
firessioh, its fluent may, it is evident, be had by the 
tables, ready calculated, without the trouble of an 
infinite series. 

' But, now to know what kinds of fluents are ex- 
plicable by means of logarithms, it will be necessary 
ia observe that, theAuxian of any hyperbolic logarithm 
tar always expressed by the fiaxixm of the corresponding 
number f divided by that number: this appears from 
al)OTe, where (yx) the fluxion of the area (or lo- 
^irlthm) B6DC, when BC=AB=1, is truly repre- 

'MDted hy ; where 1 +x (rr AG) may stand for 

J "j X 

juxy number whatever; and ^ for its fluxion* 
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Henoe the fluent of 



X 



y =• will be expressed by 

the hyperbolical logarithm of x-\'^x-±.ar: for the 
fliTKiim of (x-k-Vs^^i^a^) the^umber itself, being « 

XX 



*'t/««±a« 



±y/3f^±ar-\-x± 
y/x^±a^ 



V^i^±a« 



xVa?«±a2+», this last quantity, divided by tiiat 

X 

number, gives . ^ , the very fluxion first pro- 
posed. 



It also appears that the fluent of 



r will be 



truly expounded by the hyperbcdical logarithm of a 4- 

X'\-V^ax-\-x'^i because the fluxion of the nmaber 

ax-\-xx 



(a4-ap4 V^cx+x'^) is here = « + 



•'^flx+a?* 



V X V2aj?!+ X- H- a + X ; which dividisd by 

V^axA-x^ 



X 



that number produces —7=== . 
*^ V%ax-\-x^ 

Zax 



Likewise the fluent of 



a* — x^ 



will be repres^ted by 



the hyperbolical logarithm of 



a+x 
a— J? 



: because the 



xxa-'X+xxa+x 



2ax 



fluxion of ?if, being ^ , _, .^ 

a—x (i— xl« a— il* 

if the same be therefore divided by — --^ we shall have 



a—x 



9ax a—x 



9ax 



2ax 



a— j:T a+x a-^-xxa+x a'^—^^' 



2ax 



Lastly, the fluent of — 7 will be denoted 

XV a^ ± X* 



by the hyperbolical logarithm of 7- ; for 



hm the fluxion of the number . is 



■J**wC 



VoM^* 



' a+V^a^±»^ _ 



XX 



a— -/oM^ 



+ 



t X 



" , • — '==j^=-^F=z ; which divided by 



a— V^a^±x^ . -f&MPJg 



+ 2a2'x 



a— i/a2^jp« \/a^±X^xa+\^a^±3i^xa'- Va'^±x^ 

=: . — zr^ == — > ) the fluxion proposed. 

Va«±:c^x+a^ jrVa^ + ar^' *- f 

These four are the principal forms of fluxions; 
whose fluents may be mund £rom a table of loga- 
rithms of the hyperbolic kind : which table, upon 
ooeasioh, may be easily supplied by a table' of the com- 
mon form: fi)r, sifice the hyperbolical logarithm of 
any number is to the common logarithm of the same 
number, in the constant ratio of unity to 0,434^9448 
(as appears from above) it ibllows that if any coimnen 
logarithm be, either, aivided by 0,484^448, or mul-« 
tiplied by its recmrocal 2,30^8509, you will thence 
obtain the hyperbolical logarithm corresponding. ^ 
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EXAMPLE XIV. 

14f7. Lei i be rtfmni to dtUrmme the Area of the 
Curve; whme Equation Ua^y-^tx^-^a^ ^9. 



* Art 119. In which ease y beings: ^^ - ^ we have » {^yi)* 



aH 



= ai+ — + -- + _. + _. + 8U5. 
a a} a* a^ 




JT^ 



:r5 



X' 



x"^ 



Whence m = ax + x- + p-i + »5-; + «-, + *<^- 

3a oa' Ta^ 9a^ 

=the area sought. 

But the same area (or fluent) may be found with-^ 
out an infinite lories, by means of a table of lo- 
garithms, agreeable to tne observations in the last 
article: for^ since it there appears that the fluent of 

is truly expressed by the hyperbolic logarithm 



a-hx . 



of , it follows that that of 



aH 






will be expressed by the same logarithm multiplied by 
|a^. Thus, for example sake, let c ( = A C ) be 



119 ri»I>IVa> AEBAS. 
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a-^x 



tdten=:10, and x (=AB)=5; then will I-!Ir=:3; 



a^x 



whose logarithm taken from the common tables 
ig 0,4771^13 ; ' whidi multipEed by the moduh$ 
^,30^8509 (see the last article) gives 1,09861228 



a + jr 



for the hyperbolical logarithm of ; and this again 

multiplied by 60 (id^ pnidaces 54^80614 fiir the 
true value of the area A B R C, in the aforesaid circum- 
stanoe, when A Cs:10, and A BssS. 

EXAMPLE XV. 

128. Where the proposed Curve is that whose Equation 

isaY + ^Y^^a^* 



Here, by reducing the given equation, we get jf = 

therefore yx = -;=^=^= = u* •Ait IW. 



/a* + x^ ' 



VoTT^ 



X 

Whence the fluent of -- 7-^ being = hyperbolical 




c^x 



log. of T + \/aM^ (by Art. 126) that of -7 , 

irfll consequently be ss the same logarithm muhiplied 
by rt*. 

9ut to find whether the fluent thus detennined do^ 
not lieed a correction,')- let x be takeh=0; then tfaefArtTa. 
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fluent win become = hyp. log. a x or', which, there 
fore, must be subtracted, to have the true value rf l3ie 
• Art. 78.area A C R B ;* and then there results a^ x hyp. log. 

(« + Va« + x^) — a« X hyp, log. a^d^ x hyp. log. 

* x+ \/a« + OF* 



=af. 



EXAMPLE XVI. 

1S9. Let it be proposed tojind the Area of the Hyperbola 
A B D, and also the Area of the hyperbolical Sector 
CAD ; supposing C to be the Center, and A theprin^ 
cipal Vertex of the Curve, 

Here, putting the semi-transverse axis C Asso, the 
semi-conjugate =:c, and C B = x; we have, by the 




property of the curve, ^ (= B D) = -y^ x^ -- ^ 

and therefore w =:yx=z^^ x« — a« = the fluxion 

t Art. Il2.rf the area A B D.f 

But to find the fluxion of the sector CAD, it is 
to be observed, that as the said sector is = C B D — 

ABD=:^ — tt, its fluxion will tKerefore be == 
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^ + ^-ii = -^-^ (because ti = ^ij* which, • Art 112. 

by substituting for y and y, their equals — V/ ^^ — a^ 
and — ' — 3 is at length reduced to — x 

\^ ^ : whereof the fluent (by Art. 126) is -^ 

X hyp. log. X + V J?^ — a^ ; which corrected (by 
making a;=a) will become ~ x hyj^. log. (x + 

t/iTT^) -^ X hyp. log. fl - ^ X hyp. log. 



— = the sector ADC: which, subtracted 



a 



from 5 (= -= = the triangle A B D) 

, exy/x^ -- a^ ac , , x + V^x^ — a« 
Icftvcft ■ ^ — -s- X hyp. iotf. '■■ 

for the required area of the hyperbola A B D. 



EXAMPLE XVII. 

130. Let the Curve proposed be the Ellipsis A E B. 

'£heni^*^ piBfttn^ tihe trah^veilse dxiii» AB^^ and the 
conjugate (2 C E) = c ; we shall, by the property of 

c 

a 

C M u_ 

fore ^ Cyi}^ — x » V aap— a?^ = the fluxion of the 






area ARD. 



146 



THE USB OF FtaXIOMS 



But iy/1^ is known to express the flnxion of 
the oorresponding s^ment A D n of the drcumseribing 



€1 


• 

n 

1^ 


if ' 




^ 



D B 



semi-cirele; whose fluent is, therefore, given, by Art 

c 
a 



124 ; which being denoted by A, that of — • x i v or-a:* 



will, consequently, be s= -- x A. Hence, the area 



a 



of the segment of an eUipis, is to the area of the 
correspon£ng segment of its circumscribing drde, as 
the lesser axis of the ellipsis is to the greater ; whence, 
it follows that the whole ellipsis must be to the whole 
circle in the same ratio. 



EXAMPLE XVIII. 



131. Ltt the Curve A R &c. whose Area CARS yom 
wmddjindf be the Conchoid ojfNicomedes. 

Whereof the equation (putting BC=a, and BV 
(= AC =zb)kxY = «+^^ X *^-^ r^«* Art. 67> 

Whicli, by reduction, becomes x = ""^ + 
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Ul 




^b^ — ^': but, to brii^ it down to a, stUli nM)re 
simple form, make \/6« — y* (=SV)=s:*; then^s 

V^6* — «^ ; whence, by substitution, x = 



+ 2 ; and consequently x = 

zz 



az 



I y/yi — ^« + 



V^6* - 2» 



X ^z 



62-z« 



+ i= 



azx¥ — s^-^-azH 



+ i = 






and therefore 6 (yx)= •** - ^ x (==^ ^ ^^-j_j 

But now, to exhibit the fluent hereof; upon C, as a 
center, with the radius A C fh) let a quadrant of a 
circle AED be desaribed, and let R H, produced, meet 
the periphery th^eof in £, also let E F be parallel to 
A Cf, and let C E be drawn : it is evident (because C E 
(G A)=V R and E F = R S) that C Fisalso :^ V S 

= g; and therefore, E F being (= Vc k^-^CF^y^. 
t/j^ — 2^^ it appears that i Vh% — z^ (the'sedond 

l2 
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term of our given quantity) expresses the fluxion of 

the area A E F C : whence, if to this area (found hjf 

the table of Segmtnts) the fluent of the first term 

qb^i b'\-z 

* Art 186. '_^ , or the hyp. log. of r^-j X f a*,* be added, 

the sum will be the whole area ARCS, that was to be 
determined. 

EXAMPLE XIX. 

132. Let it be required to determine the Area A S R A 
included by the common Cydoid ASM and its gene- 
rating Semircircle A R H. 

Put the radius A O (or R 0)r=a, the sme B R=:v, 
the co-me O Bvs,^ and die ardii A B (7=R S, Iqir w» 
prope];ty of the cycloid) = z',: then AB being = a 




A TB O 



^t, itai fluxion wQI be-ri ; whence f^)^n,t cfi ^ 

t Art 1 12. «W ARS isa -»• zx.'f Now ta fii&d the fluent iherec^ 

tuiifSt w^ ^zx- {^ the fluom^ if t nag- eoiv 
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Btant) then w being s -^ j^ ^ og^,* we shall luve*Axkia 
u ( = — 2i) ^ w + 8Pi. But (by Art. 35) z 
(AR fluxiDn) : ^ (B R ^lixioo) : : ladim^ : eo^ine ef 
the angle ARB, or its equal ROB : : OR (a) : OB (x) : 
therefore, by multiplying extremes and means,, we get 
xi=:ay: whence, by substitution u (=to+aei)s:&to 
+ay ; and consequently, by taking the fluent, «= 
« + qy = — aa; + (g^=AO x BR— BO x ARafe 
the area A R S. 

Hence it Mopws that the ftrett (A E F A) when R B 
eoincides with thehidius PO, in barely=AOxF0 
= A 02 : and that the whde area A M H F A is truly 
defined by- AHH k -OH, or by ARH x OH ; that 
is by four times the area of the generating semi-circle. 

EXAMPLE XX. 
133* Let the CttTve proposed be the Cataiatia DAB. 

Then, drawing B S and bs parallel to the asds A C, 
and AS 2itid c&»perp«idicukr to the same ; and making 
(as usual) Ac=j:, co=y and Ais^r, we shall have, by 




die property of the curve, 2ar+«*=«^ • whence. X;. 
I l/«^ + a:*— a, and x = 



zz 



y/c^ + 



: &om whidi the 
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•AftU&Talue of y (wbtdi in all curves i s == V^¥^^)* 
will here be found = \/i'---^,==V -5?^ 

■ % — ; and this multiplied by \^d' -^r s^ — a 



«« 



a^z 



. (^zs ba) gives az y (=:the rectangle S4 J 

t Art 1112. s= the fluxion of the area A 8 b,+ From whence, by 
taking the fluent, the area itself is found =02 — a^ 

±Art 126. X hyPi log.^ :t which therefore de- 

a 

ducted from the rectangle ac {=yx=iy^a^+2?-~ay) 
leaves y ^a* -^ 2^ -^ ay ^ dz, +d* x hyp. log. 

for the required area Abe. But, since y= 



az 



•7—=== we have y :=, a y. hyp. log. ; 

whence, by sizbstitution, the area, at last comes out 
= y Vdf + z^ — az^ or = a V a^ + «' X hyp. log. 

■ — — as:, 

a 

Scholium. 

134. At the beginning of this, and in the preceding 
sections, we have seen how the fluxions of quantities are 
' detertnined, hy conceiving the generating motion to hC" 
come uniform at the proposed position ; according to the 
§ Art. 2. true definition of a fluxion : § but hitherto no parti- 
cular notice has been taken of the nuthod of incre- 
ments, or inJdefinitely little parts^ used (and mistaken) 
^ by many for that of fluxions : in which the operations 
are, for the general part, exactly the same ;' and which 
(though less accurate) may be applied to good purpose in 
finding the fluxions themselves, in many cases. For 
which reasons it may not be improper to add here 
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a few lm6s on that head, to show the beginner how 
the two methods differ from each other ; especiaDy aa 
we shall be enabled, from thence, to draw out some 
conclusions that will be of use in the ensuing part of the 
work. 

It hath been frequently inculcated in the foregmng 
pages, that the fluxions of quantities are alwojfs mea- 
Mured hjf how much the quantities themselves would be 
uniformly augmtnted in a given time. Therefore, if two 

A B / 



ir«« 



M 



■I •*« I i« («• MMnkJMVI 



^ N 

quantities 6t lines, A B and C D be generated together, 
by the uniform (or equable) motion of two points B 
and D, it follows, that any two spaces B b and D d 
actually sone over (whereby A B and C D are aug- 
mented) in the same time, will truly express the fluxions 
of the generated lines A B and CD : whence it appears 
that the increments (or spaces actually gone over) and 
the fluxions are the same in this case, where the gene- 
rating velocities are equable. 

But if, on the contrary, the velocities of the two 
points, in igenerating the increments M b and N df, be ' 
supposed either to increase, or to decrease, fhe lines or 
increments so generated will, it is plain, no longer ex- 
press the fluxions of A B and C D ; being greater, or 
less than the spaoes that might be uniformly described, in 
the same time, with the velocities at M and N. 

If,, indeed, those increments, and the time of their 
description, be taken so exceeding small that the mo- 
tion of the points during that time may be considered 
as equable, the ratio of the said increments will then 
express that of the fluxions, or be as the velocity at 
M to that at N, indefinitely near ; but cannot be con- 
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o^iv^ to be striotfy 90 ; unless, perhaps, in c^tain. par^- 
tkular cases. 

Hen^e we see that the differeniial method^ which 
proceeds upon theseindefinitely uttle increments (actually 
generated) as we do upon fluxions (or the spaces th%t 
might be uniformly generated) differs little, or nothing, 
firm the method of fiuxions, exoept in the manner 
of o(Hiception, and in point of accuracy, whereia 
it appears defective: and yet it is very certain the 
conclusions this way derived are mathematicalh/ true ; 
which has afforded matter of wonder to some : but the 
reason why they are so is very easily explained. For, 
although the whole complete increment is actually un- 
derstood by the notation and first definition (of this 
method) yet in the solution of problems the exact 
measure thereof is not taken^ but only that part q£ it 
which would" arise from an uniform increase, agre^Ie 
to the notion of a fluxion ; which admits of a strict 
demonstratipp : but, after all, the d^ereniial method 
has one advantage above that of fluxions, which is, 
^e are not there obliged to introduce the properties of 
motion. Since we reason upon the increments them^- 
selves, and not upon the manner in which they may be 
generated. 

It has been hinted above, that, though the incrementa 
^ of quantities are not, strictly ^ as the fluxions, yet 
from them the ratio of the fluxions may be deuced ;; 
an4 it appears that the smaller those increments are 
taken, the nearer their ratio will approach to that ^ 
the fluxions. Therefore, if we can by any means, 
find the ratio to which the said increments, by con- 
ceiving thfim less and less, do perpetually converge, and 
which they may approach, before they vanish, nearei; 
than by any assignable difference, that ratio (called here- 
after, for distinction sake, the ratio limiting that of the 
increments) will be, strictly^ that of the fluxions. 

This will more particularly appear firom the follow- 
mg instances ; wherein the manner of deriving the 
ratio of the fluxions, from that of the increments, 
is shown. 
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1**". Let it be proposed to deterwinf the Satia of the 

Fluxions ofx and x^. 

N<Mir» if « be suj^osed to be augmented by any 

(snHtll) quantity x, so as to become x+iy its square 

(x2) will be augmented to (x^x) « = j:« + ^xx + i^ ; 

whence the increment of ar- will be 2xx+x^; which 

therefore is to (±J the increment of ar, as Sx+f to 1. 

' Hence, because the lesser x is taken, the nearer this 
ratio approa^ches to that of Sx to 1, which is its limits 
the ratio of the fluxions will therefore be expressed by 
that of 2j: to 1, or, which is the same, by that of Sxx 
to X (as in Art. 6.) 



2**. I^t the Ratio of the Fluxions of x and x" be 

required. 

Then, if x be augmented to x + st, o^ will be aug 

inented to x + i*]" = x" + tut*"* i + -^ x — a — x 

1 % 

;(--•*«+ fL X ^ X ^ a*-*x', &c. (Vidt Art. 

1 a 3 

9Q.) Whence the increments of x and if will be to 

ft n "^ 1 n 

ea^oh pther as 1 to twp""' + -=- x — ^— x*"^ x •{- -z^ 

X —5— X jt""^ i:'^, &c. Where the smaller i 

. taket^, thie nearer the ratio will approach to that of 
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1 to iu^^ ; which appears to be its limit : tberefiire 
this kst ratio, or that of i to m^^ i, is the ratio of the 
fluxions required. , ^Vidt Art. 8.^ 



8*« Lei it be pnposed to determine the Proportion ixf the 
Fluxions of the Sides A C and BCj of a r£eb- 
angkdf plane Triangle ABC; supposing the Per* 
pendicular A B to remain invariable. ' 




If C d be assumed to represent any increment of BC; 
and I)df the corresponding increment of A C (= A D) 
the ratio of those increments will be univereally ex- 
pressed by that of the sine of the angle C D d to the 
sine of the angle DCd (by plane trigonometry) and 
the less the increments are supposed to be, the nearer 
will the angle C D df approach to a right one, or to an 
equality with B, which is its limit : and the nearer wiU 
DCd approach, at the same time, to an equality with 
B A C. Therefore the ratio here limiting that of the 
increments is that of the sine of B (or radius) to the 
sine of fi A C : which also expresses that of the required 
fluxions. (Vide Art. 35.) 

In the same way the proportion of the fluxions of 
other kif ds of algebraical and geometrical quantities 
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may be Investigated ; but it will be UBneoessary to dwell 
longer upon this head : I shall therefore only add one 
other observation from hence (which will be of use 
hereafter) relating to the value of an algebraic fraction^ 
in that particular circumstanc3 when both its numerator 
and denominator become equal to nothing, or vanish, 
at the stole time. Which value (it follows from above) 
will be found by dividing thefuxum of the numerator by 
thalt of the denoTnznator. 

For, since the value of any fraction, in that cir- 
cumstance, is to be looked on as the limiting ratio to- 
wards which its , two terms converge, before they 
vanish, and seeing the fluxions are always expressed by ' 
that ratio, the truth of the rule, or position, is 
manifest. 

An example, however, may not be improper : 

^2 fii 

Let, therefore, the fraction be propounded, to 

X — a 

find the value thereof when x=za. In which case, 
the true value sought, or the fluxion of the nume- 

rator divided by that of the denominator, is = — 7- 

X 

= 2jt=Sa. And that this is the true value, maybe 
confirmed by common division, whereby the fraction 
proposed is reduced to x+a ; whose value, when ap=a, 
IS therefore =:^, the very same as before. 
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SECTION VIII. 

Tike Use of Fluxions in the Mectificationi or 
Jinaing the Lengths, of Curves. 

CASE I. 

185. -LiET AC G &e a Curve of any land whose 
Ordinates are parallel to themsalvesy and perpendi- 
cular to the Axis A Q. 

If the fluxion of the abscissa AM be denoted b 
^tm othy Cn (equal and parallel to M m) and '» S 




equal and parallel to r, be taken to represent the cor^ 

responding fluxion of the ordinate M C ; then will the 

* Art 48 dii^nal C S (touching the curve in C*) be the line 

& 49. which the generating point (p) would describe, was its 

motion to become uniform at C (Vide Art. 48 and 49) j 

which line, therefore, truly expresses the fluxion of the 

+ Art, 9, space AC gone over, according to the definition, '\' 

Hence, putting A M=a:, C M=j^, and A C=5r, we 

have i (= C S = /Cn^ + SnO = y/x^ + y^ ; from 
which, and the equation of the curve, the value of z 
may be determined. 
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CASE II. 

186. Let all the Ordmatei of the proposed Curve 
ARM be referred to a Center C. , 

Then, puUio^ iha isageat R P (inteioGpCed W tbe 
peroendieular C P)=^ Sie arch B N, of a circle de- 
9crii)ed about the omter ds^x; the radius CN (or 
C B) =ra, &c. (Vide Art. 118) we have i : ^: :y (C R) 




':f(RP*); and consequently ;§ s:"^: from whence* Art 35. 
the value of z will be found, if the relation of y and t is 

Bui in other cases it will be better to work from> the 

ftBcitingequatfon, vfe. it^^ff^ME^ Whfeh' 

is^ thus derived. 

Let th^ right-line CR be conceived to revolve 
about the center C ; then since the celerity of the gene- 
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neratin^ point R in a direction perpendicular to C R is 
to (i) tne celerity of the pomt N, as C R (y) to C N 

(a) it will therefore be truly represented by ^ : which 

a 

being to (y) the celerity in the direction of C R, pro- 
• Art.S6. dttced, as C P («) : RP (0* it follows that -J^^^: I 

*« : t^i whence, by compositiqn, ^^ + y^ \y^ 11 ^ 

+ t« (y«) : e«; therefore ^ + y« = "^j and 

consequently ^'t^^ y^ (='53r\ = z; as was to 

be shown. 

But the same conclusion may be more easily deduced 
from the increments of the flowing quantities, according 
to the preceding schoUum. 

For, if Rm, rm, and Nn be assumed to represent (i, 

y and x) any very small corresponding increments of 
AR, CR, an4 BN, it will be as CN (a) : CR(j^):: 

» 

X (the arch N n) : the similar arch ttr = — . And, 

if the triangle Virm (which, while the point m is re- 
turning back to R, approaches (»ntinuaUy nearer and 
nearer to a simiBtude with C R P) be consider^ as 

rectUtnealf we shall also obtain z^ (=:R wi^=R r*+rm*) 
zsT'—'^-y^: whence, by writing i, i, and y fee 

'/x^ mi y (according to the scholium) there eomea 
out i* =: '2-— +y*,as before. 
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EXAMPLE I. 

137. Let the Curve ARM, whose Length tis stfught, be 

the Semi-cubical Parabola. 



Whereof the equation being ax^ =^'9 or jr = ^ 

we thence have £ = T : whence i (= ^Jt'+~^ • )" Art. 1S& 

9a 




= \/^+m = tl?^\^\ Whoae fluent 



(fimnd by the comttum rule) is — — ^ — ; whidi, 
oonected (by making y = 0) becomes — "^^^ 



8a _ 



87a 



4 
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EXAMPLE II. 

»• 

1 

188. Let the Curve proposed be a Parabola of any 

(other) kind. 

^hea X = -^ being a general equation to all 

kinds of parabolas, we here have x = ' ^^ ^ and 

therefore z ( = y/y^ + x^) = ^ y'^^^^^^^^- = 



y X 1 +*^ 



a2»-« 



whose fluent, universally ex- 



pressed in an infinite series, is y + 



2n-l X 2a2— * 






4«-3x8a^4 • 671-5 X 16a^-^ 

But, when 2?i— 2, the index of j^, in the given 
fluxion, is either equal to unity, or to any aliquot part 
of it, the fluent may be accurately had in finite terms. 



1 , n« 

« — ^ = ^* and — ■ 
2n— 2 * a' 



For, by puttings—^ = v, and -—5. = c, our 



*■! Il l*|tl 



ny 



,2»»— 2 



i 



*««8"*^ C^ + ■ "•o.-a X y) is> in the first place. 



i 



i^^ked 
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^th a^4- cs^T X <i«^~* «, ike gmexsl expcemon in 
the aforesaid article^ we have a = 1, a = y, n =s — 

m =± I, d=l, i = y, m - 1 = 0, or - -1=0; 

V 

whence r=z v, s (r+mj =z v + | ; and consequently 



d X d + cz-T 2~— r - 1 X asr-^ ' ^ -, 

T ' X =-" — ■ ~ +&C.*»Art24. 

«^c 1 «-lxc 



^+^3^' / V i?-l xy' 
^' X (y- - — i- -^ + 



V— 3 



., -• ' — ^ ' " — &cO = the fluent of 
© — f xt> — 4xc2 



, — ^* 

i+cy'i X y; which was to be determined, and 
which win (it is plain) always terminate in v terms, 

vhen v^ or its equal -^ is a xwhole positive 

9*iBRl>cr. 

If — q'. • (derived from v = g -j be sub- 
stituted for its equal n, the equation of the curve, will 
be changed to at'*=y''^' ; which, if v be expounded 
by 1, 2, 3, 4, &c. successively, will become ax^:=y^^ 
cuc^ssy^, ax^^jp^ a3i^=zj/^j &c, respectively : in all 
which cases the length of the curve may therefore be 
4xccurately had from the fluent above exhibited. 



M 
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Moreover, if n be as8uiiied=2 (or v^i) the ge^ 
neral equation, x = ^ . , will then become x = 

~; answering to the common (or conical) parabola. 



a 



And therefore In that case i ( = 1 -i — =|^ x y J 

is = v\/i +^ ^ y\^ia''^3f' ^ y^¥Tt 

(by puttmg ft= fgj = -^ . ^ - T ^ 

^^y+yy . -, 1 X %y + y^y = 1 into 2^'yy+y^y 

v^fty+y^ ft Vhy-^^y^ i/6«+y' 

where, the- fluent of the first term (of the fluxion 

80 transformed) being =|V^6y4-y* (or f yV^ft^+y*) 
by the common rule ; and that of the second term 

Art 126.= I ft* X hyp. log. ^ "^ ^^ ^ ^\ ♦ it foUows that 

b 

the length of the curve will^ in this case, be = 



» 
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EXAMPLE III. 

139* Let the Curve proposedbethelnvolute of a Circle; 
whose nature is such, that the part P R of the tangent 
intercepted hj the point of contact and the perpendicular 
C P, is every where equal to the radius C O of the ge- 




nerating circle: therefcnre z (=^*^ being here= • Art ia«. 
^, we first get a: = ^ , which corrected, by making 



j.=a(=AC)becomes4^(^^ 
measure of the required arch A R. 



(mk)^ 



true 



mS 



IM 
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EXAMPLE IV. 
140. /» tuAticA the Spiral o/* Archimedes it propoiei. 

Where the value cS t (AT) bebg denoted by 
7^ rrufe Art. 68) we get i ( = f ) 



=:^L — , Y . : which fluxion being exactly the 




same as that cmressing the ardi of the common pai»- 
bola, found in Article 188, its fluent will therefore be 
"truly fepreMnted by the measure of the said arch, or bj 

-fetJ^^.Hftxhyp.bg.yt^^p^, the 
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EXAMPLE V. 

141. Let the Curve be a spiral toAote Equation it 
<r-'x=y (ride Art. 136.) 

Ib which caw i being = -^^p, it is endent 



diat 



=yv/ 






m«y 



1 + — =^ ; and ther^ore zssy + 



l>l4y 



4«+l 



+ 



0mU. 



^6^6i«+l 



&c. Which value 



4iii + lx8a*- 6m + lxl6a^ 

may be otherwise had, without an infinite series, when 

1 . 

2— is a whole positive number, Vide Art. 188, 
fan 

EXAMPLE VI. 

142. Wherty the Rtght^ncy Versed^ne, Tangent, or 
Secant of an Arch of a Ctrck, being given, it is re- 
quired to find the length of the Arch itself in terms 
thereof 

Put the versed-i^ine A b^x, theright-sine R b =y, 
the tangent AT 
=^5 tte secant OT 
sss, the arch AR 
ssz, and the radius 
AO, or RO,=sa,- 
also let Bitsi, n r 
sy andRr = z: 
jBnoe the ai^k 



a^de)sOiR, and 
rR» ( = rij 




TJtin ( ss right- 
angle— It R 0);=^0 R6, the triangles r R n and O R ft 
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are therefore equi-angular ; and it will be, Rft (y) : OR 

Gjt ax 

(a)::Rn(s):nr ri; = -=;p^== (be. 

cause, by the property of the circle t/Sox— x«=a^> 

Also, O b Wo^' -f) : OR (a) : : «r (y) Rr (%)^ 

ay 

' y. '. These two values exhibit the fluxion of 

V a« — ^« 

the arch in terms of the versed-sine and right- 
sine respectively ; but, to get the same, in terms of 
the tangent and secant, we have (by aim. triangles) 

OT (.=«=/^mT2) : OA (a) :: or (a) : 06= 



hence A6=a =:a — 



whose fluxion is therefore = — = -: whence 



(again by similar triangles) AT (=V^«^— a^=/> I 



OT (=«= i/SmT2) :: Rw: Rr = 



aH 



: = z. 



Now, from any one of the four forms of fluxions 

^ ax ay aH a^i v 

W2a« — ^2' v^a» — y.' a2 + <«' , i/^TZ"^/ 

here found, the value of the arch itself (by taking the 
fluent, in an infinite series)> will likewise become 
known. 

r t 
I . 

But the third form, expressed in terms of the 
taneent, being entirely free from radical quantities, will 
be the most ready in practice, especially where the re- 
quired arch is but small ; though the series arising firom 
the first form, always converges the fastest. 
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aH 
If, therefore, be now converted to an in-' 

a* + <* 

finite series, we shall have i = i 1 r- 

a* a^ a^ 

t^ V V 

&c. and consequently 2 = /-_+_- —^ + 

g--| &c. = A R. Where, if (for example's sake) A R 

be supposed an arch of 30 degrees, and A O (to ren- 
der the operation more easy) be put = unity, we 

shall have t^\^X=> 5773502 (because O h (l/|) : 

AR(I) ::OA(i) : AToj=v/i) 

Whence 
V (=ex<2=«x4) = .1924500 

t^ (=^5 X e2 =^ ) = . 0641500 
r? (=f5x<2=^^) = .0213833 
«9 (=t'x<«=^') = .0071277 
t" (=<9xt«=^) = .0023759 
«'J (=«'■ x<«=^') = .0007919 
<'s (=«" X <*=*i') = • 0002639 

And therefore A R = . 5773502 - '^^^ + 

3 

I 

. 0641500 . 0213833 . 0071277 . 0023759 
5 7 9 11 



1^ 
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. .0007919 .0002639 . .0000879 .000029S 



18 16 
. 0000097 . 0000032 



17 19 

= .5^35987: which mul- 



^1 23 

tiplied by 6 gives 3. 141592 + for the length of the 
semi^periphery o( the oirde whose radius is unity. 

At Article 126, certain forms of fluxions were pointed 
out, whose fluents are explicable by means of hypeir- 
bolical spaces, or a table of logarithms : which fortns, 
it is observable, agree in every thing, but the signs (and 
constant quantities) with those exhibited above, for the 
arch of a circle. And these last, like them, may 
serve las so many (otiier) theorems for finding fluents 
by means of a table of sinesy tangents and secants. 
But, AS such a table is usually calculated to k riidhii 
of 1,000000, &c. (or unity) Uie following e^Htions, 
derived from those above, being adapted to that radius, 
wiU be rather more commodius. 



r 



w 



> 



^^aw^w'^ 



<4H 

o 

s 

o \ 

^* 

H 



w 



\/a2- 



w 



0) 

pC 



Versed-sine 



aw 



•a" -f- w" 



aw 



s 



^w\/w^ — a2> 



CO 

a* 

CO 



Right-sine 



Tangent 






Secant 



is — , and 
a 

radius unity. 



V 



y 



The way of deducing these expressions, from the 
foregoing ones, is extremely easy : for, if A be put to 
denote the arch whose radius is unity, and whose 

versed-sine, right-sine, tangent, or secant is — (ac- 

a 

wording to the different cases here specified), ith^, 

because isimilar arcs, of unequal circles, are as their 
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radii, it will be 1 : a 1 1 -rf ; (a J) the length of the 
arch A R (see tlue ^figure). '!thelrefi)r(e, the fluent of 



ax aw 






w 



vu 

:=zaA (A R), that of y =^ must necessarily be 

±=it ; and in the vei^ i^atne toapner the other Ibrms are 
made otit. 

EXAMPLE VII. 

148. Let the proposed Curve be the comnum Cycloid, 

Then, a thera^us A O 6f the generating semi-dbrcl^ • See 
be denoted by a, we shall have B Rae V^2clf— i?; aod 

the fluxion thereof = . "*^ ' wbieh being 

(cue V 

y ■ — =? ) the fluxion of AR or its 

equal )R,S {giv^ by the preceding article) we 

L 4 

2a— J? 1 ) for the true fluxion of the ordinate B S 



of the cycloid. 



— \/ - ** ^ ^— a: 



^e]icei(|/x»+^2*) = V «^ + = •ArtlS5. 

X \f — eSol X a? x; and consequently^ by taking 

^ X 

the fluent, 2Bc2a1 x ^ = * V^2ap ^= the arch At 
of the tydoid. 
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EXAMPLE VIII. 



144. Wherein it is required to determine the Length of 
the Arch of the common Hyperbola, 

In this .case (the semi-transverse axis being riepre- 
sented by ft, and the semi-conjugate by c) we nave 

-^ = 9,hx + x^\ and therefore x = =21- 

c2 c 

— 5: hence x = j , and i (= l/y^ + «») 

Vy* + ^=^ = vV 1 + ^ . ^ ^ ; which, 

by converting ^' — - into an infinite series j becomes 

y y 1+ -^ - -^ + -J- - ^^ *<=• But stJl 

we have the square root to extract ; in order thereto, 
let it be assumed = 1 -h Ay^ -f By + Cy + Dy* &c. 
Then, by squaring and transposing (Vide Art. 98) 
there arises 

1 + «Ay + 2By* + 2Cy + 2Dy &c. 

+ A^y^ + 2ABy + 2AC/ &c. 

+ By &c. ^ ^0 

ft2 J2 b'^ , b^ 

_i__xy+_xy-^xy+— x/ &c 

&2 A2 J2 

Hence A = ~- ; B = - ;f-, - i A^ = - ^ 

2c^' 2c^ ^ 2c<^ 

&4 J2 J2 J4 J6 



8c« ' "" 2c« 2c» 4c'« ^ 16c" ' 

&c. &fi. Therefore z (= y V/l +^ &c. =yx 

l+Ay' + By &c. = y + ^,xj^'y-(^+ ^) x 
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ftV /ft* b*\ v' 

quently ^ = J^ + ^ " fe. + 4?) '^ W + 



Sc* 



14c<^ 



&c. 



By the very same w^y of proceeding, the arch' -of 
an ellipsis may be found, the equation of the two 
curves dmering m nothing but their signs. 
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SECTION IX. 

The Application of Fluxions in investigating 

the Contents of Solids. 

145. JLET ABC represent any solid ; conceived to 
be generated (or described) by a plane FQ passing 
over it, with a parallel motion : let H A (perpendicular 
to P Q) be taken to express the fluxion of AH (xj 
or the velocity with which the generating plane is 
carried; also let 

the area of the part a 

E'mFn of the 

{»lane intercepted 
rjr, or contained in, 
the solid, be de- 
' noted by A: then 
it follows, from Art . 
S and 5, that the 
fluxion of the solid 
A E F, will be ex- 
pressed by Aot. 
From whence, by 
expounding A in terms of x (according to the nature 
of the figure) and then taking the fluent, the content 
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of the solid (which we shall always hereafter represrat 
by s) will be given. 

But, when the proposed solid is that arising; from the 
revolutitti of any ^ven curve AE B about A H D, ajpi 
an ftzis^ the fluxion (i J of the solidity may be ex- 
hibited in a manner more convenient for practice : lor, 
•Art 194 putting the area (8,14159^ &c.^) of the ciirde, whose 
radius is unity, = p^ and the ordinate E H = ^, it 
will be 1* ; y«: :p : (py*) the area of the circle^ EmFh, 
whi^ bdbg wrote above instead 6lA, we have i &=|{y^« 
The use of which wHl be sufficie&tly shown in tm M^* 
lowing Examples. 



EXAMPLE I. 



146. Let it be prcposed to Jind the Content of a 

C(me ABC. 

Put the given altitude (A D) of the Cone =: a^ and 
the semi-^meter (B D) of its base =s b : then, the 
distance (A F) of the circle E G, from the vertex A^ 
being denoted by x, &c. we have, by similar triai^les, 

•8 (t : & : : « : E F Cy) = — Wfaenoe, in nus-esse, < 







toia 



'« 



i»ya?» 



cjrlmd^r of the sane base and altitude. 



oonsequentfy 

which, when ;rsa (sAI)} 

gives?^(=i> X BD» X JAI>) 

for the content of the whde 
cone ABC. Which appears 
from hence to be just §■ of a 



X 
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EXAMPLE II. 

147* fTKere, fef f Ae Solid prcposed be a parabolic Ctmoid^ 
or that arising Jrom the Revolution of aniy Kind of 
Parabijla obmU its Axis. 

Then^ firom the equation cT^ af = y", of the gene- 
raibg curve, we get ^=a ^ x x*, and a (sspj^x) 



fin am~-^ 

ifa *• X «»* ; and therefore « = |ia "• x 

5- =s pa "• X rg ■• =: pa "^ X a?* X 

= JSy' X o ~ ^ ^'^^ content of the. solid ; 



Zn-^ m ^^ 2n + m 

which therefore is to (py^x) the content of the circum- 
scribing cy^dgat, as m to 9n^m. Whenpe the solid . 
generated by the conical parabola (where m=S, and 
1^=1) appears to be just i of its circumscribing 
cylinder. 

EXAMPLE III. 

148. Let the proposed SoUd A F B H be a Spheroid. 

In which case, putting the axis AB, about which 
tli^ soli4 is generate, j^a, w4 the oth^ 4;^^ F JJ, 
of the generating eUipsis, = 6^ it follows, from the 

^pt^f^ of the eUipsiu, that a' : J* * : ^ x g — a? 

m hai«« « (sjiy^t) =»^ X oxi '^ ff'i; j|ml* Art.li5. 
f 19^ X |ar^ ff* iflf' ss the segment AI£. Whi(^ 
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whenAD(x) = AB(a) 

becomes f^ x ia^-^^a^j 

i pab^ = the conteat 
of the whole spbercnd. 
Wh^e, if & (FH) be taken 
P a (AB) we shall also 
get ^ pa} for the true con- 
tent of the sphere, whose 
diameter is a. Hence a 
sphere, or a spheroid, is I 
of its circumscribing cj' 
linder ; for the area of the 
circle F H being expressed 

by^, the content of the cylinder whose diameter 

is F H, and altitude A B, will therefore be ^^ ; 

m ' 

of which ^pab^j is evidently two third parts. 




EXAMPLE IV. 

149. Let the Solid, whose Content you would find, be 

the hyperbolical Conoid, . 



Then, j&om the equation, ^' = -5 x aa? + a:*, of 



a* 



nb* 
the generating hyperbola, we have s Cfiy'^) = ^ 



pb' 



xaxx+a^x, and conseqilently s =^ x iax^+jx^ 

= the content of the conoid ; which, ' therefore^ is to 

(jY X ax + 0^2, X x) that of a cylinder of the sam^ 

base and altitude, as |fl+ |-« to a -\r x. This ratio, 
if « be extremely small, will become as 1 to ^ very 
nearly : whence it may be inferred, that the content 
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of a very small part of any solid, generated by a curve, 
whose ray of curvature at the vertex is a finite quantity, 
is half that of a cylinder of the same base and altitu^, 
very nearly : because any such curve, for a small dis- 
taifCe, will difier insensibly from an hyperbola, whose 
radius of curvature, at the vertex, is the same. 

This might have been inferred, either from the com« 
mon parabolic conoid^ or the spheroid, in the preceding 
Examples ; but other observations would not allow room 
for it there. 

EXAMPLE V. 

ISO. In which the proposed Solid is that arising from the 
Rotation of the Cissoid ojf Diodes, about its Axis. 

Here, ^'^ being = ,♦ we have s (pj/^x). =»Art5d. 

. But, in cases like this (where the denominator 

a — X 

is rational and the variable quantity in the numerator 

of several dimensions, it will be necessary to divide the 

latter by the former, in order to obtain the fluent, by 

lessening the number of dimensions : thus, dividing 

px^x by — x+flj according to the manner of compound 

quantities, the work will stand ihus : 

— a -f" a ) px^ X — ( ^px^x —paxx-^pa^x 

px^x^pax^x 

rf-par^i— 
■\-pax^x^pc?xx 



+pa^xx-^0 
•^pa^xx-^pa^x 

. -^pa^x 

Where the quotient being— |Wp'35—|KM?i—_pa'», and the 
remainder |7a^jc, the value of the given fraction ^ , 
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will th^VQ^ne be truly expresiied by -- paH — pa^ — 
pa*3t+ V : whose fluent, properly correct^ ^ is 

Vide Art. 186. 



EXAM?LS VI. 

^51. Let the Solid be that arising from the Rotatwm of 
the Conchoid o/'Nioomedes about its Axis, 

The sub-tangent yL of tlus curve being= — .' 

— ah^y — y^y 
(Vide Alt. 48 and 57) we have i= — > J , and 

•Ari.14^ therefore * (ig^o.*) = -^,==^ = - ^^j^^ 

pM^y 
— ^^ — 7 ". But, in order for the m«fe easy find- 
ing the fluent thereof, put Vl?' -^ jj^ == t* ; and llien, 
y being = v6« — i«S a^ y = . ■■■■^ , we «ui|^ 



pak^u 



by substitution, get » = y -f |) x6^t»— «'«' 

, V p* — y^ 

Whence, the fluent of , ' being eicpressed 1^ 

the arch (il) of the cir^e yhose radius is unity and 

tArtl4S.sine -7-,-|- the fluent of the whole, expression will be 

b 

pah^xA+pxh^u^ju^, Which, wheny=0, ortt=ft, 
gjar9aL(pak x ip :^- pxib^) pl^xUpa^ ^b} hLibe 
oantcoit of th^ whole so^d, when its axis beo^es in- 
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EXAMPLE VII. 



• 1 t 



152. Where it is required to find the Coutent of a poh 
rabolic Spindle ; generated hy the rotation oja given 
Parabola A C B ci>ovt its Ordinate A B. 

Put C M (tbe abscissa. of the given parabola) = a, 
and the semi-ordinate A Ihf (or B M) =: i » and, sup- 
posing E N F to be anj section of the solid parallel to DC, 
let its distance M N (or EP) from DC, be denoted 
by w :, then, by the property of the curve, We shall 




hare A M« (¥) : E P^ (w^) : : CM (a) : C P = 
^;: therefore f N^ ( = ,C M - C P) =.a - ~ = 

J — ^, and consequently p x E N^ = -r^ >^ 



i* — 2 6* w2 + w* = the area of the section E F : 
which multiplied by (w) the fluxion of M N, gives 

-tr X b^w — ^b^w^w -f w^w for the nuxipn of the 

solidity,* whose fluent, ^ x b'^w -^ ib^ w^ + i wS^Art 14& 

o* 



when 20 becomes ?= &, is f 
of the solids 



— A « / ^ ) half the content 
15 / 
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EXAMPLE Vllt 

158. Leiihe Solid ACB J) (m thehutAgun) it a 
Spimdky gmexaJUd hjf the K&UUion tf0UiStgauMjafa 
Circle, ACJiyiAout'^Chatd, or OrdhkOeyAB. 

ThiBD, if the radios O E be put = r,, O M c±: d, and 
E P = tir &e. (» bdbre) #e shaH haire OF (^it 

VOE«-EP«)= i/r*-»% and E N (OP ^ O M) 

ssV^r« — w« -^ d: tbeiefixre «, in tins ease, is sa 

jnb X v/r*— tr«— dl*=ptd x r^— fr« +d* — 2 dVi^^v^ 
= /w X r^ — d^'-w^—pw X 2dV^r«-w« — «#: 
whence, the fluent of the jxi?t, ;it^ x Sd\/r«— «>«— Jd* 

( = 2d|) x*^ X •r^-ifi-dss^dp x w x E N) 
« Art 118 bein^ expressed by 2 dp x area Jtf NEC* the tbxmt 
of tne whole, cfr the true value of s, will be ex- 
pressed by pw X r8— d2— |i©«— adjpxarea MNE C, 

or by its equal |> x M N x A M«— JM N«— Sp X O M 
XareaMNEC: vi\atk, irheH MN±s MA^ ^1^ 
PX4AM' — 2ji X OMx a^ra wi C J!f, fiir the ooi^ 
tent of half the solid : where the area A CMtOAf be 
found by Art. 124, or more easily by the commoii taUe 
of the areas of the segments of a cifde; t6 Bejofiuet 
with in most books o( gauging. 

EXAMPLE IX. 

15^. Let if beprep^ed tofind thfi ConfeiUof tjke Soijt 
AEGB; whose four sides AH, AF, CH, CP, acrt 
j^ane Surfiioes^ and its JBnda A D C B, E F 6 H given 
xlectangles, paralld io eadi othi^. 

Let the sides A B^d AD, of thebasi^t^e^^Bqotedl 
by a and b ; and those of 'the t<^ (E £[ and E F) by e 
and d respectively ; moreover, let h express the pes]|ki(i 
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dicular height of the solid ; and let x (considered as 
variable) be the distance of (I L) any section th^eof 
(parallel to the base) from the plane E G. 



m 



p 


Q 


■ ;e 


,Z 


/\ 




K 


V\l 


1 

> 


^ 


"\\ 


k 


D 


^: 



It is evident, from the nature of the figure, diat 
the section I L is a rectangle ; and jhat 
A:a^::AB-EH:IM-EH::BC-HG:ML-HQ. 

From these proportions we have-I M— E H=? — « , ■■ 



afldML-HG=*=^'': h^nce 151=='''^''^'' 



+ c, and M L=: — r — + d ; and consequently the 



area of the rectangle ( I L ) = j- x x^ + 

c j-c ^ ^^ ^^ , which being multiplied by 
.h 



x^ and'tlieifluent taken, there results 



a— cxfr-dxx' 



A< " • " ' 



3F 



^od^2cg+cftxx«^^^^ for the content of I FG L . 



^h 



n2 
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which, when x = A, becomes y 



U'-cxb^dxh 



fld— 2cd+c6xA 
2 



+ cdh :=z9cb + ad+ Jc4-2cd x iA=) 



ABxAD+EHxEF + AB+EHxAD+EFx iA= 

the quantity proposed to be found. 

If E F (d) be supposed to vanish, and the lines E H 
and F6 to coincide, the planes AE H B and D F GC 
will form an angle or ndge, at the top of the solid 
(resembling the roo& of some buildings, whose ends 
as well as sides run up sloping) and, in this case, the 
content, found above, will beomie more simple, being 

then expressed by 9ah+bcy. ^A, or its equal ^AB + EH 
xADx^A. 

But, if EF be supposed=: EH, and AD= AB, thesolid 
will then be the irustrum of a square pyramid ; and its 

content = a^+ac+d^ x §■ A, = AB^ + AB x EH + EH« 
X i A ; from whence, by taking E H=0, the content 
of the whole pyramid whose base is A B^, and its al- 
titude A, will also be given, being= AB^ x y A. 

EXAMPLE X. 

155. Let the proposed Solid he thaJtj cxmrnoftdy known by 
the Name of a Groin ; whose sections parallel to the 
base are, idl squares, and whereof the two sections 
perpendicular to the Base, through the Middle of the 
opposite Sides, are Semi-cirdes. 

Let bcdefhe 
any section paral- 
lel > to the base ; 
Bnd let its distance 
A b from the ver- 
tex of the solid, 
j,; be denoted by x ; 
also let a represent 
the radius AB 
(or B N) of the 
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circular section A B N A, perpendicular to the base. 
Then, bn being (by the property of the circle) = 

V^^or — x^, the side of the square df^ will be = 
2V^2ax — j?2, and therefore the area=4x2ajip— jj**; 
whence « = 4x x 9iax — «% and consequently 8^4mx^ 

— TT ' which, when x = a. becomes -rr— = the 
8 3 

content of the whole solid. 

If the solid be agroin of any other kind, or such, 
that its two sections perpendicular to the base, through 
the middle of , the opposite sides, are any other curves 
than semi-cirdes, the content may, still, be found in 
the same manner ; and will bie always in proportion to 
the solid generated by the revolution of the said curve 
about its axis, as a square is to its inscribed circle. 
But, if the foresaid perpendicular sections be curves of 
different kinds, the sections parallel to the base will 
no loilger be squares, but rectan]g1es ; whose sides are 
the corresponding (double) ordinates fof the respective 
curves. Thus, for instance, let one section be a cir- 
cle and the other a parabola, whose ordinates, to the 

common abscissa x, are expressed by \/dx — x^ and 

t/o^ respectively; then the sides ofthe rectangular section, 

parallel to the base of the groin, will be 2Vdx — x* and 

Z\/ax: whence the area of that section is = 4:r 

^ad — ax, and therefore s = 4ixx Vad — or: 
where, by taking the fluent, ♦ « ±= • Aft 83. 

16d2 Vad - a* X d - ^l^ x 16d + 24r 



15 
content of such a solid. 



c=: the true 
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EXAMPLE XI. 

156. Where the Solid B A C D prop<^ed is a kind of 
Cone, or Pyramid ; formed by conceiving Bight-lines 
to be drawn from eveiy Point in the Ferimeter of 
any given Plane B D U, to a given Point, or V^texi 
A above that Plane. 



J^ Let E F G be any 
scteiSish paraHd to 6 D C\ 
i»ihose pei^etidicular diis- 
taiiDie (AQ) from lihe 

Q^ vertex letb^ denoted by 
x; moreover, let tne 
whole given altittide 
(AP) of the solid be put 
=s a, and the area cf 
the base B D C (wbidi is 

" also simposed jgiven) = ft. 

In ^e finst ^^, it is 

easy to conceive that the 

planes B DO atidEPf^ 

mufit be lumikr: maA 

thecefiire, since similar figures are to each oth^ as tlie 
squares of dieir like sides, or dimensions, it follows 

that AP2 raV '. AQ^ ra:^;: :BDC fbj : EF G=^-i.. 




Whence s = 



— , and consequently « = — = ^ 



f.^jf^' 



-^ 



when x=ia. Therefove the solidity of a cone mr py-i 
liimid, let the firure of. its base be what it will, is 
always had by multiplying the area of the base by y of 
the altitude. 
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EXAMPLE XII. 

157. JFSere it ia propowA to jM tfe" Cmtent of the 

Chgtda'EFGC, cut off from a given Cone, ABC, 

hj a Plane E F G paaang ttiniugfa the Base thereof 




Let ^ D he the pcrpendknlai height of the cone, 
■Ito let A 9i$ be perpendiculai ta H E, the axis of the 
section F ^ G, and let F A G be another section of the 
Cone, thraugh F G and the vertex A. 
. Since thesolidsCAFGandEAFG.iriiose bases are 
. F^G, and FEG, come under the form specified in the 
pTeceding example, their contents will therefore be ex 
^NsMd % F C G X ^A D and FEG x ^AM respective- 

. , ,._ FCGxAD-FEG^AM 

ly: whose difierence, 3 ■. , 

is (iie soliiHty of the iMgula C E F 6 : where the bases 
FCG and F£G being come sections, their areas will be 
^renby Art. 115, 124!,andlS9, from whence the whole 
will be known. Thus, if H E be supposed parallel to 
A B, the section FEG, then being a parabou, its area 
wiUbe=f xf GxEH:* whence the solidity of the' Art ns. 
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segment EFG A is=4xFGx E H x A M : which 
being deducted from that of C F G A ((bund by help of 
the common table of circular segments), the re- 
mainder will be the content of the ungula. But, tf the 
axis E H produced, cuts A B, the section F EG will be 
a segment of an ellipsis E F K G ; whose conjugate 

axis (supposing E N and K L perpendicular to A D) is 

<• 

• Art. 41. = 9, V^E N X K L.* Now, in order to compute the 
content, the easiest way, in this case, let the ratio of 
EH to E K (which is given by trigonometry) be ex^ 
pi!essed by that of m to unity, and let the ratio of C H 
to C B, be as n to unity : and from the common 
table of seementa (adapted to the circle whose diameter 
is unity) let the areas answering to the versed sines 'm 
and n, be taken and denoted by M and N respective- 
ly : then th6 area of FEG being = J/ x £K x 

t Art l242\/ENxKL, and that of F C G=Ar x B C^f the 

& 130. content of the ungula^ by substituting these values, 

. willbecome=^iVrxBC2xAD-iJfxEKxAMx 

Sv'ENxKL: but, since AM : AEmKQ (perpen- 
dicular to AC) : KE ; and AN : AE : : KQ • KI, it 
follows, by equality, that A M x K E = AN x K I ; 
whence the content of the ungula is also expxeited by 

iArxBC2xAD-JlfxANxKIx2|/ENxKL, 
Which, if H be supposed to coincide with B, and K I 

•.u Ti r^ 11 u /^- 78539 Sec. ^ ^^ ^ ^ 
with B C, will become ( ^ — — x B C- x A D— 



0. 78539 &c. 
3 



X AN X BC X 2v^E N x B D)=0, 26179 

&c.xBCxBCxAD-2ANxV^ENxBD. 

When, the section E F G is an hyperbola, its area 
may be found by means of a table of logarithms (in- 
stead of a table of segments) whence the content of the 
migula will likewise be had in that case. 



IN FINDING THE CONTENTS OF SOLIDS. 



185 



EXAMPLE XIII. 



158. Let AFC, or A GD, be a Curve of any kind : 
whose Area^ and the Content of the Solid arisingfrom 
its Rotation about its Axis or Ordinate A B, are 
both known ; it is proposed tojindj from thence^ the 
Content of the Solid generated by the Revolution of 
that Curve about any other Line P R parallel to the 
>said Axis or Ordinate A B. 



Let A P, F Q, and C R 

be all perpendicular to A B 
and to the axis of motion 
PQR; also let AP (or 
E Q) =a, A E, considered 
as variable, ='u7, the area 
A F E, or A £ 6= J/, and 
the solid arising from its 
revolution about AB, = 
N. It is plain that the 
area of t^ie circle gene- 
rated by Q F will he^p x 

FQ«* =:p X a +EF1' 
*= oa«+2pa X E F + p x 
E F* ; from which de- 
ducting th6 area pa'^^ ge- 




• Art 145. 



nerated by Q E, the r^taainder, 2pa x E F +p x E F^ 

wiU be the area of the annulus generated by E F : 

whence the fluxion of the solid generated by A E F 

is truly Represented by SpaxE Fxto+poxE F^rftArt.liS. 

and, m tne same manner, it will appear that the 

fluxion of the solid generated by A E G is 2pa x EG X w 

— pwxEG«. But the fluent of E F X 20 (orEGxto) 

is = the area (M) of A E F (or A E G),t and that of J Art. 11^. 

pw X E F2 (or pw x E G^) equal to (N) the given solid 

arising from that area ; § therefore the fluent of the§ Art 145. 

whole, or the solidity required, is %paM+N, in the 

former case, and %paM^N in the latter; where ipa. 
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in either case, expresses the periphery of the cylinder 
described by A B, about the axis of rotation P R. 

Hence, u A B C and A B D are equal and similar to 
each other, then the value of Mj &c. being the iame in 
bodi Ci366, it f(^w8 liiat the content of the scdid ge- 
nerated by AFG will be expressed by Spax5LAfy or 
SpaxareaAFG. 

Now, if (for example's ukB) A C D be supposed a 
oirde, whose semi-diameter is d^ the urea <^ diat 
etrde being ^ pd^^ the solid generated hj its revolu- 
tion (representing the ring of an anchor) wiH therefore 
be = 2pa x pd^ = 9,p^ad^. But if you would know 
the content of the part generated by the upper semi- 
carde BAG, or the lower one BAD, let the cantedt 

♦ Art 148. (-^ ^* of a sphere whose semi-diameter is li, be wrote 

for iV, in each of the two foregoing expressions, and you 

will then get p'^ad^ + ^^ and p^ad^-^ ^^L. 

Again, ifAFC andAGDbe taken as right-lines, 

ABxBC , ABxBD 



youwillhave Jf=^^^^A(or^"^^'^) 

tAjt.l4fi.JV=*:i>xBC2xJAB(or;)xBD2x|AB)t: henee 
tfiefioM j;enerated by ike triangle A B C is (=£|Mt x 

^°g°^ + |xBC^x AB)=pxABxB€>t 
RB+^BC ; and that generated by A B D (.=*iwr x 
ABxBD _|.xBp,xAB)=p X ABxBDx 



aB-fBJ>. 

Lastly, let A B C (or A B D) be considered as a jpa- 

rabdia, whose ordinate is A B, and axis C B (or D B) : 

t Art 115. then M being h^e = f AB x B C (or 4 A B x B D)J 

8Arti52.»diNr=^x ABxBC^S (or ^ X AB xBD*) 

15 ^ 15 
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it felkin iM tbe ulid geaorM^ by A8 C vifl' ^ 



ABD = 4pxABxBDx^^^=i?-?. 



SECTIOJV X. 



The Use of Fluxions in finding the Superficies 
(^ Solid Bodiee. 

159. Let F a F lepre- _ 

hM s seM gmemted iiy 
the revolution of aiw .given 
curve AF sbont its axk 
AH; also let a circle, 
vhose distoeter is the vaiia- 
~ble line (or ordinate) RBR, 
he fODoeiTed to ibotc uni- 
fi»nlf livni A tovuds 
FF, and to dilate ilself 
sa, 4Kt aH sides at the saote 
tou, as to ganeote^ 1^ its 
pei^hc^, the pK|lMed 
flnpwfiaes B.AB.: thm, 
ihe length of that peo- 
phery, or the generating 
une, being expressed l^ 
8,141593 • &c. X RR 
(= 3;w) and the celerity 

with which it moves.by ir , 

the fluxion of tbe superficies BAR, or the space that 
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woidd be unifiirmly generated in the time of describing 
i, will therefore be truly represented by ^jn/z. 

Hence, if w be taken to represent the whole sur&oe 
BAR, generated firom the banning (accofding to the 
mediod observed in the three last Sections) we shall 

• Art 135. have trsSjiyisSjiyl/x^ + y« ;♦ whence w itself may 
be found. 



EXAMPLE I. 



160. Let it be proposed to determine the convex Super" 

fines of a Cone ABC. 



Then, the semi-diameter of the base (B D or C D) 
being put = &, the slanting line, or hypothenuse, 
A C=c, and F H (parallel to D C) ss ;y, &c. we shall, 
firom the similarity of the triangles ADC and Hmky 

tArt 159.have b Id :^ (m A) : i (H A) = ^ : whence» (%?yi)t 
= ,£^ ; and consequently w = ^^. This, when 

' 

y^szb^ becomes = pcb =; p 
X D C X A C £= the con- 
vex superficies of the whole 
cone ABC: which there- 
fore is equal to a rectangle 
under half the circumference 
of the base and the slanting 
line. 
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EXAMPLE II. 

161. Let the Solid^ whose Surface ymi would Jindy 

be a Sphere A'EBU. 

In which case, putting the radius O H=a, AF=jr, 
Hm=x, &c. we shall (by reason of the similar tri- 
angles O H F and H m A*) have y (FH) : a (OH): I • Art. 68. 

fix 

i (Hm) : i (H A) = — : therefore w (%i) = 

^pax ; and consequently j\ 

the superficies (to) itsefr 
=2|)(u:=AF X Periph. 
AEBH. Which, if the 
whole sphere be taken, 
will become A B x Pe-^ 
r^h. AEBH = four times 
the area BE AHO. 

Hence the superficies 
of a sphere is equal to 
four times the area of 
its greatest circle: and 

the convex superficies of any segment thereof, is to that 
of the whokf as the axis (or thickness) of the seg- 
ment to the dia^leter of the sphere. 

EXAMPLE III. 

162. Wherein let the parabolic Conoid be proposed. 

The equation of the generating parabola being 
ax^y^f or a:= ~, we have ot = -^ , and therefiire 




Spvu i 

hence w (2pyz) = -^^ x a* +4y«| ; whereof the 



t Art. 135. 
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fluent is ^ g-2i — ; which corrected (by supposiiig 



igrt79. y=6») gives l^xaH^Vl _ ^^ fo, the superfi- 



cies sought. 



6a 



EXAMPLE IV. 



16S. Let it be required to determine the Superficies &f a 

Spheroid. 

Let A C F H 6 represent one half of the pxofoied 
sj^erotd, generated by the rotation of the semi-^Obsis 
FAG, about its axis AH ; put AHssa, FH (or HG) 
=C, B H=:x, BC=^, F C=2f, and the mperfieies g&» 
nerated by FC (or G D) = w ; th^, mm tbe 




ture-flf the ellipsis, we have^ ^ — t/o^ ^ os^ ; ^k^Hcq 
Art. 135 y« -^ a vtei^* *^ 0Qn«qu«itIy i (a V^^+i^ 
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l»i 



= v/ 



«2 + 



e^3f-x^ ' xV^tf^-aVc*xa^ 



— . = (by putting (the eccentricity ) 

ay Or" — x^ 

*^ Vy ■" *' 

V^a^ — c* = 6) = ■ ' — : therefore, in 

this case, w (%>yi) = ?^ sj ^ - x'^ ; whose 

fluent, in an infinite series, is ^'pcx x 

1 - -A^ ^V , !l£-£ ^. But the same 

fluent may be, othenoise, very easily exhibited by means 
of the area of a circle : for, if from the center H, 



a2 



with a radius equal to -=-, a circle S E R be described, 
and die ordinate B C be produced to intersect it in E, 
It is evident iftlat B E = ^ ^ — a:*, and that the 
fluodon of the area ESHB will be expressed by 
« Y^ L — i* ; which being to —^ x <y/ ~ — x^y 

iAib €uxion b^dire foimd, in the constant ratio of 1 to 

}bc . , 
'y 'Acir flueiHs must therefore be in the same ratio; 



iM so the latter, e^^dsisitig the superficies C FO'D, 
wffl eonsecpiently be== ^ x BESFH «%,x-^ 



- WE 



X BESFH. 

« • •• f 

t'his sblution^ it maybe observed, obtains ohljr in 
cMm 't>f Jin o6lofi^' -spheroid, generated by the rotation 
pf tlie ellipsis about its greater axis ; for, in an MdU 
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spheroid, generated about the lesser axis, the value of h 

(l/^--cv will be impossible; since, in this case, 
H F is greater than H A. But if we Acre put h = 

l/c* — a' ; and d = -7^, the value of it (found above) 
wiU become = Mf! x/fT7« = ^ V/"^?^ 

. = -^ X X l/i* -f X* : whose fluent may be 

brought out by help of a table of logarithms : 

for, let the variable part x Vd^ + x^ be * trans- 
/ xxd* + j« d^x+x^x d^xx-^-xH 

y , - + — 7==== SO that the numen- 

i-d^xx + x'x 
tor of the first term % = (noW in a given 

r O X "^ X 

ratio to the fluxion of the quantity under the radical 
•Art 77. sign) may be had by the conunon rule;* by whidi 

means we get f Vd^x^ + i^, for the true fluent of the 
sdd term ; to which adding the fluent of the other 

id^xx \dH , . ^ ^ 

126), there arises ^a? /i« + x« + i cP x hyp. log. 
(x+ i/(P + x% for the fluent of x Vd^ + op* : aind 

t Art 78. this, corrected f and multiplied by -^ gives ^-^ x ' 

V'dM^ + pcd X hyp. log. i±i^J±-^, for the 

superficies in this case, where the proposed spheroid is 
an oblate one. 
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♦ 



a: 



a^ + c 



ex;ample v. 

164. Let the Solid, whose Superficiea is sought^ be the 

hyperbolical Conoid, 

Let the semi-transverse axis of the generating hyper- 
bola = a, the semi-conjugate = c, and the distance 
of any ordinate from the center thereof ^ x ; then 
from the nature of the. curve you will have y = 

^ y ■ CtJCX 

— V OP* — a^ ; whence y = ^ — / — , z x_ 

a aV x^ — a^ 

•— ,, , and w {%pyz) = -—- x 

Var ^ c- X x-— a^ ; which last value, if d^ be put = 
-, will be more commodiously expressed by 

9,YiOX ■ 

-^— V^ — d* : whereof the fluent, by prooeedii^ 

as in the latter part of the foregoing example, will 

OCX ^/x-'- d- , If 

come out = ^ ^ — pea x hyp. log, 

a 

(30+ ^x'^ — d*) : which corrected (bf taking x = a) 

pCX y 

becomes -t- Vx^ — d- ^ pc**- — pcd x hyp, hg, 

X + V^x* — d^ 

,^. — H -^-^ — , the true measure of the required superb 

a 
ficies. 

EXAMPLE VL 

165. Zrc/ it be proposed to find the Superficies of the 

Solid called a Groin. (Vide Art. 155). 

Let bcdefhe any section of the solid parallel to the 
base thereoi^ and let x denote its distance from the 

o 
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vertex A, also put z &iuti to the poTTesponding ar«^ 
A n of the Bemi-dreular section N it A, &a whose radius 
A B or B N let be denoted bv a. 




It appears firom Art. 161, that i = T /y"-— f^ ' 

which value, multiplied by (2 V'Sax — x^) dut tf ' 
t-lMde (=26n) gives Sai* for die fluxion of one of the|aw 
egual xxmvex superficies bj which the sohd is boimd^ 
IJence the whole superficies (excluding the base) comes 
out = 8a* : which therefore is exactly equal to twice 
the base. 

If the solid be supposed a groin of any other kind, 
such that its two ^equal sections, throi^^ the m^dle f£ 
the opposite sides, are other curves tnaii cirdfiS) the 
superficies may ^till be had in the same pisniier; f^ 
will be always in proportion to the superficies arisu^ 
from the revolution of either of the said .equ^ ^y^9 
about its axis, as a squaie is to its inSci^ed mde. 
Thus, the superficies of a parabolic conoid hoi^g ^ 

P " '' + ^ I - ff-' (by A«. 163) th. «a,ye> 

sgp^rficies of the groin, suppQEubg ;^e ge^era^fig 
curve A n N to b^ a parabo^ vill ^l}q)CfiiWVe be = 
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EXAMPLE Vn. 

166- Wlta-fta}et it be required to^fijtd the oMvesSmi^ 
Jiaea of a catdaxl Unriila £ C F D ; formed Sy a 
Plant li^'E,, pacing through the Base of the Cone. 

Let ft ri^n^Toiigled triaDgleAOM (whoeebaseOM 
is the radius^ & dtrele B D C £) be supposed to re- 
volve about tbe axis A ; whilst a r^nt-line N P, 
drawn perpeOdiculBr to O M from the ratenection of 
A M and tbe arch E F I), traces out, upoa the baae of 
the COBB, Ae eutveljiie E P G D. 
IfM4P0A?Sj|nd 




b M 0»OUM N P is parallel to A 0) it is likewise 
phun that the spaces MNnitt and MPpm, generated by 
4HM0 fVCt^ will be to each other in the same ratio of 



AM to B. And, since this every where holds, it 
fidbm that the whole sMee'(ENM) &e. generated l^ 
MN, will be to that (EPM) ^erated by PM, as AM 
to OB : and so the whole required superfides (generated 

by AM)-is truly represented by — x area EPGDCE. 

oS 
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But now, to find this area £ P 6 D C E, it is ob- 
servable that the area of the plane D F E (being the 
s^ment of a conic-dection) is given, by Art. 115, 1^ 
or ISO. And it is very easy to amrehcnd and de- 
monstrate that the area so given will be to that of 
E 6 D H, as the radius to the oo-dne of the angle of 
the inclination of the said plane to the base, or as II F 

to H6. Therefore, seeing EGDH i%= ^^ x £FD, 

weh»veEPGDCE(=ECDHE - £GDQ)s 

Hft AM 

ECPHE-?^ X EFD; and consequently ^ x 

AM AM V Hfr 

EPGCDE = ^ X ECDHEi - q^ ^ gp x 

EFD = the convex superficies that was to be found. 

If the pmnt H be supposed to coincide with B, 
ECDHE will become the whole circle CB ; and £DF 
will become a whole ellipsis, whose greater axis is BF^ 

• Art. 41. and its lesser axis = Sv^OJBxOG. * Thwrefore, the 
+ Art 124. area of the former figure will be expressed hj px BO^'f' 

and that of the latter by p x | BF x V^OBxOG; 
and so the convex superficies of the part BFC will be 

AM Tj^« AM X BG - ^« 

( = 0B xp X BO^ - ^g-gp X p X |BF X 

/OB X OG) =pxAMxOB-pxAMx JBG x 

OP 

-— : which being deducted firom {p x AM x 
OB 

OB) the superficies of the whole cone B A C, th«re 

rests/jx AM XfBG x v /v5' ^^^ the superficies of 

^ OB 

the oblique cone BAF ; which firom hence is also given. 



v/ 
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ScHOLIUBff. 

167. In most of the examples, delivered in 
the fiiur last sections, the part of the proposed 
Jigure next the vertex, 
whether a curve, solid, 
or superficies, is first 
found ; firom whence, by . 
taking the altitude {x) 
of that part equal to (a) 
the altitude given, the 
content of the whole is 
deduced : but, if the con- 
tent of the lower segment 
(BCED) of toy figure 
(ABC) arising by taking 
away a part (ADE) next 
die vertex, be required ; then the difiVrence between 
me whole and the part taken away (found as before 
explained) will be the quantity sought. 

Thus, for example, let ABC be the common para- 
bolay and let it be proposed to find the content of the 
part BCED included between any two ordinates 
B C (b) anc[ D E (c) at a given distance B D (d) from 
each other : then, the equation of the curve being 

ar=^% we havex= J^^ and therefore ^i* 




%'y 



a 



a 



% 



whose fluent -q— is a general expression for the area 

comprehended between the vertex and the ordinate 1/ : 
whence, expounding y hy b and c successively, we get 

5-- and 5— for the corresptmding values of A B C and 



ADE; whose diffisrence 



263--^? 
3a 



is the required area 



B C ED: bu{» to express the sam^ iridependoit of a, it 
will be, by the property of the curve, *« : c*::AB : AD; 



Art. 112. 
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whence, by division, 6« : 6«— c^ : : AB :' BD (d) and 

consequently — 3 — = -7-5=^' which first value being 

a AB 

wrote instead of a, there results BCED = ^f" ^ ^ 

After the same manner, the segments of other f^uies 
may be found ; bu,t in many cases they will be mese 
readily had frqtm a direct investigation, wiAput either 
finding the whole, or the part taken away. 

Thus, in the case above, if the excess 6f imy or- 
dinate R P above D £ Cc) be denoted by to, we s&att 
have, by the property of the curve, J^— 6- ($,C^— 

DE«) : M=l^'-c« (RP2-nE«)::i)B (d) : dp= 

^,-^g ' ^hose fluxion (d x --g^^) 
multiplied byc + w (=PB.) gives d x 

^ — = • , for the fluxion of the area 

DP RE: whereof the fluent (which is. mw x 
fl±J^JL*!?:\ wQl, when w=::b''C (or RP=;BC> 

be truly expounded by^ ^ V^ ^.t^!.+>'^ ^."^ 

o^-*c 

Or Its equal -^ x — 7 ; tht samt as oefort. 

Agam, for another example, let C E I> e c be cpBSi- 
dered as the lower frustrum of an hemispli^e^ whose 
center is the point B : then, B P being here denoted 
by tr, we shaB have j^^ (=BR«-BP«> = ft«— »S 

• Art 145. and conitq^aemly pghk * z= p x 6«tfe -n id«w ; whiwie 
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im 



fluent (p X b^w -^^w^ A>j>d' x3J*-«c- =? iywx 
iP^nTjrZT^ = i;?M? X 262 + y^ = I p X BP X 

^B€2-fPK2) is the: tdue 6cfftt^ftt! of di'6 ^art C fi 15 c c; 
whici will also hoM whSfeh thi6 figUTe is a spteibid. 

This last method of finding the content of a por- 
tibn of a figure r€!hOie from the vertex, will be 6f 
service, when the general value, for the whole^ can- 
not be expressed wkhout an infinite serijes; because 
such a scries, in that case, not converging, becomes 

useless.* v ^v . * Art. 93. 

By dividing the whole proposed figure^ A H W, into 
a number of such portions, H V, GJ T, F S, &cl the 
content thereof may be obtained, when to find it ^t 
once, by a series, conrniencing from the vertex, would 
be altogether imp^ticable. 



t J^ 




w 



LJh 



Ifut, Ut rdhd(^ i^iicK an operation as shbrt and easy as 
ia^ Kb; ilf will b^ pa^ to find ea<^h parj (1)Q, &c.) of 
tft^'fig^iV^, Byibei^^bf'^ series proceeding both ^ays, 
liSt^ tfiy inWRd d'tSth^^ (M N) between the two cor- 

Mm^^^^l^i^^^ (CO and BR) 

Tfitt^, M tl^i valUi*«6f MN (found: by tie f fopertjr of 
tfiiS ch^^ Be dieted by a ; and let the value of D R, 
& *" sQrfel, lie r^fitenied bya + ijc+cac^ + dx^ei' 
ft^^'&d, wV^ifzkM'Ef^, thfetf iih^' ardfe M^JfrRP» will 

SB rtp^nfkS: hf thi^iJAent oj^ x xct-^-hlf-^tJ-^dr^^ 
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by writing —x instead of x, the ordinate CQ will be ex- 
pressed by a—bx+ex''—dx' &c. and the area MCQN 



by J X II 



^ + «? + « 



areaODRQis = %t: x a + 

Therefore, if D £, E F, F G, and G H be Huppoaed, 
each = BC (2i:) and the areas D S, £ T, && (found 



s above) be denoted by Sx x (i + 



3 



' &c. and 



ftx X a + -^ + — &C. respectively, it Mows that 
the aiea CR + DS+ET will Jk represented by %rx 



a + A + a &<:. + ! 



;&c. + ? 



t + i + i 



RnW 



An example will show 
the use of this last exprea- 
sion; letCHWQljea 

Srtion of a quadrant 
A W of a circle, whose 
base H C (conceived to be 
divided into four equal 
narts) is equ^ to half thera- 
dius AH, represented by 
unity. Then, putting CM . 
(=I)M = Dm=mH=;) 
=^, HM(=i)=p, and 
have, by the property of the cir- 
cle, a (M N) =: l/HN^-HM' = V^l - p^ and 




\ CM T^m H 

Hm(=i)=9, 
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DR(=l/HR« -HD«) = •! - p - xlp = 
1/1 — p« + 2i> jc — »* = -/a^ + 2p X — x« ; whichj 



in a series, is ( = a + ^i-l- ^ ^ ' + &c.) 



=:a -h^.— -- + ^ X j:= &c. Therefore, in this 



case, 4=^, c=— — -»- -^, &c. Which value 

of c, by writing 1 — a* for ats equal />*, will be 

1 
reduced to — -;r-; . From whence it is also evident 

thatc=— --Tj (supposing a (mn) =s t/i — ^*) 



Consequently 2x x a + a + a &c. + 4 x^ x c + c + c 



2«^ 



&c. +-ri*xc+c+ c&c. ( = a + a X 2j: + c + c X 
1 1 2 

r== + 'i 



8x55 /ss ^ 2x68 /63 • 64 x 8 x 3 

64 V 64 64 V 64 

•66 + V^ I 1 



32 8 X 66^/65 3 x 63v^ ~ 

82 8 X 65 X 56 8x63x68 ~ 

0,48730= the area C H W Q, that was to be found. 

This example, chosen as an illustration of the fore- 
going method, may indeed be wrought the common 
way ; whence the very same conclusion is brought out 



i 
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(Vm Axt 124). But thaf msktA is ititr a]mlioahk to 
any othe^ dise, wfiether the part proposed be liear to 
the vertex^ or. Beasote froof^ it ; and wne&er tke figure 
itself be a curve, solid or superficies ; since the mea- 
suie ther^ ^^Mfy always^ h6 expressed by the area of 
a cur^e. 

There is another way, well known to mathemati- 
eians^ wfaeteby tlie avea of a curve may be deter- 
mined, by means of a numbed of ^uidis^nt ordi- 
nates ; which method, derived firom that of differences, 
fiiay, a&o, Be used to good purpose, in cdses uke tdosis 
above specified : but, it having been treated of by sevecal 
idhersf and: also in my ^^ MathenuUiaSSt JKsaertdtuAiSj'^ ^ 
fielder wis excuseme^ if ii» further notice is ttkekai ' 
it here. 
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SECTION XL 

Of tke Use of Fluxions m finding the 
Centers &f Ordtfitfy P^fvUssii)^, and Oscii- 
lation of Bodie^i ' 

168. 1 HE Center of Ghnmty \» that Poini^ of a 
Body^ bV which,v if it were suspended,^ i^ would rest 
iV^ E^tlh^y in an^ Asitfott. 

Lemma. 

169. Letpjtf^ r, s, <St. t^cn/pgrNminier of given Weights:, 
IM^ngatminfieotttli'Li'nje for Rod) AM suspended 
in E^i^Silirio, in an hofhtmtal Posiii^ m tke f6i$l 
O^ to' i^enifiM tKt J^iS^ of fhM PbvnZ, 

^xm^fis/^mmn^frtii^ ^cfe df sAf wMghvY/o 

to^isedie op^site end (M) of the balance, i^ ap^ that 
weijj^f drawn anlto its £stanee (6 C^y ^om the ful- 

* A new eoition of this work is m preparation. 
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ttunkj we sllall, Irom the equalitjf^ of these forew, 






^ s r 7 

t 



that is p X AO— AB4- j X AO- AC+r x AO- ADr= 

9 X AE— AO + # X AF- AO, ind cxmsccpiirtdy AO=i: 
»xAB + ox AC+*- X AI>+«>iAE+ ^ x AF 

From which it appears, that, if each wdgfiJt be rrndti- 
plied by lUt distance fidftk tie end (tft avfi^ ghennoifUJ 
of tie axis^ the mm &f aU the produeu dm&doji ihe 
sHin of aU the Ufcights^ ioiU give the diatdiux (^ ihik 
center of gravity fiim thai end (iarpoifUJ^ 

No^. The pKoduets hnse me^iioiied ]»% iwii^itlljr^ 
called the^ forces of their respective weight&v npt in 
xetpeot to th^ mxaim al tbe obtftel^ O (^hidr is^ exk. 
pressed by a different quantity) but with r^rd id the 
effects they have in the odnclusion, or tne value^ of 
A O ; which appear to be in that ratio. 



PROPOSITION I. 

170. To determine the Center (if Gravity/ of Of^ tAng^ 
JPhnej Siq>erficies^ or Solid (admittui^ the, dire^ 
former capable of being affected by Gxavit^)^ 

Let AM BC be the pr^osed fi«re, and' 6; tl^ 
center of gravity tl^erepf ; through wnicE^ pacaDyl to 
i&e horizon, let the line E F be drawn, intersectii^ 
A C, at ri^htUangliQBi in O; aj^ let A E aiidr NMilw 
perpendicuter to A C, and'imraltd to E F. 
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171. Case i. ^ 
thejlgurt AMBC 
be a plane ; let it 
be supposed to rest 
in Equilibrio upon 
the line EF ; and 
then, if the line 
M N be considered 
as a weight, its 
force {defined a- 
bove) will be ex- 
pressed by M N 
drawn into its distance (A N) from the end of the axis 
AC ; that is by^x (supposing, as usual, A N=ar and 
M N=v^. This, therefore, multiplied by the fluxion 
of A N, gives yxx for the fluxion of the forcjB of the 
plane A M N ; whose fluent, when x= A C, expresses 
the force of the whole plane, or the sum of all the 
products of the ordinates (or weights) by their re- 
spective distances from AK: which fluent being, 
therefore, divided by the area A B C, or the fluent of 
yi (according to the foregoing Lemtna) the quotient 

V m ' / ^^ ^^® ^"^ ^) *^® distance of the o^ter 
of gravity from the line A JT. 

172. Case 2. If the figure he a solid; let M N be k 
section thereof by a plane perpendicular to the ho- 
rizon ; then, the area of that section being denoted by 
-4, the force thereof (considered as above) will be ex- 
pressed by Ax, and the fluxion of the force of the solid 
A 3l N by Axx; whose flueilt, divided by the content 
of the body, or the fluent of Ax, gives A O in this 
case. But, if the solid be the half (or the whole) of 
that arising from the rotation of a curve A M B about 
its axis A C ; then (putting/) for the area of the circle 
•Art l46,Ti4iose radius is unity) A will become = kpy^- ;* and 

^ ^ Fl\L i pyH Flu, y^x 
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173. Case 3. If the figure proposed he the curve-line 
AMB ; then, the force of a particle at M being expressed 
by AN or MQ fx) we shall (putting ASM.=^z) have 

>li^=AO. 

z . , 

174. Case 4. But if the Figure given he the Superficies 
generated Jn/ the Rotation of AMB abqut A C. 

Then, the periphery of the circle generated by the 
point M being=2Dy, it follows that ' \!" ^V^^ — 

•§^^=A0. 
jm. yz 

EXAMPLE I. 
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1 75. La the Figureproposedbe theisosceles Triangk ABC. 

A 



It is evident the center 
of gravity (0) will be 
somewhere in the per- 
pendicular A Q : and, 
if AQ=:a,BC=6, AN 
a= ac, and M M =3/; then 

y being = — , we shall 

have^ by Case 1, AO (= 
flu,yxx\ __ fiu, x^x 



fi^.yii 



flM^ X X 




i^s ar 



=c T---=-Q- = T A Q, when a: = AQ , and conse- 
\x o 

quently O Q = -^ • 

In the very same manner, the center of gravity^ of 
any other (plane) triangle will appear to be at 4- of the 
altitude of the triangle. 



fm 
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EXAMPLE II. 

176. Let the Figure proposed be a Parabola ofaay Kind ; 
whereof the Equation is y= -^^. 



Here, 



flu. yxx __ flu. sf^H ^ n 4- 1 



X « = 



flu. yx flu. af± ft + 2 

the distance of the center of gravity fiN)m the vertex of 
the cuivt. 

EXAMPLE in. 

177. LetBACbea Segment iff a Circle. 

Then, if the radius thereof be put = r, we shaU 
have y (N M) = V^x — x^ : whence the fluent of 
yxx (xxV^TX-^x^) will, by Art. 1C8, be foun^ = — 

5" — +rxi|reaANM; which dividedbyANM, 

• Art. 171. gives r- g ^AJtfM "^^^'^ ^^ ther0<bi«^ whm 

BAC isaseniMifdie) 

r, n^ly. 
F But, with respeet to 

jtbe center of gravity 
of the arch HA C ; 

we have, flu. xi, ( by Case 8 ) = fluent of 

rxx — _i«.^___^_^._ 

■" ^ ^ ii - = r = Aj!if— MN; iwjd ooQSiequently 

rxMN 




A O here = r — 



AM 
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EXAMPLE IV. 

178. Let ABC ^,(see the preceding figure) represent 
a Segment cfa Sphere^ or Spheroid, 

In which case, Anotiijig th^ 4xis of the sphere, or 

spheroid, by a, and the > other t^s of the generating 

b^ ^ 

curve, when an eiy^)^, by 6, wphaYe'3f^=— xar-«* ; 



, , n /Jw« V^*^ * flu. ape ^ x^ X XX 
and therefore V"^— * = - — T,r = • Art. 172. 

-Jax' — J«*_ya;ip -^ J **_J: x4a — 3x_ .^ 

If the solid be an hypexhpU^ conoid^ t(^($ distan^ 
(4^0) rof its xsenter of gnpdty icam ih^ ^mte^ f^ 
also be exhibited by the expression here brought put^ . 
wheR the »^;attwe «igm are (uianged ^ fxiskiy^ tnk^. 

179. In tnose cases fli^bere the figure cannot be divided 
into two |Mi^ equ4 and |ijce to -^ach ether (as a curv^ 
is by its axis,' &c.} the position of two lines E O, eo 
(see the ea$uingjigitrej must be fdeterminad, as above ; 
in wlpse ii|t§rsectipii (O) ^fae (cq|it^ oi g'9'^^y '^ be 
found. 

Let Afi*€ fte a Semi-pareAola of any kind ; whereof the 

It appears, firom Ex, S, that (A 0) ^ distance, of 

n-\-\ 
£ G firom the vertex, is express^ by r— ^^xA,P• 
but io Aid-the oo^cion of oGe (peispendKidBr to lE O) 
let M^ be pof4i^ ^ <^4^ or A^ ; ^W) AN iMUig^sjr, 
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a?" 



and N M (y)^ — j, if AC be denoted by i, we 




n €r 



shall have Mn=&—a;, and M n x N M xy=& — x x 



iMf-'i 



nhs^^^x — no^x 



fliudim of the sum of the forces in this case (Viic 



Art 171), whose fluent r 



9.nd 



,««— « 



^1+1 X a*^ 



ac*" 



b nx 

^ « ""2n + l 



= J^. X5 - 



«^ 



ISii + 1 



iP X 



or — ; — (when x =: bj divided 



BCxAC\ . »+l 



by the area A B C (= = — ) cives ^ ^ x 

B C finr the true value of C o, or G. Which, in 
case of the common parabola, where n s^ |, and 

where AO (^^^ x AC) = i AC, wiU become=4 C B. 

Before I leave this subject it may not be inmroper 
to take notice, thaty whatever line you found your 
calculations upon, by supposing the figure to reai, in 
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JEqmWmoy upon that line, the very same point, for the 
place of the center of gravity, will be determined. 

180. Thus, let 
O be the point in 
the axis A C, of 
a given curve 
B A D^ deter- 
mined, as above, 
by supposing the 
figure to rest 
upon E F per- 
pendicular to 
A C ; and let 
R S be any o- 
tfaer line passing 
through the point O ; then I say the sum of die mo- 
Tnenta of the particles on each side of R S will, aUo^ be 
equal. Fot, if from two points, in any ordinate M Q, 
equally distant from the middlepointN, twoperpendiculars 
mr and nshe let fall upon R S, the efficacy of those two 
points, in respect to RS, will be represented by mr-^nSf 
or its equal ^NH ("supposing MH also perpendicular to 
RS). ^ Whence the efficacy of all the partiaes in M Q, 
will be expressed by their number multiplied by N H, 
«r by M V X N H : which is to their efficacy (M Q x 
O N) when referred to the line £ F, in the constant 
ratio of N H to O N, or of the sine of the a^Ie 
R N to radius. Whence it is evident that the forde 
of all the ordinates (or the whole curve) in the former 
easoj must be to that in the latter, in the same ratio : 
but the said force, in the one case, is equal to nothing 
by hypothesis, therefore it must be likewise so in the 
other : and consequently the sum of the momenta of 
the partides, on each side of R S, equal to each other. 

Much after the same manner the thing may be proved^ 
in a solid : whence it will appear that there is actually 
such a (fixed) point in a body as the center of gravity 
is defined to be: which, however evident from mecha- 
nical eOBsiderations, ii^ not so easy to demonstrate, geth 
metrically^ from the rescdution of fonoes. 
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PROPOSITION 11. 

181. T0 ^UUrmine tke CtnUr ofPerautim of a Bofy. 

The Center of Pereusaon is that point, in the axis of 
suspension of a vibfadng (or revolving) body, at whidi 
it nay, be stopt, by aa inmoveable obstade, so as to 
resi tfltereraw syu^i&rtb aslt wtre, without acting upon 
the center of suiqiettlion. 

Let O be the 
point of suspen- 
sion, G the center 
of gravity, and 
S L M a section f£ 
the body, by the 
phme wherein the 
axis of suraensioii 
O G S pierfaniis iu 

motion ; to which section let all the parudis of Ae 

bo^ be ceniQKved to be traDsfemd in such parts dteseof 

where they would be projected into forthcinmhicaliyj 

h^ lines parsllel to the axis of motion ; 'mim vaipfb^ 

sition win neither affect the phice of ihe coiter of gnh- 

vity nor the angular motion of the body. 

Smce the angular velocity of any partide P tt as Ae 

distance, or radius, O P, its force in the direction, 

PB, perpendicular to OP, will be expressed by P x OP. 

Therefore the efficacy of that force upon the vzia, at 

B, in the perpendicular direction B N (sumMsingthe 

axis stopt at C the center of percussion) wiu he F x 

OP 
OP X sr^9 whose power to turn the body about the 
OB 

OP 
pmnt G is therefore as P x O P x pr-^ x B C = P x 

OP«xBC „ OP^'xOC-OB „ OP* X op 

— — = Jr X =s Jr V 

OB OB OB 

— PxOP-; which, if P Q be TDnde perpeDctieuilar to 
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OP* 

O S, will kt last (because ^^ = O QJr be reduced to 

PxOQxOC — Px OP^. By the very same argumeHi 
the force Qf any otkelr par^ele P i^l be denotefl by^ 

]?xOQxOC-PxOP« &C&C. Biit, as 41 these 
forces must destroy one another {by the aairire of liam 
problem) the ^um of aU the quantities P x O Q x O C 

P X O Q X O C, &c. must therefore be s* the sum of all 

t 

the quantities P x 0P-, P x OP- &c. and consequently 
QC^FxOP-4-PxOP^4-&c.&c. g^^^^,^ 

P X OQ^ 1^ X OQ + &c. &c. 

preoe^ng proportion) the sum of all the quantities 

PxQQ+PkOQ+&c. i6«qiiia(»06xb^ theqon- 
tent of the body. 'J'herefore O C is likewise s= 

PxQPg+^xO^g^-te. &c. 
'^ OGx&oc^ 

TVk same otherwise. 

Since the fpjircQ of the particle P, in the perpeil^iaplar 

OP* 
idmcftoii NB, is defined by P x pr^y or its equal, . 

P X OQ, the sum of all the quantities P x OQ, P x OQ, 
&0r &c. wiQ eoipress the force which, acting at C per- 
pe&dici^ to. O ^ is s^ffipie^^ to stop the bcKly , .wit^$ut 
the center of suspension O being any way affected : 
lliis 8tt«i, therelbK, drawn 4nto O C ( s O C x 



f^TJ I ' .-■ . ' ^ J- *- 



P X O Q + if* X O Q 4- &c, &c.) is ^ tb^ efficacy of 
ti)e 9aid force to turn the body about the point O. But 
the force of the particle P^ m the direction B N being 

OP^ . 

P ;< TT^ , its efficacy to turn the body i^bput the sapip 

p2 
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point (the contrary way) is as P x O P^ ; and oonse* 
quently the efficacy of all the particles as the sum of 

aU the quantities P x OP"^, P x Ol^^ &c &c. Therefore 
(aetioQ and le-action being equal) we have OC x 

P X OQ + lf^ X OQ + &c.a:P X OP*+l> X Ol^+ftc. rte 
Mmtf 08 before. 

For the Center of Oscillation, it will be requisite to 
premise the foUowing 

Lkmma. 

185i^. Sitppose hvo cxcttding small Weights C and P, 
acting OH each other hy means of an inflexible Line (or 
Wire) ^ O to vibrate in a vertical Plane R O P C M, 
about tlie Center O ; it is required to determine how 
much the Motion of the one is affected by the other, 

■ 

R H Q o ^®^ ^^ *°^ ^Q beper- 

r I V I •— -^ paidicular to the horizontal 

\ ivrv^-''^^ I ™e OR ; also let PB and 

: yvv\/^ CS be perpendicular to OP 

\ \ //?\^ ; and O C respectively. 

^'^^^ ^ ••••.^.. J If the force of gravity 

CV I be denoted l)y unity, the 

• \X I forces acting in tne di- 

S*"^-..... I Vf rections CS and PB, where- 

by the weights, m theur 
descent, are accelerated, will, according to the reso- 
lution of forces, be represented by =ry^ and -^, 

Moreover, since the velocities are always in the ratio 
of the radii O C and O P, if the foresaid forces were 

OH 

to* be in that ratio, or that of P was t6 become j^tt^ 

OP . ^ , . OQ . . , . ,. 

X jTp, mstead of j^ ; 1 say, in that case, it is 

plain, the weights would continue their motion with- 
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out affecting each other, or acting at aU on the line 
of communication P C (or P B). Whence, the excess 

®f 7TT» above ttft x t^t^ must be the accelerative 
O Jr OC OC 

force whereby the weight P acts upon the line (or 

wire) P C, in the direction P B ; which multiplied by 

the weight P gives P x ^~^ j^T^^ — ^'^^ *^® ^^ 

solute force in that direction : which, therefore, in the 

perpendicular direction N B, is Px|^ j=r^ — 

OP 
X 2Yp ; whereof the part acting upon C, being to 

the whole as O B to O C, is truly defined by P x 
OQ OH X QP; 

If P be supposed to act upon C by means of PC (in- 
stead of P B) the conclusion will be no way different : 
for, let F (to shorten the operation) be put to denote 

, i. rr^ OQ OH X OP . ,, J. . 
the force (P x ^r-^ ^^fq — ^ *"^ direction 

P B, found above, then the action thereof upon P C 
(according to the principles of mechanics) .wilt be ex- 

radius 
pressed by F x — — "cWB ' ^'^i^b therefore in the di- 

radius 
rection S C, perpendicular to OC, is F x CVB ^ 

^y. pco _ s . pco _ s. pco .^ OP 

radius -^7CPB""5rOPC"" ^OC' "^ 

same as before. 
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PROPOSITION m. 

18S. To determine the Center of OsciUaium of a Bodg. 

The center of oscillation is that point, in the axis 
(pt Uti«) df suspeiksioti of a vibMitili^ body, into whiili 
if th^ Whdle body was contraetM, the angtilar velocity 
and the time of vibration would remain unaltered. 




Let L M S be a section of the body^ by a plane, per- 
pMiieular b the horizon and the axis of motion, 
passing through the center of gravity G and the point dT 
ftiisj^elUstMi O ; dhd i^ikppose ftU th^ paftleite of %he b<idy 
to b^ trA^sfe^rJN^ to this l^ectioti, ill l^eh pkdss «)f H, Iki 
they would be projected into (drih^aphically) byper- 
p;^idukrs faltihg the¥6dn. ( Wldch supposition will ttt 
way affeot ^he conclusion, the angular motion continuing 
the sanre). Mc^eover Ifet G te ih» center of osdik 
lation, or that point in the axis O S where a partide 
of i|iatt^ (or a small weight) inay hb pldCed so aft tn 
be neither' aob^rated n^r y^taiidea by tni^ ttction trfAe 
other particles of matter situate in the plaifCi Tboi^ 
if, from C and any other point P in the plane L M S, 
two perpendiculars C H and P Q be let fall upon the ho- 
rizontal line O R, the force of a particle (or weight) 
at P to accelerate the weight at C, will (according 
to the foregoing Lemma J be represented by P >^ 
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OQ OH X 0P« , . . .r. XT 

TTp — pTj^^ : which, supposing GN per- 
pendicular to OR, wQl also be expressed by P X 

OQ ON OF . , „ 

OC ~ OG '^ 0C5' '*' '*" ***""* ^ ^ 
OQ X OG X OC - ON X 0P« - . 

manner the force of any other particle F will be re- 

.^ u A OQ X OG X OC - ON X O^ 
presented by P x -^^_^.^_._ 

&c. &c. 

Therefore tbe forces of all the particles de- 
stroying each other (hy hypothesisj the sum of all 



the quantities P x OG x OQ x OC - ON x OP* 



+ PxOGxOQxOC-ONxOP2 Scc. &c. must be 
equal to nothing: whence P x OG x OQ x OC-f- 

P X 06 X 0(i x OC &e. &c. *x P x ON x OP* + 

ON 
i^xONxOi^&e. *c. and conaeqiaently OC»^gX 

PxOP2 + ]PxOt>*+&C. ^ ^^ A^ i«ri ji.^i»wu 

But (by Art. 17 land 172) the 

PxCQ + lf^xCQ+ftc. 

sum of all the quantities P x OQ + P x OQ &e. is equal to 
the content of the body multiplied by the distance 
(O N) of the center of gravity G from the line L M 

ON 

(perpendicular to O C) ; whence O C is also=T:^ x 

PxOP«+PxOP«ftc.&c . _ PxOP<-ht»xOP«&c.&c. 

ONxiody "" OGxiody 

Which expression continuing the same In all indinar 
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tions of the axis O S, the point C, thus detenninecl i» 
a fixed pointy agreeable to the definition ; and appeal* 
to be the same with the center of percussion; see 
Art. 181. 

COROtLAEY. 

184. If PD, Pt) &c. be perpendicular to OS, the nu' 
merator of the fraction found above, will become P x 

(OG^+GP»-26g X GD) + t» X (OG^ + GP^+aOG 

GD) + &c. &c. (since OP^ = OG^ + GP-'-20Gx 
GD &c.) Which, because all the quantities? x — 20.G 

xGD + t^x20GxGD&c.orPx-GD+i>xG6&a 
(by the nature of the center of gravity) destroy one 

another, will be barely = P x O GM- G P^ + P x 

OG^ + G]f*» + &c. &c. = V^P -f &c. X OG^ + P X 
GP^ + P X GP^ + See. = mass x 0G«4-PxGP*-f 
P X G^+ftc. Whence it is evident that OC k, also, 

• r~ »«< "* X QQ* + P X GPg 4- PxGP"' 4-ftc &C.V 
^ "" mass X O G / 

= 0G*4-— r\r^ -; and consequently 

mass X UG ^ ' 

^^ PxGP«+('xG<^*+&c. &c 

Tnassx OG 

Whence it appears that, if a body be turned about its 
center of gravity^ in a direction perpendicular tor lie 
axis of the motion, the place of the center of oscillation 
will remain unaltered ; because the quantities P x GP-, 

F x GP^ arc no way afiected by such a motion ojC the 
body. 
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It also appears that the distance of the center of grd^ 
vityjirom that of oscillation (if the plaiie of the body^s 
motion remains unaltered) will be reciprocaUy as the dis- 
tance of the former from the point of suspension. There- 
fore^ if that distance he found when the point of suspen- 
sion is in the vertex^ or so posited^ that the operation may 
become the most simple^ the value thereof in any other pro- 
posed position of that point will likewise be giten^ by one 
single proportimi. 

185. But now, to show how these conclusions may. 
be reduced to practice, we must first of all observe, that 
the Product yany particle of the Body by the Squqre of 
its distance from the axis of motion is (here) called the 
force thereof (its efficacy to, turn the body about the 
said KsC\& being in that ratio). According to which, 
and the fitst genial v^ue of O C, it appears that, if 
the sum of all the forces be divided by the product of the 
body into the distance of the center of gravity from the 
point of suspension, the quotient thence' Urisine will give 
the distance of the center of percussion^ pf osciUationfrom' 
the said point of suspension. 

The manner of computing the divisor has been 
already explained ; it remains therefore to show how the 
sum of all the forces in the numerator may, be col- 
lected : which will admit of several cases. Wherein, 
to avoid a multiplicity of words, I shall always ^press 
the distance of the center of gravity from the poiilt of 
suspension by g^ and the distance of the center of per- 
cussion, or oscillation, from the same point, by C. 

186. Case 1. Let O S ^ a Line suspended at one 

of its Extremes. 

Then, if the part O P (considered as variable) be . 
denoted by x^ the force of dt particles, at P, will fas 
above) be defined hj xxx^-i whose fluent (i x') there- 
fore expresses the force of all the particles in O P 
(or the sum of all the products, under each particle, 
and the square of its distance from O the point of 
suspension). This quantity, therefore (when x be- 
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ooiDe8=:0 S) being diWdmd by O S x iO S 
(according to the roregoing rule or observi^ 

tion) we get (t-qsI = )* i O S fcr the 

vahie of C, the true distance of the eenteir 
of oscilLition (or percussion) from the point- 
of suspension. 



•Art 185. 



187. Case %. Let A B k aLine, vibrating hi a vertiid 
PlanCf hamng its two Extremes A anoD equally dis- 
ta$U from the Pon^ of Suspension O. 

If O G (perpenA- 
cular to A B) be ]|^ 
r=a, and GP=dP, Ae 
force of dt "faxtidfSi 
at F, wiQbedenot^ 

by ix<»*+ at* 5= «x 
O P^ :* whose fluent 
divided by ax (or 
PG X PG) giy« 

( ax )^ + 




--2= OG-f 
Sa 



C, when x becomes =3 G B. 



188. Case 3. Let APSQ be a circle^ mbrating in a 
vertical Plane, Let P Q be any diameter thereof; then 
O P2 + Q« being = aOG« + 2P G% the sum of the 
forces of two partides at P and Q (putting O GsO) 

and A G=r^ will be ^ a'-^-r'^ x 2 ; whence it is evi- 
dent that the sum of the forces of all the partides, ih 
the whole periphery, will be expressed by their number 

or by a^ -^ r' y. periph. APSQ: whidi, 



X a 



* + r« 
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if |) be put = 3. 141 &c. will 

be = 0* 4- r^ x 9pr ±= f^a*r 
4-%iH. Hence the £m:^ of 
the circle itself is abo giveii, 

bemg ta fluent of gj>a V+%r^ 

;jt tercJr AF«Q. Ndw^ if Vato 
twa expreBBions thus &uAd 
is diyided by « x.jicngpA. 
APfiQ^ «nd a x circfc APSQ 
lUiiliiLLii ill, * we shall have 

r2, 
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« Art 18& 



^^^ __. Mid a .^ ^^ Sot the tw« cbrrespondiBg values 

of C. 

ISQ. C«9^ 4. £4^ A H B £ ^ea CtV«/e Aos^gf «^« PAili^ 
(iUwe^s) pefj^endiculur to the AxUrf^Sk^p&iurien OGt. 

Let AGB be that 
diaiAeter of the cir- 
cle which is parallel 
t9 <the axis of mo- 
tmBS; and let £F 
be any chord parcel 
to ABandRS; whose 
distance G P from 
the center of the 
<dbccle, let he denoted 
}if^; putting OG 
sf:a»aM AG c= r; 

41^00^ tar th« natiftia of the cupde, E F = ^y^r'^^x* ; 
^AiQse istance O P, from th^ axis of motion RS% is 

da6 gi^ett = V«- -f »^ Hence it appears that the 
iute 'of «11 tb9 panicles in dte line E F (defined in 

Art. 186) %ffl bfe t^Wsented V oH^ x 2 vV- — »^. 
TWrefore » x a* ^ x^ x « Vr^Z^ ig ^hg fluxion of 
l3ie ferce of the i^laae ABFi^; whose fluent (wkpi 
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xssr) is sior^-j-ir- x area A E FB G ; whidi, tf f 
be put finr the area of the circle whose radius is mii^, 

will be s= a^4. Jr- X \pr'*- ; whereof the double (fePr^ 
+ \fT*') is the force of the whole circle AEFH: 

whose fluxion 2/Mirr+/>r'r (supposing r variable) beb^ 

divide by r, we likewise get ^t^-r-\-fT^ (= a« -f \r^ 
xwrim AEFH) for the feroe of the peri]^ 
AlB.FJi. But the center of gravity, whether we 
^jki the circle itself or its periphery^ is in die center 
of the cirde ; therefore the distance of the center of 
oscillation ;from the point of suspennon, will in 



two eases be exhibited by a -f- r-^ and a -f 7^- tm^ 

'4a ita 

spectively. 

If the circle, instead of bein^ perpendicular to GO, 
either coincidai, or makes a given angle with it, the 
value of C will come out exactly the same ; provided 
the diameter A B still continues parallel to the axis of 
motion Jl S ; this a|2)ears from Art. 184, and may be, 
otherwise, very easily demonstrated. 

I 

190. Case 5. Let the Figure proposed be a Curve ACF, 
moviw (JlatiwaySf as it were) so that the IHane &• 
scrf^ hf the Axis O A S may he perpendtctdar to 
thqt of vie Curve. 

Here, putting AP == x, PN =;y, 
AN=2;, OA=:d, 0G=^, and 
A G==a, the force of the parti- 
cles in MN will be definecl Iij 

8y X d + xl*. Therefore Ac 

fluent of 2y« x d + xl* will be 
as the whole force of the plane 
NAM (or A E F, when x tit 
A S) and consequently C = 

/Zm. d+xl^xj^x 

? — ^=uj= : which, tnece- 

/Im. d-k-xxyx 
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fore, when the point of suspensibn is in the vortex A, 

will become C =^ ' — . Let this value be denoted 

by v ; then, the distance of the centers of gravity 
and oscillation being t?— a, we have (by^ Art. 184) 

g I ay, V -^ a \ ( ^^^) the distance of the same 

^ S "^ 

centers, when the point of suspension is at O, and con- 

sequently C, in that case, = g* + '. which 

S 
fimn will be found more commodious than the foregoing 
in most cases. 

After the same manner the value of C, with respect 

Jlu. d+P^ X z 

of the arch A E F, will appear to be = — — == 

flu. d+xxi 

, ax»— a . fiu. xH 

= ^+— -.supposu.g«=-^. 

It may not be improper to give an example or two 
of the use of the foregoing theorems. 

191. Let, therefore, £ A F be first considered as an 
isosceles ^iangle : in which case A P («) and P N {jj) 

bx 
being in a constant ratio, we have y = -^ (supposing 



^ flu, d'{-x]^xyx\ 
SF=J, and AS=c). Hence C (='^—== — ^) 

Jlu, d-^-xxyx ^ 

_ JIm. (iPjTi -h 2da?gi+x^«) _ i<P -¥ 7 dx -{- j x^ _ 
"" • fu. (dxx + x^x) "^ I d + 7 « "^ 

6d^ + Sdx + Sx^ 

^ 2 : or (according to the second form) 

1 //fo. y2^sc\ 3x J • 1 

because v v ' . *^ . ) =—7-, and a is known to 
\fiu, yxx/ 4 
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•Art.lT4.be = ^,* we have C {= g + t2Ll — ^)=^ + 

o 

»^ 
—-, where ^(=d+a) = d+»x. 

*^ 

Again, because i and i are in a constant ratio, we 

JIm. d -^ Jfl* X i JIu. d + «1* X i 

uso nave — •• • — =s v — — =: 

Jlu. d + « X i JIu, d +JC X X 

= — ~ — ; whence the center of oscillaticm of the 

d + ix 

lines E H and A F is given. 

192. For a second example, 1^ E A P be supposed a 

parabola of any kind, whose equation is y = ^--p : 

then (according to form 2) we shall first have v (s 

.$yg!?) J >• ^^;» =^IIii_*: whence, 

, . n+lx«, , ^ ^, axv—a\ 
tArt. 176.0 being = —q- we also get C(z:zg-\ \ 

n- fl xr^ nTlx* 
= ff -f===rT — ^, : where ff=a4-"^ s — • 

But, with respect «o the arch ojT the Qurv^ v f^;^ 

JIu. Jc«i\ . /m. x'^x /c*^ -f n^« 2«-i 

value (found by infinite series, and even without in some 
$ Art. 138. ^asei) J that x^^ wiU al^ be given. 

193. Case 6. Let^ke^provbetd Jpuaere^ie a Curve'^vik^' 
tng (eige-wdj/s) so tnat the Motion ^f tfie Jtxta my 
he in the Plane of the Curve. 

Then (hy Case 9) the force of all th« partMes in 
the line P N (see the preying Jig^r^J jpeing defined 

by 0P« X PN +§^PN', orT+x)^ xy + j.y? (retaining 
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the notation above) we have <;= — ' — ;; — , : : 

which, when the point of suspension is in the vertex 

A, will become * ^"* *^ — T^ ^ : let this (when 

flu, yxx 

faund) be denoted by v ; then, it i^f>ears fSrom the 
preceding case, that the ^neral value of C will also 



a XI? —a 



be represented by ^ + 

S • 

In the same manner the vahie of C, with 

respect to the arch EAF, will be expounded by 



flu. d+xf^-^-y^xz , axv—a 

'' "^ ^ CMT by g:H , supposing %> = 

flu, d-f-xxi S 

flu, x^ +y*xi 
flu, xz 

194. Example. LettheEquationoftke^ive/kCurDebe 

v=.J^: then « ( = -^il-^lS^ ^ . 
^ tr^' ^ • flu. yxt / 

flu, c^-^x^^x -f jc^^x^x __ n -h 2 X JP 

JeT^ a;3»+' X n-f-^ _ n -h 2 x J ;n -h g x c^^'^ x J'^'^^ 
Sn + lxa:^ "" «+* »x8n+l 



n + S n + S v^ 

s= — rs X X H -' X — : from which the 

n + ^ 8x8«+l * 

value of C is also given ; and from whence it appears, 
that if n be expounded by'O, v will become <»> 

-5-+^=-3-x — — !^; m which case th^ fiimre 

will d^enerate to a rectangle: but, if n be inter- 
"^preted by 1, the figure E^^ will then be anisoaoBiei 
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trian^e^ and « s — + £- : lastly, if n be taken 

= f, the curve wiU be the common parabola, and «== 
Bx c 

195. Case 7. Let the Figure A EF H 6e a SMlgim^ 
rated by the Rotation of the Curve EAF abomi iU 
Axis A S ; having its base H H parallel to the Axii 
of Motion B O C. 



It appears, yrom Case 4, 
that the force of all the 
particles in the circular 
section hh (parallel to HH) 
will be expressed bj 

OPmTPN* xcirde hh, 

orOP^^PN^ + JPJfTx ji« 
fp being =^ 3. Ulfi, &c,) 
which, in algebraic terms, 

is d+ «l* X y* + J^ X p 
Hence we have C = 




» Art 1S& 



flu. ^+x]^x5^^ + iy^ X i^Jc /M.(d + »r x j^-ac+j y^i) 



* — . 



Whidi, therefore, when the point of suspension is in 

the vertex A, bec6mes -^^ — ^ ^ , = t? ; and 

fiu y^xx 



consequently C = ^ + 



axt?— « 



, as in 'the precedmg 



cases. 



But, with regard td the superficies of the solid, it 

is found, in Case 4, that the force of the 'particles in 

- 

the periphery M A N A is expressed byOP--fiPN*x 
periphi MAN* =rf+J^l * x 8Ry -f j?y * . 
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Hence the fluent of rf+jc^« x%>y+iy* xi, divided 

flu. (d + xf X %ity '^) \ 

by that of d + ;c X 2Ryi ( = \ J^ o > ) 

will give the true value of C with respect to the cuive 
surface EAAAF. Which, putting t?;=-^!?:^^!^^, 

is likewise Expressed by g + "^ — 

S 

196. Ex. 1 . Ltt £ A F &e considered as a Cone; then, 
putting A S==/J S F=6, and A F.^c, we have^=-^ 

,.= " ; and therefore C (= >• (^T^J^i^il^^x) ) 

= m + 15/ , when^ = /. But, 

with respect to the convex superficies, C will be founds 

Igrfg-f- 16df-h6/^H-8ft^ 
12d + 8/ 

197. Ex.£. Zc< E A F, 4-c. be considered as a Sphere 
whose Center is S, and Radius A S=r; in which case 

V« bein£r = ^rx— »S we have v (=*^— -^ ^^— \ 

"" /m. (^rx^xr-x^xj "" ir— J« 

whence C is also given. But, when a? "= 2r (or. the 

7r i 

whole sphere is taken) u = -- : therefore a being = r, 

and g-=OS, in this case, we have C (= ^ + 
axv—a\ . rx2r . 2r* 



\ , rx»r 
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198. Case 8. Let the Fi- 
gure proposed be a Solidj^as 
in the preceding Case^ but let 
its Axis A 6 if here por 
rallel to the Axis of Motion 
ORS. 

Then, if RP (OG) be 
put = gy S,14599 &c. =p, 
A P = x, &c. the fiirce of 
the particles in the circle 
N M (paraDel to E F) will 

be exhibited by g"" + |y 

^py"* orpgY-^-iK/^f^ 
Case 3), Hence we have C= 

* Art I85. i«' (Pg'f^'^ipy^x) ^ _ flu.CpgYx +ipy^x) _ 

+ Art 145. gx solid g^^f^* P^x ^ 

flu, jyH 

^ g X>,^'X* 

Moreover, with respect to the superficies, the tom 

of the particles in the periphery of the said circle M N 

J Art. 185.jjeJng ^pg^y + %|y^ J we have, in this case, C =; 

flu, ^p^y -f %^^ X z ^ flu. (2pg'yz+2pyH) ^ . 
gx superficies gy^flu»^pyz 

g y^fi^-yz • 

199. Ex. 1. Let E A F ie a Segment of a Sphere^ 
whose itadius is r; then^' being = Srx— a?*, we shall have 

Cr^ I >' iy'^ \ ^ ^ , >' (2rVx^^rxH + ix*x) 
g x/M.y-x/ ^ g xflu. (2rjcx— x'i) 

^r^x—^rx^-^^x^ Wr'-lSrx + Ss^xx 



gxr—^x " ' SOr^lOx xg 

Which, when x is expounded, either by r or 2r, be- 

for the true value of C, when 



comes = g + 



^ 
%' 
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either the hemisphere, or whole sphere, is taken. But, 
with respect to the center of oscillation of the super- 

rx 
ficies thereof, we have z in this case = — 7====** Art. lit. 

V9rx — x« 

= — : and therefore g + *^ * ^ — = jf + 
y * g ^flu.yz * ^ 

Jlu. 2rx — x^ X rx . rx— i*^ , . , , 

--7T : =^ g + -^ : which, when 

gxjiu.rx ^ g 

i =r r, or J? = 2r, becomes g + ^— • 

200. Ex. 2. £e< <Ae aS'o/uI E AF &e a Pamfto^oul, toAose 
generating Curve is defined by the Equation y = — -^ : 

thenC==g+>:,^<^ = g+>'y ^^^" 

g^Jlu.y^ X ^ g xjtu. a2-ap xc2-- 

2n+l X a:2- ^n+l x v« 

if n be taken = 0, the figure will become a cylin^, 

and C* = g^ + ^ : but if » be expounded by 1, the 

^g 

figure will be a cone, and C := g + -^. Lastly, if 

n be taken =x |,, the figure will be the solid generated 

from the common parabola and C = ^ + ^. 

3g 



£• 



«s 
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SECTION XIL 



Of the Use of Fluxions in^ determining the 
Motion of Bodies affected by Centripetal 
Forces. 



Art.^- 



PROPOSITION I. 

201. JtHE motion^ or velocity^ acq&irtd hy a ha^ 
frtdy descending from rest^ by the force of an i^^crm . 
gravity y is proportional to the time of its descent f and 
the ^ace gone over, as the square of that time. 

The first part of the proposition is almost 8el£>€|ri- 
dent : for, since any motion is proportional to the fixree 
by which it is generated, that generated by the ferpe 
of an uniform gravity must be as the time of descent; 
because the whole effect of such a force, acting equally 
every instant, is as that time. 

Let, now, the velocity acquired 
during a descent of one. seeehd of 
time, be such as would carry the bojy 
uniformly over any distance & in one 
second ; and let AB (x) denote the dis- 
tance descended in any proposed time 
t ; which time let be denoted by P Q ; 

making B&=» and Qq^it:- then.it 
will be, as i : t : : 6 : (h t) the4i8t«Doe 



P A 



- ..c/ 



I 

a 



- c 



.. -e 




that wouI<^ be uniformly described In 1,. 

with the velocity at B : also \\t\\ 

the said distance (ht) to btt = x.* 
]g By taking the fluent whereof we get 



1/ 
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^6^= a:. Therefore the distance descended {jbt^^ is 
as the square of the time. Q. E. D. 

Otherwise^ without Fluxions. 

Conceive the time (P Q) of falling through A B to be 
divided into an indefinite qumber of very small equal 
particles, represented each by m; and let the distance 
descended in the first of them be A c, in the second c d, 
in the third de, &c. &c. Then^ the velocity being 
always as the time from the beginning of the descent, 
it will in the middle of the first of the said particles be 
defined by ^m; in the middle of the second by 1 | wi ; 
in the middle of the third by 9,\m^ &c. &c. But, 
since the velocity at the middle of any particle of 
time, is a mean between those at the two extremes, 
or betwixt any other two equally remote from it, the 
corresponding particle of the distance A B may, there- 
fore, be considered as described by that mean velocity. 
And so, the spaces Acj cdy de^ ef^ &c. described in equal 
times, bein^ respectively as the said mean celerities ^ m, 
Ifm, 2 1 My S^niy &c. it follows, by addition, that 
the distances Ac, A ^, A e, A^ &c. gone over firom 

. • . . ^ , m 4m 9^1 16m 

the beginnmg, are to one another as -^, -^, -^, -^ 

8cc. or 1, 4, 9, 16, 25, &c. that is, as the squares of 
the times. Q. E, Z>. 

COEOLLABY 1. 

SOS. Since the distance that might be uniformly run 
orer in one second, with the vekcity at B, is ex- 
pvessed by &r, the distance that might be described with 
the same vdocity in the time . t will therefore be ex- 
pressed by &^ X ^ or^t^ : whence it appears, that the 
space A B (I bt^) through which the body fdls in any 
given time ^ is just the half of that which wbuld be 
unifonnly described with the celerity at B, in the same 
lame. 

Therefore, since it is found firom experiment, that a 
bodjr near the earth's surface (where the, gravity may 
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be taken as unifiirm) descends about Ifr:^ feet in tlM 
first second, it follows that the value of ft ^ in lim 
case) =2 x l&^^^S^i : and consequently the number 
of feet descended in t seconds, equal to 16^ x t^> 

COROLLABT 2. 

SOS. It is evident, whatever force the body d{^ 
scends by, the value of b will always be as diat raroe; 
since a double force, in the same time, generates a 
double velocity; a treble force, a treble vdocity, Ac. 
There&re, seemg our equation | bt'^^x, also ffveA t:s 



s/ 



-— , and h = - — , it follows, 

1. That the distance descended is, universally^ tA 
the force and the square of the time conjunctly. 

2. That the time is always as the square root of t^e 
distance applied to the force. 

3. And that the force is as the distance - applied' to 
the square of the time. — And it ma^ be furmer c6- 
served, that whatever is here said with r^ard to thb 
time, also holds in the velocity, being proportional to 
Ae time. 

PROPOSITION IL 

-A- 204. To determine the Velocity 
•ni and Time of Descent of a Body 
alofig an inclined Plane A C. 

From any point F, te A^C, 
]g( drawFE pei^ndicukr tdlieyetw 
tical line AD, and make FB and 
CDperpendiculiur to AC,n(ie«t^ 
A D in B and B. BeoBus9(|)r 
the princijdes of medianicd)^ m 
ferce of gravity- in the direelieti 
FC, whereby the body is mad^ tb 
descend along the plane^ is to the 
absolute fmrdrth^rebf, att'AI^ to 

D 
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■ 

AB, or as AC to AD ; and since (by Casel. Art. SOS) 
the distances descended in equal times are as the 
forces, it follows that the time of jdescent through A F 
will be equal to the time of the perpendicular descent 
through A B : and consequently the time of descent 
through AC equal to that through AD ; which is given 
ly Prop. 1. Moreover, because the velocities at F and 
Id, acquired in equal times, are as the forces, or as A P 
to AB ; and it appears from Prop. 1, that the velocity 

at E is to that at B, as V^ A E : V^ A B, or as 

a/AExAB (= A F) : /ABxAB(=AB) it foU 

lows, by equality, that the celerity at F is equal to 
that at E ; which is therefore given by the preceding 
proposition. Q, E. I, 

' Corollary. 

9,05. Hence the time of descent along the chord 
AC of a semi-circle ACD is equal to the time of descent 
along the vertical diameter A D : and, if the chord 
D G be of the same length with A C (its inclination to 
the horizon being also the same) the time of descent 
along it will al^ be equal to that along the vertical 
diameter. 

PROPOSITION III. 

^6. If, from two Points 
A and D, eqvudly remote 
from the Center of Attrac- 
tion C, two Bodies move 
with equal Celerities^ the 
one along the Right-line 
A C, the other in a Curve- 
line DBQ, their Celerities, 
at all other equal Distances 
from the Center, will be 
equal 

For, l^t (5b and CE be 
any two such distances; 
1^ the aieh BE hi de- 
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scribed, from the center C, and also eft, indefiniteljr 

near to it, cutting C B in ft : let the centripetal force 

at the distance of C B or C £ be represented ny f^ and 

the velocity at B, by v. 

By the resolution of forces, the efficacy of the 

finroe (f) in the direction B6, whereby the velocity 

B w 
of the body is accelerated, will be -^j- x f: also the 

time of moving over B b (being as the distance applied 

to the velocity) is represented by — : therefore the 

increase of velocity, in moving through Bft, being as the 

force and time conjunctly, will be defined by r^rr- x f 

X — i or its equal . — y. f. In the same manner, 

the velocity at £ being denoted by tr, the time of 

Ec 
fiilling through £e will be represented by — , and the ve- 
to 

. . Ec 

locity generated in that time by — xy : which is to that 

w 

■D 

( X f) acquired in falling through the arcli Bft, as 

11 . . 

— to — . Therefore, seeing the corresponding incre- 

' ments of velocity are always reciprocally as the velo- 
cities themselves, it is manifest, if those velocities are 
equal, in any two corresponding positions of the bodies, 
they will be so in all others, being always increased 
alike. But they are equal at A and D by supposition : 
Therefore, &c. Q. E. D. 

PROPOSITION IV. 

807. To find the Ratio of the Velocities^ and Times of 
Descent of Bodies^ in Curves ; the' Force of Gravity 
being considered as uniform. 

Let A R D represent a curve of any kind, along 
which a body descends by the force of its own gra- 



A 




C 

B 
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vity from A ; let A C, R B, &c. be parallel, and C D 
perpendicular, to the horizon ; moreover, let R n touch 
die Curve at R; and let C B = «, AR = w, and 
Rn:=id.* 

Since the points B 
and R (as well as C 
and A) may be looked 
upon as equally re- 
mote from tne earth's 
center (to which the 
gravitation tends), the 
velocity acquired in 
descending through the 
arch A R will (by the 
'last proposition) be 

equal to that acquired by falling freely through the 
right-line C B ; which last velocity (by Prop. 1) is 

always as vCB (or w*). Therefore the celerity, 
whether the body moves in a right-line, or a curve, 
is always in the subduplicate ratio of the perpendicular 
descent ; and so, the time in which R n (w) would be 
uniformly described, with that celerity, will be univer- 

sally as ~ ; whc^e fluent is as the time of falling 
through A R. Q. E. L 



2SS 



* Art 136. 



EXAMPLE. 

208. Let the curve A R D be any portion of the 
common cycloid; whereof the vertex is D and axis 
D C ; and whose nature (putting D C=c> and the ray 
of curvature at D=a^ is defined by the equation Sa 

X DB=rDR«. Here, we have DR (= /& x /dS) - 

ssr V ^a X c — «)* ; whose fluxion — l/ 2a x 

■ . , with a contrary sign, is the value of Rn or w ; 

c — «]* 



therefore 
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— rr^^ai X 



whdse Aix^ty 



at the lowest point D, where u be6ome8=c, will (bf 

Art. 142) be equal to l/2i Ynultipliedby (?lli!^^) 

half the measure of the periphery of the drde wfao^te 
diameter is unity. 'Which fluent (and cohse^uendy 
the time of descent) will therefore continue the same, 
let the arch D A be what it will. 

PROPOSITION V. 

309. To determine the Paths of ProiectUes near the 
SartVs Surface (negkcting the KesiHance of the 
Atmosphere), 

Let a bddy be pro- 
C jected from the' point 
A, in the direeticai 
of the line A C, with 
a velocity sufficient 
to carry it unfformly 
over, the distance d 
in the time t ; and 
let the space throu^ 
which it wotdd fredy 
descend, b^ its own 
gravity, in that time, 
be denoted by b; also 
let the sine of the 
angle of elevation 
BAG (to the radius 
-H. 1^ r^ be put zi± 9y its 

^S§^ilk^^c\ vedSt the disfirndb of the pibi^it A from thi& 
0iS^mi^ VtrH (considered as i^oVing pttr^kl to itseff 
ataeg with the body) = x ; then, fty Trig. H G (per- 




A PH D 



sx 



rx 



pendTdltihur to AB) will be =t — , and A G = — 

Becauife ikga pT0|ciDtilie is tunied aside, continually, 
frond a rectilinear path, by the earth'^s attractii$ny it 
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must describe a curve-line Am E mB, to which AC is a 
tangent at the point A: but that attraction, acting 
always in a directioB (m H)^ perpendicular to the ho- 
rizon, can have no effect upon that part of the velocity 
with which the body approachea the line B C, paralldi 
to H m ; therefore the ndit-line H G (in which the 
body is always found) will continue to move imifentdy 
totrards BC, the same as if gravity was not to ael^ 
and the distance 6m descended from the tang^t A C, 
by means of the attraction, wiU be the v^ same as i 
the body was to descend from rest albn^ the line GH^ 
This being premised, it is evident, Siat as d *. A G 

{—) y.t\ ^-^ X t) the time of describing Am; 

and, as t^ : -r^ xt^ :\b: —^ the space ( 6 m J 

through which a body would freely descend in that time 
(by Prop. 1). ' 

^^^1 "" -^^ ^ ^i^ '" a general 

ttS^Q fin: the <nrdmat0 m H : hj puttmg wfaidtttO, 

we get a?= -7—- = AB = the amplitude of the pro- , 

jection. But, by putting itisi fluxion equal to nothing, 

we have ^=xr^ ; which sdbstituted for a? in the 

value of 9ilH, ftiye^ TT-^ ^ot the altitude D£ of the 
projectiDil.' Q. IX L 

CoBOXliABY. 

310. If another body be projeSt^S; with the same 
celerity, in the vertical direction A S; then, s becoming 



* t 
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come Tr= -^ ^ ; which call A, and let this value be 
substituted in those of A B and D E, and they will bcr 
eome r— and — respectively. 

Hence, if from the point Q where the line of di» 
leodon A C cuts a semi-circle described upon A S, Ae 
lines S Q and Q P be drawn, the latter perpendicular to 
A B, the triangles A S Q and A Q F being similar, we 
shall have « 

r:*::A (AS):-=AQ 

T 

r:.::-(AQ) :f!J=PQ=DE 
r:c::-(AQ) :4=AP=}AB 

* 

PROPOSITION VI. 

211. To determine the Ratio of the Forces^ whereby 
Bodies^ tending to the Centers of given Circles^ are 
made to revolve in the Peripheries thereof 





Let ABH andaiAbe any two proposed circles, 
whereof let A B and a b be similar arcs ; in which^ let 
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the velocities of the revolving bodies be respectively as 

y to V ;' make DBK and dhk parallel to the radii AC 

and ac, putting AC=jB, ac^^r, and the ratio of the 

centripetal force in A B H to that in a ft A, as J^ tof. 

It IS plain, because the angles ABD and afta are 

equal, that the velocities at B and ft, in the directions 

B K and ft /r, with which the bodies recede from the 

tangents A D and a d, are to each other as the absolute 

celerities V and v."^ But those velocities, bemg the •Art 35.1 

effects of the centripetal forces acting in corresponding 

similar directions during the times of describing A S 

and a ft, will therefore be as the forces themselves' when 

the times are equal ; but when unequal, as the forces 

and times conjunctly. Therefore, the times being 

,, AB ab ^ R ^ /T_ ,1 

universally as -:=- to — , or as -— to — (because the 

V V V v 

R ^ 

arcs AB and ah are similar) we have, 9& Fx-==\ f x 

— \\V\ t? ; whence (multiplying the antecedents by 
-= and the consequents by — ) it will be, 2& F \f \\ 

R T y 

-=-:—: therefore the forces are as the squares of the 
R r 

velocities directly, and as the radii inversely. 

Otherwise. 

Let the indefinitely little arch A B be the distance 
that the body moves over in a given, or constant par- 
ticle of time ; and let the centripetal force at B be 
measured by twice the subtense or space A E through 
which the body is drawn from the tangent A D in that 
time."!" 

t The velocity which any force, nnifbrtcly continued, is 
capable of generating, in -a given body, in a given time, is 
the proper measure of the intensity of that force.* But this • j^^ g^j^ 
vdocity ia itself measured by the space the body would move 
uniformly over in a given time ; which space is alwajFS the 
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liien by the nature of the drde, AB^^sAHx 

ATI* 

A E= A C X 8 A E, and consequently 2 A E==^ : 

therdbrc, the force is as the square of the velocity i^ 
pUecl to ihit radius of the drde {as beforej. 

COBOLLABT I. 

812. Because, F :/:: ^ : -, it follows that 

Vw:: VRF\ l/r/, and 

COBOLLABT II. 

218. If the ratio of the periodic times be denoted 
by that o( Ptop ; ' then the ratio of the velocitifn F, n 

R r 

being as p to — , we shall have, by equality, VRF^ : 

--^ R r 
^rf ; I p I — ; whence also 

R\r\\FI^\fp'K 



double of that through which the body would freely descend, 
♦ Art. SOI^.from rest, in the same time.* Therefore 2AE is the proper 
measure of the centripetal force, according as we have as- 
sumed it. — It is true, when the forces to be compared are 
all con^puted in the same manner, from the nascent, or in- 
definitely small subtenses of contemporaneous arcs, it 
matters not whether we consider those subtenses, or their 
doubles, as the measures of the forces, the ratio being the 
same in both cases. But when the forces so found are to 
be compared with others derived from a fluxional calculus, 
it is absolutely necessary to take the dpuble subtense for the 
measure of the force. — This Note is inserted, that the 
learner may avoid the errors, which some very considerable 
mathematicians have fallen into by not properly attending 
to tills particular. 
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COBOLLARV lit. 

214. If the measure of the force, or the velocity 
that might be uniformly generated in a given time (1) 
be expounded by any power a" of the radius A C (a) ; 
then the distance through which a body would freely 
descend in the same time, by that force, uniformly 
continued, will be expressed by \ a".* Therefi»e, • Art 20iRr 
the distances descended, by means of the same force, 
uniformly continued, being as the squares of the 
times,*!" it is evident, if the time of moving through t Art* 201, 
A B be denoted by £, that the distance A E descended 

in that time, will be denoted hy :r- x \ a*: and so 



2 



we shall have A B (/2AE x A C) =;: t X a 

which being the distance described by the revolving 
body in the time ^ it follows that the space gone ovet 

in the given time (I) will be a ^ . D^hicB, there- 
fore, is the true measure of the celerity in this case. 
The same conclusion might have been derived in much 
fewer words from Corol. 1 ; but, as a thorough under- 
standing hereof is absolutely necessary in what follows 
hereafter, I have endeavoured to make it as plain as 
possible. 

Corollary IV. 
215. Hence the time of revolution is also derived ; 
for it will be as a 2 : 3. 14159 &c. x 2a (the whole 
periphery) : : 1 : ^ii!A^^JL?? or 3. 14159 &c. x 



a 2 



1— j» 



2a • , the true measure of the periodic time. 
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\ 
COKOLLABY V. 

216. Therefore, if n be expounded by 1, 0,-1, 
— ' 2 and — 3 successively, tnen the velocity cor- 
responding will be as a, a*, 1, cr— t, and a""' ; and 

the time of revolution, as 1, a , a, a^ and cfi re- 
respectively. 



Scholium. 

217. From the preceding proposition, and its sub* 
sequent corollaries. The velocity and periodic time of 
a body revolving in a circle at any given distance from 
the earths center^ hy means of its own gravikfj.mM 
be deduced : for let d be put for the space through which 
a heavy body, at the surface of the earth, descends in 
the first second of time, then 2d will be the mea^ 
sure of the force of gravity at the surface : and there- 
fore the radius of the earth being denoted by r, the 
velocity, per second, in a circle at its surfiMse, will be 

\—- ^ ^ . ^ , . 3. 14169 &c. X 2r 
v2rd; and the time ot revolution a= .— = 

/^r 
= 3. 14159 &c. X \/ — (seconds) ; which two ex- 

^ d 
pressions, because r is = 21000000 feet and i{==16iV 
will therefore be nearly equal to 26000 feet and 5075 
seconds^ respectively. Let R be now jut for the radius 
of any other circle described by a projectile about the 
earth's center : then, because the force of gravitati<m 
above the surface is known to vary according to the 
square of the distance inversely, we have (by Case 4f, 

Corel. 5) r'~i ! iT"* I ! (26000') the velocity (per 
second) at the surface, to 26000 x \/-^ the ve- 
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locity in the circle whose radius is R : and r* : R 
: : (5075') the periodic time at the surface : to $975 x 



V 



, the time of revolution in the circle R» 



ri 



Which, if jR be assumed equal to (60r) the distance of 
the moon from the earth, will give ^60000% or 27; 3^ 
nearly, for the periodic time at that distance. 

In like sort the ratio of the forced of gratf&attoH 
of the mooUy towards the sun and earthy nun/ be eoM' 
puted. Tor the centrifugal forces in circles, htSiig 
universally as the radii applied to the squares of the 

r , . . .„ , /SlOOOOOOx , 
times Qi revolution, it will be as f p — f the 

semi-diameter of the Magnus Orbis divided by the square 
of one year (the periodic time of the earth and moon 
about the sun) is to (840000 x 178) the distance of 

Ibe tnoon frotn the earth divided by ^^59 ^^^ squsiire 

tf the periOcBc tiihe of the moon about the earthy so 
IS I, 9 to 1 nearly ; and so is the gravitation of the 
iHibatL tbwdrds tbe sun to her gravitation towards the 

Als«v aftev dse asme manner, the centrijiigalforci of 
a bo^ at the equtatofTy arising fHm the ectrms rota- 
tioUj is derived. For siiice it is round above^ that 5075 
seconds is the time of revolution, when the centrifugal 
fivoe would beeome eqaial to the gravity, and it ap- 
pwr& (by Cast %, Coiel. S) that the forces, in circles 
haying tiie same radij^ are inversely asr the squares of 

ilie periodic times, we therefore have, as 80160]^ (the 
sq^uaie of the number of seconds in (33*^ 56^) one 

whole rotation of the earth) to 5075P (the square of 
tlie number of seconds above given) so is the force of 

R 
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gravity (which wc will denote by unity) to — g, the 

centrifiisal force of a body at the equator arising from 
the garth's rotation. 

But, to determine, in a more general manner, the 
ratio of the force of a body revolving in any given 
drcte, to its gravity, we have already given 3. 14 &c. x 

— - for the time of revolution at the surface of 
a 

the earth, when the gravity and centriAigal force are 

equal: therefore, if the time of revolution in any 

circle whose radius is a, be denoted by U ^^ follows, 

T €L 

from Corel. 2, last Prop, that, I -- 

Oi)« &C. X ^ 

a 

; I the gravity of the body *. to its centrifrigal force 
in that circle; which, therefore, is as unity to 

8. 141^ &c. X 2a 1 . 1 ooQ <» 1 
~ ; or as 1 to 1. »28 x — very nearly ; 

where a denotes the number of feet in the radius 
of the proposed circle, and t the number of seconds 
in one enture revolution. So that, if the length of a 
sling, by which a stone is whirled about, be two feet, 
and the time of revolution :| of a second, the force by 
which the stone endeavours to fly off, ^ will be to its 
weight as 9. 824 to unity. 

From this general proportion, the centrifugal forct 
and periodic time of a pendulum describing a conical 
surface may likewise be deduced. 

For let S R, the length 
of the pendulum, be de- 
noted by g; the altitude 
C S of the cone, W- c ; the 
semi-diameter C R of the 
base by a ; and the time 
of revolution by t: then, 
the force of gravity being 
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represented b^ unity, the force with which the re- 
volving body at R, the end of the pendulum, tends 
to recede from the center C, will be defined by 

^ , as has been already shown. There- 
fore, because the body is retained in the circle R R by 
the action of three dififerent powers, t. e the centn- 

fugal force y— — —j-^^ j in the direction C R, 

the force of gravity (1) in a direction p^f altel to S C, 
and the force of the thread or wire R S, compounded 
of the former two ; it follows, from the principles of 
Mechanics, that as SC fcj to C tt (^\so is the weight 
of the body at R« to the force with which it ^cts upon 

the thread or wire K S ; and as 1 . — — rir ^ 

at* . ' . 



: : C S (c):CR (a) : whence A^ ^ 3. 14 &c.f x 2c, 

and « = 3. 14 &c. x \/~ = 1,108 l/c" nearly. Be- 

J a 

cause dt% or its equal 8. 14 &c.|* x 2c, expresses the 
space a heavy body will descend, by its own gravity, 

in the time «,* and siace 1^ : 3. 14 &c.l" : : 2c ! •Art. 

S. 14 &C.1* X 2c ( = dt^) it therefore appears that, as 

the square of the diameter of any circle ^ is to the 
square of its periphery ^ so is twice the perpendicular 
altitude of the cone^ to the du^afux a heavy body mill 
freely descend in the tirne of one whole ^/ration of 
the pendutunij let the base of the concj and the length of 
the penduhim be what they will, 

PROPOSITION VIL 

218. To determine the Ratio of the Velocities of Bodies 
descending, or ascending^inlitght4ines^whenacceleratedj 
or retardedjbyForceSy varying according to agiven Law. 

Suppose a body to move in the right4ine C H, and 
let the force whereby it is urged towards G, or H, 

r2 



I 
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be as any variable quantity F: moreover, let the ve- 
locity of the body be represented by v ; putting ita 
distance C D, from the point C^iX, and D i=:x. 

H Then since the time wherein the space 

D d (i) would be uniformly described, with 

A . . i 

the velocity at D, is known to be as —, the 

Y) velocity that would be uniformly generated, or 
•^ destroyed, in that time by the force F (be- 
ing as the time and force conjunctly) will 

Fx 

consequently be as — : which therefore must 

IC "" 

be equal to, + ^, the uniform increase tir 

decrease of celerity in that time; and consequently 
-{• vv ^ Fi, From whence, when the value of F 
iT given in term& of jc, or t?, the value of v will like- 
wise be known. Q. E. /• 



COBOLLAAY t. 

'Si9. Hence, the law of the velocity being given, 
that of the foree 13 deduced : for, sinee FAi^ -Vt^^ 

it is evident that F= -\ 

"" X 



CoEOLLARlr II. 

S90. Hence, also, the ratio of the vdoeity at D 
to that whereby a body might revolve in the peripbei^ 
of a circle about the center C, at the distance of C D, 
will be known : for, if this last velocity be denoted by 

• Art 2l9.tr, the value of F will be rightly expressed by — ^ * : 
whence, by substitution, we have + i?6 as -^^, or 
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4- i?2 X - = t£)^ X — : whence to^ \ v- ', -\ . — , 

and consequently wlv '.: y/ =^ : ^ ~. Where, 

as well as above, the si^ of t) must be taken+or— 
according as the body is ui!]ged from, or towards the 
center C. " 



PROPOSITION VIIL 

J221. Supposing a Body^ let go from a given Point A txnth 
a given Celerity (c) along a RightMne C H, to he 
urged, either way, in that Line, by a Force varying as 
any Power (n) of the distance from a given Point C ; 
tojind, n/otonly, the Relation of the Velocities, and Spaces 
gone over, bu$ also the times of Ascent and Descent, 

The construction of the preceding problem being re- 
tained, F will here be expounded by of, and we shdl 
therefore have + vv {^FdJ^nxTx ; and consequently, 

by taking the fluent thereof, + -q-= ^ ; but to 

correct the fluent thus found, let x be taken=CA 
{which we wiU call aj then v being s c, the fluent in 

that circumstance will become 4- -:r = ^ : there- 

~ 2 w+1 

v^ _ c^ 
fore the fluent duly corrected is ± ^j -f — 3= 

-:i — ,* or v^ cw c* = : whence v wul • Art. 78. 

»+l n-i-l 

eome out = V/ c^ 4- -^- =t- : where the 

signs of I? and j*+' must be alike, when both quan- 
tities increase, or decrease, at the same time ; that isi, 
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" Art 980. when the force, from C, is a repulsive one \* but, un- 
like, when one increases while the other decreases, or 
the finroe, tending to C, is an attractive one. In the for- 

mer case we therefore have t>= \/ c- + = ; 

y n+1 

and, in the latter, »=\/ c- + 

^ n + 1 

The value of v being thus obtained, let the required 
time of moving over the space A D be now denoted 

by ,T ; then, since T is universally =- , we have T 

X 



V 



, 2j:-+'-2a'+ 



; , or T = 



' n+1 



V 



7— ^^v--^-^:! according to the two foresaid 



n + 1 

cases respectively : from whence, by finding the fluent, 
the time itself will be known. Q. £. /. 



COROLLAEY. 

9St% If the body proceeds from rest at. A, c will be 
= 0, and we shall have T = —7=== , or 



^_ l + nl*x« 



SCHOLIQM. 



9SZ. Although, the fluents of the expressions given 
above cannot be exhibited, in a general manner, nei- 
ther, in finite terms, nor by means of circular arcs 
ahd logarithms ; yet, in some of the most useful 
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cases that occur in nature, they may be obtained with 
great fiicility. 

Tlius, if m ;^p====== (expressing the fluxion 

of the time of descent along A B) n be expounded 
by 1, 0, — 2, and— -3 successively, the fluxion itself 

• * * 

X X 

will become equal to - y ' - , -7====: 

V "la X arx oxi 

• y •, and —y==^== respectively: whence, if 

V cur — JT" V a^ — a?* 

A R F *pe a quadrant of a circle whose center is C, and 
A S C a semi-circle whose diameter is A C, and I) S R 
be perpendicular to A C; then it will appear, 

P. That, when n=l, 

X 

and T = 



\ V 




the velocity (V'a-— x-) 

at D will be repre- 
sented by D R, and the 

fluent sought by-^^*. *^^^ i*^- 



2°. That, when w = 0, and T = -7==r=r, the 

velocity at D,. and thd time of descent through AD, will . 
. each be defined by V^2 A D, 

3** That, when n = - 2, and T= /-!^iS ^ 

vox— «« 

('^ Qjx ~-^x^\ D S 
J-— ) will be as ———.:== 

aiidthetimeof descent through AD, as l/| AC x AS+DS. 
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4^. And that, when n = — S, and T =» -7=== 

DR 
the vdoeitj will be as -j^ — rTi' ^^ ^^ ^''^'^ ^ 

A C X D R. 
Henoe the time of the whole descent through tl|e p^ 

dius AC, appears to be as ^, l/SAC, V'i AC x AF» 

or AC^. But the time of one whole revolution in 

4AF 

• Art dl5.the periphery A R F &c. was found to be as — ^ ;'* 

AC* 

4AP 4Af 

which in the four cases above q^edfied is *ac^j tTrS* 

4AF X i/A€, and 4AF x AC : therefore, if the time 
of moving over the quadrant A F be denoted bj Q^ it 
follows timt the time of descent through the radius AC, 

will be truly defined by Q, Q x A9^^ , Q x V^, 

AC 
or Q X -■Tr= according to the foresaid cases respectively. 

Lei^ma. 

■ 

^24. The Areas which a revolving Body describes, ly 
Rays drawn to tht Center of Foroe^ are ppoportional 
to the Times of their Description, 

For, let a body, 
in any fnveu tum^ 
describe the right- 
line A B, with an 
uninterrupted ' uni- 
form motion; but 
'^ upon its amval at 
^ B let it be impelled 

;, ins^^ of P<opM1a% 




aUmg ABC, it may, after tlM impube^ descvtb^ ikie 
ri^t4iBeBe. 

Because the force, acting in the line S B, can nei- 
ther add to, nor take from the celerity which the body 
has in a direction perpendicular to that line, the dis- 
tance of the body &om the said lip^, at the end of a 
given time^ will therefore be the very same as if no 
force had acted ; and cpnsequ^nt^ the area B « jB ooui^ 
to the area B C $, which would have been describeq in 
the same time, mi the body proceeded uniforkn^ alon^ 
B C ; because triangles, having the same base and alti- 
tude, are e^ual. 

Therefcnre, seeing no impulse, however great, can 
affect the quantity of the area described about the center 
S in a given time, and bepause the areas A S B, B S C, 
describe about that pokit when no force acts, are as 
the bases AB, B C, or the times of their description, 
the proposition is mani&tt. 

Coiioi.LA^f. 

2^. Hence the ve- 
locity of a revolving 
body^ at any point Q 
or R, t$ inversely as the 
perpendicular S F 4r 
S T, falling from the 
center of force upon 
the tatigent at that 
point. 

For, let two other 
bodi^ m and n be stij^ 
|i6sed to move unifortt^- 
ly from Q and R, along 
^6 w^ients ^ P and 
RT, with velocities re- 
Meetively equiA to tlMe of the revolving body at Q and 
R ; then the dbtances Qm and R n, gpu^^ over i^ the 
same time, will be to each other as those velocities ; 
andtli9 araaaQSm Md tiBn wifl betqual, hriitg eqttd 
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to those described by the revolving body iiv the same 
• Art 113. time :♦ whence Qm x SP being =Rn x ST, it fdlbws 

thatQmiRn :: ST : SP :: g^ 1 ^. 



PROPOSITION IX. 

,226. To determine the Law of the O 
tending to a given Point Cj whereby a 
scribe a given Curve A Q H. 




Force^ 
odjf may dt' 




Let Q P be a tangent to the curve at any point Q ; 
upon which, from the center C, let &11 the petpendi- 
cular CP ; put C Q=«, C P=rte ; and let the velocirf 
of the projectile at Q be denoted l^ v. 

Therefore, since v^ is always as — (by the Corel, to 



u* 



Lemma) it is evident, by taking the fluxions of both 



quantities, that vv will also be as 



— tt 



w 



but the cen- 



tripetal force, whether the body moves in a right-line 
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MM 

Or a curve, is always as — -7- (by Art. 219 and 306) 



therefore the centripetal force is likewise as — rr-. Q.E.L 



The same otherwise. 

227. Let the ray of curvature Q O be denoted by 
-£: then, because the centripetal forces in circles are 
linown to be as the squares of the velocities directly and 
t;he radii inversely,* it follows that the force tending • Art. 212. 
to the point O, whereby the body might be retained in 
its orbit at Q, or in the circle whose radius is Q O, 

11 

will be defined by — x ^7 : whence (by the resolution 

of forces) it will be C P (uj : CQ(s) : : -i(the 

' ' s 

force in the direction Q 0) : -^5 , the force in the 

ft 

ss 
direction Q C : which, because R = — •(• will also j. ^^^ 73^ 

be expressed by -rT-. Q- E, /. 



u^s 



Another way. 

228. Let n^ be the indefinitely small part of the 
right-line C 9, intercepted by the curve and the tan- 
^nt Q^, expressing tne effect of the centripetal force 
m the time ^ describing the area Q C n. Now these 
eflSects, or the distances descended by means of forces 
uniformly continued, are known to be. in the duplicate 
ratio of thjs times, j: or of the areas denoting, those ^.^^.201. 
times : § therefore, the centripetal force at Q^ or the g Art. 324. 
distance descended by means thereof in a given time, 
will be as nq applied to the second pow^ ' of the ai'ea 

Q C ^, or as ^ ^ . This expression is ihe isame 



S.CQP(n):S.Qft(mJ::mq:9iqi^tk^s»^.^ 



iS% tHB t78B OF tLVXtOKS 

with that given by Sir Isaae Newton in his Prvncipia^ 
Book 1, Prop. 6. But, to adapt it to a fluxional cal- 
culus ; let Q £ be an ordinate to the principal axis AG; 
and let (as usual) A Eir^r, E Q^j^, AQ^^^r, E e (or 
Q<)=i, Q jp=i; supposing tq (parallel to EQ) to 
intersect the curve and the tan^nt in m and q. 

Since Q 9 is conceived ind^nitely small (or in its 
ttasdent stote) the triangle nmq may be taken as neti- 

* Art lS6.Uiieal ;* also the ai^le nsCQ P and the an^ fA:±i 

Qqt: wh^ee it will be (by TrigotiomMrf) as 

CP. QJ 

y. mg \ nq =s ^_ — ■ ^ : which substituted above 
^ ^ CPxQ9 

CQxQtxmq ^ , 
i;iv^ -^p^ — ^ for the measure of the centnpetal 

force at Q : but mq (supposing x to flow uniformly) is 
known to be as *-y : therefore the &vce at Q^ is as 

— PTiSi — rx '^ 9 or Its equal — r^ ; where the divi- 

sor ^M^i*^ is 88 the cube of (Q C q) the fluxionf of 
the area A Q C. 

The veij same theorem may likewise be deduced 
' from that given by our second method : for, since (R) 

• Art 68. the ray of curvature at Q is universally* s= j .. ■» the 

value of -^ (there foun^) will here, by substitution, 

b«Qome =33 . ,./ . 

This expression, tbpughin appearance less simple tbim 
-jT-f first found, is, for the general part, more commo- 
diq^s in practice. 
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CdftbLLARY I. 

SS8. If tile pomt C be so remote that all n^ht-ImeB 
drawn from thence to the curve may be consia^r^ as 
parallel to each other^ the force will then (making Q r 

perpendicular to C q) be as ^^ f or bardy as 

^r\i 9 sind^ 5 (C Q) in this case may b^ ^ejected. 

From this expression, which is general, in aU casts 
where the force acts in the direction of parallel lines^ 
it appears that the force^ which always acting in the 
direction of the ordinate Q E, would retain the body 

in its orbit^ is every where as -^ ; because Q C here 
mncides with Q E, and Q r becomes = x, 

CoROIiLABY II. 

^30. Because the force, tending to the point C, is 
universaUy as (jpa^Q^ (<« ;^) the force to any 

tir other point c, will, by the same argument, be as 

cQ 

juuL^b' ' ' ^Q iC ' HMee the forces^ to di^erent ceiiiets 

• C and c (about which equal areas are described in the 

C P® 

same time) are to each oihet iH the ratio of --—■ to 

J^ mtef^seh/* 
oQ ^ 



CoBOLtAEY III. 



231. Moreover, the ratio of the velocity at ^ to 
the vehiHy wherdy the baif m^ht rewjkem a cirek 
eAcfut the eenier C, ai the mstanee C Q^ 1ft easify ie* 
duced from hence : for, since the ^iritjr at Q is thai 
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whereby the body might revolve in a circle about the 
center O, and the forces tending to the oesatem O and 
C are to eich other as « (C P) and « (C Q) ; it there- 
fiM fellows, if the ratio sought be assmnfid aa t> to w, 

that rr^^ : =r^ : : tt : « (by Art. 212). Whence also 

t)* : w« : III X QO ('tt R) : « x QC ("^-^ and consequeatly 



..:V'-5:i::V<S » V4V' 



(because R = — Y 

The same proportion may also be derived from Carol, 
2. Prop. 7. • For it is there proved that v'.w : : 

Y/ — : ^/ ; and it appears from above, that 

= — : whence the whole is manifest. 

V u 

If O L be made perpendicular to Q C, Q L will be 

(= — 7=vx — ) = — \ and ^-rr =- — —; and there- 
CQ / 8 CQ «« <^ 

fore t) : to : : Q L : C Q : which is another proportioD 
of the proposed celerities. 

COBOLLAEY IV. 

SSS. Lastly, the law of centripetal force being given, 
the nature of the trajectory A Q iniaj from hence be 
found; for since the force (F) is universally defined 

tt —1 

hy -3T-, it is evident that -^-^ will be = the fluent of 

Fi ; which, when F is givioi in terms of 5, will become 
known ; and then, the relation between u and s being 
given, the curve itself is known. 
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EXAMPLE I. 

233, Let the given Curve AQH &e tAe Logarithmic 
Spiral^ and C the Center thereof: then u (CP) being 

, . hs ^ , M , . ii c? \* Art 61. 

m this case = -,* we have^t(=-^ x -^)^AxLm. 



a:* 



and 



^ /bss 







H t Art. 231. 



Xt-t ) = unity. Hence, 
a bss 

it appears that the force is in- 
versdy as the cube of the distance ; 
and the velocity, every where, 
equal to that whereby the body 
might revolve in a circle at the 
same distance. 



EXAMPLE n. 

234. Let it be required to find the Law of the Centripetal 
Force, whereby a Body, tending to the Focus C, is made 
to revolve in the Periphery of an Ellipsis AQDB. 

From the other 
focus F draw F K 
parallel to CP meet- 
mg the tangent P Q 
(at ri^ht-angles) in 
K, jom F Q ; put- 
ting the transverse 
aads A B = a, the 

semi-oonjugate O.D = f J^^ and the parameter ( - ) 

•=:p: then, CQ and C P being denoted as aboye^§§ ArtSSl. 
we have FQ (=AB— CQ)=a— «»• whence, b^ rea- 
son of the similar triangles C QP and FQK, it will be 




28§ IHK ns OF FlOXfOMS 



«: u::a-«: FK=°~'^". But FKxCP is 
= D^ (by the nature of the curve). Hence we get 



<* 



■ • *' i .i f t *i 1 ft* ; *nd eoKMequetitiy — = -7- tt ? 

whereof the fluxion being -^ — - = — =--^, we obtain 



+ Art.9Sl!«'» ^ « 

'fq 



2, = ^4andv/i^t = V^ 



• Art 291. -r:* = -¥r*X 



= ^/-v^- Hence, it appears that the centripetal 

force (gj in this case^ a$ the aquore of the distance in- 

ver9dy ; and l/ue velod^ a$ Q is to tk$i wherdy the 

body might describe a ^irele <U the di^anee C Q« ei^y 

I 1 

wh0re, in the ratio ofF Q to A O . 

a "4" s 
If the curve had been an hyperbola ; then x 



s 
a-^s 



K« (instead of — - x m^) would have bqcp ?= J h'\ 

and«at-M^:^.«»pX^9«F^«^^tb»^Feqr«luMai)^^ ' 
tt»« 6* s^ ps" 

But, had it been a parabola, the e^uimoii #ouM hive 
been x «* = J 6«, or — (= r^/ ^ iP^ 9itlA 

the force, stiO^ as — --. But the measu^ of the vi^itt 

ps^ 

(v/?! = \/22ll2f) in this CM b^miiiBg kurijr 
^^ su ^ a ^ 

=* ^% it follows that ^Ae velocity in a parabola is to 
that tfhereby the body mig^ describe a circle at the 
same dtBtance Jrom (Ac center ^^ in the con^ovK rati» ftf 



X 
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235. Let it be reauired tojlndtke Law of Ike CetUripdt^ 
Pof^f btftohicn II Body, tending to qtM given PoiiUC, 
in the Axis, is made to desert a come Section AQH. 




O T 



O 



Put the semi-transverse axis (OA) =a, the semi- 
cofttjugftto =3 b, «ad (lie given distance of the point C 
from the vertex A=c ; put also the abscissa A£ := ^^t 
thfi ordinate E Q^ssy, and C Qsxs (as before). 

The area of the triangle ECQ being (= fEC x EQ) 
=> ^ , i . i ,> *y y ito jSuxion i» therefoie =»= r . m . ^ >-^ ; 
wji^ijti 9^id^ $0 yx^ the fluxion of the aifa A^Qn 
gives 2l — ^^ zS for the fluxion of the whole area ' 

ACQ described about the center of ibroe. Whence 
(by Art. 9S8) the required centripetal force at Q will 

be^==^==^rj. Whi^ exprcsi^oQ is gweraJ, 
let the curve tie of what kipd it will. But in the 



case above, y being == — i/2a» ± x^ we have y = 






-CiJ^« 



2a^i^ ' 



'J, and <2^ + yx-^!^^ 
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. •" • ; and therefore, by substituting these 

a vZax±x^ 

values, we get __^_^, - ^— ===^. 
Which, because =- is constant, will also be as 

From whence it follows, 



1°. If c be = + a, or the center of force be in the 
center of the section, the force itself will be barely as 
( + «) the distance. 

2*** If it be in the focus, then ac -{- axdzcx becoming 
s=C Q X a, the force will be inversely as the square of 
the distance. 

3*". If the given point be in the vertex A, the fcnroe 



8 



will be as -J : which therefore in die circle (wh^re J7= 



x^ 



«« 



^ ) will be as — ', or the fifth power of the distance 

reciprocally. 

4^ Lastly, if the point C be at an indefinite distance 
from the vertex, or the force be supposed to act in the 
direction of lines parallel to the axis A O ; then the force 
will be as the cube of O £ inversely. 

PROPOSITION X. 

£36. To delermtne the Ratio of the Velocities of Bodies 
revolving in different Orbits^ about the same, or dif- 
ferent Centers; the Orbits themselves, and the Forces 
whereby they are desoribed, being given. 

Let A Q H be any orbit, described about the center 
of force C, and let the force itself at the principal ver- 
tex A be denoted by F ; also let r stand for the semi- 
parameter, or the ray of curvature at the vertex, and 
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2S9 



let C P be peqiendicular to the tangent Q P. 




Then, the celerity at A being always as l/ r jP 
(by Art. 812) we have C P : C A : : / rF (the ve- 

lodty at A) to ^A x V rF ^y^^ velocity at Q (by Art. 

Ox 

2£5). Which answers in all cases, let the values of 
A C, r and F be what they will. Q. E. I, 

Corollary I. 

237. If the centripetal force be as the square of the 

1 

distance inversely, or F be expounded by ■ , the 

j\ \^ 

velocity at Q will become — - x \/ — — , or 

^rg! whence the velocities^ in different arbitSy abmit 

the same center^ are in the sub-duplicate ratio of the 
parameters f and the inverse ratio of the perpendiculars 
Jrom the center of force to the tangents^ conjunctly. 

Corollary II. 

S38. Hence, if the celerity at Q be denoted by Qq, 

vr 
and C 9 be drawn, then Q q being as -—^ , it follows 

that V^r is as CP X Q^, or as the triangle QCq: 

s2 



MO 
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therefore the areas described about a common eetUer pj 
force in a given time^ are in the sub^npUcate ratio Sf 
the parameters, 

COBOLLAXY III. 

9SQ. Lastly, since the area of the curve AQHB, &c. 
• Art. S34.when an ellipse,* is known to be as (AO x OD) AO x 

l/r X AO (supposing O to be the center) if the same 
be applied to l/ r, expressing the area described in a 
given past pf tu rtle (b y tfie last C^rol>} w^ diiitt ihcnoe 
hay^^ A O >^ V^AO^ ex A O^ for the measure, of the 
time of one whole revolution. From whence it appears, 
tt^t the periodic tim^^ kt the species of the eV^sis bf 
wbat they mllj are in the sesquiplicaJte ratio of their 
prirmpol ao^es. 

PROPOSITION XL 

240. The centripetal Force ^ ienMng to a given Point C, 
being as the Square of the Distances rec^^rocalfyj and 
the Direction and Velocity of a Body at any Point Q, 
being given; to determine the Path in which the Bodf 
moves, andr the periodic Time, in case it returns. 




It is evident from Art. £34» and S35) thai th^ Irajeo- 
ry AQB is a conic section ; whereof the point C is 



tory AQB is a conic 
one of tJie jfoa' 



I>J CiUtllllPETAL FOttCHB. 

Let f be the bthef fbcus, and upon the tangent 
P Q K let fall the perpendiculars C P And P K, and Ut 
CQ aitid FQ be drawn: also put the semi-trarnvtsrse 
ssaA AO=:(2, the given foeal distance CQ=d, ana 
the sine of the angle of direction C Q 1? (td the radius 
1)i±^; and let the given velocity at Q be to that 
wnereby the body mijght revolve in a circle abotit the 
eehter C, at that durance, in any given ratio ct it 

to umtyi then k will be n I 1 : : F Q* : AO* (by 
Art. 284) therefim n^ : l^: :FQ (2a-d; : AO (a); 

whence A O (a) is riven = rr . McA^eot^^ since 

^ "^ ^ ' 2-n^ ^ 

C P=:m X C Q, and F K=m x F Q, we have 0D« (= 
CPxFK)=m«xCQx FQ=;=^^; whence the 

seini«KK)njugate axis (OD) i^ given likewise. 

Lastly, it ^11 be (by Art. SS9) as OT* ; AO*! : 
(P) the periodic time in any given circle, whose ta^Us 

AO* . . 

is C T^ to : -.. • - X P the required time of one revo- 

lutibn #hto the orbit is an ellipsis; that is, when n< is lesft 

2d 
th^ 8: for, if w^ be = 2, the curve (as its axis p: , 

beeoiiiite infinite) will degenerate to a parabola ; and, if 
f^ be ^peat^ tmaf 2, the axis bein^ negative, it is then 
ati kyperbola ; t^bse two principal diameters are equal to 

^rr,, and "7 h- ■ Q. E. I. 

COROLLABY. 

241. 8«ieitig MfiSther the value of A O, nor that of 
this )^e^b^ tiMe, k ofected iAth in, it Mdws that the 
pri^pal al[ls» iind the periodic time, will remain inva^ 



llffl 
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liable, if the velocity at Q be the same, let the direction 
at that point be what it will. 

The same solution may likewise be brought out^ from 
Art. 238, by first finding the principal parameter : fiir, 
it is evident that the area described by the body about 
the center C, in any given time, is to the area de- 
scribed, in the same time, by another body revolving 
in a circle at the distance CQ, as mn to unity : hence, 
•Art 888.it will be 1« : m*n^ y.d: {m^n'^d) the semi-pafameter :* 
from which (proceeding as above) we get dy^m^^d 
(= O D«) = m« X (2aa— d-) ; and consequently q. = 

-, the same as before. - .. 

2— n« 



PROPOSITION XII. 

242. The centripetal Force being as am Power (n) of 
the Distance, and the Direction and Velocity of a Body 
at. amf Point A being given, to determine the Orbit 
or Trajectory, 

ft 

Fnnn the cen- 
ter of force C, 
to any point B in 
the required tra- 
jectory ABD, let 
C B be drawn; 
join C A, and 
let Aj^ be the gi- 
ven direction of 
the body at ^e 
point A, and 
Cb perpen^culai 
thereto ; also let 
the velocity at 
A be to that 
whereby a body 
might describe a 
circle AE F, about the center C, in any given ratio 
oi p to unity; putting CA=a^ and CBz=x.* then, 
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Wause this last velocity (the centripetal force being as . 

x^ or o") is rightly defined by 41 ^ ^* die velocity* Art 214. 
of the body at A wiU be truly expressed by 

Moreover, it is proved in Art. 2S1 and 206, that if the 
eelerity, at any given distance a firom the craiter, be 
denot^ by c, the celerity at any other distance x will 

be* truly represented by V/ c* H = : 

whence, pa^ being substituted for c, we have 



^/ 



p^ H — X a"+* — ^ for the celerity at B. 

^ n + 1 n+1 ' '' : ■ ■ 

But now, to determine the curve itself from hence, 
let B P be a tangent to it at B, and C P perpendicular 
to BP ; also let C B, produced, meet the periphery of 
the circle in E ; putting the' arch A E=2r, the foresaid 
velocity at B (to shorten the operation) s= v, and 
C*=6: then it will be (by Art. 286) vie (the ve- 
locity at A) :: 6 : CP = -: whence BP(= 

V 
V 

» 

Moreover (by Art. 35) we have, as C B : C P; > : 

(C P 
2^-= X v) the velocity of the body at B in a direc- 
tion perpendicular to C E ; and consequently as C B I 

C P C P X C E 

CE::^^ X i> (the said velocity) to — j^^ — x © 

the angular velocity of the point E (revolving with the 
t)ddy). By the same article, the vdiocity^t B in the 
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B P 

direeiioh CBE will be ^-^ x v: therefor^, the velo- 

City of E being to tho vebdtjr of S, iti tbii wd diteo- 

f!! P^ X 6 IE! ^ P 
^^9 ^ — TTn^ — to 7Tn> ^hc fluxions of A £ {zj 

and CB (xj must consequently be in that ratio; thiitis, 
' /X"g^' '^ ' W^^ e^uatkn is gennal, kt tfc« 






hW of the e^ntHpetdl fme be what it will : fattt lA 
thii cate didVe proposed, v^ being m f^ -^ i ^u ' X ^"^ ^ 

•*^?fl-I, and c« :^ jj^**'; it htiime& ^ :^ 

fluent is the measure iif thii^ Ali^lar motion ; from 
which, when found, the orbit may hie cofostrtet^^ 
because, when AE, or the angle A C E is given, as 
weU HB O hf lbs p^itifiai d( the poini B is abt giVbu- 
But this value of i is indeed too complex to admit iji 
a fluent ill idgrinlle Iteraas, or m^ by ^ii<;^ki^ aic^ 
and logarithms, except in certain particular (»ses; 
as wfaeh the etpoiMttt h b equd to 1, ^1t^ ^ S, tr 
— $ ; b^flidds 0ome others wherein tb« values of p opd 
n are rdbt^ in a particular manner. Q» H* /• 
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CoadijlAitY h 

24S. If 0^ i^eii ^fOoA^ at A be Sbch thdt ^^ 

jj-TTj 5? 0, <»iP«=^\f -r^T^ (^ticJi 13 allwa^B powbie 
i^hen the value of n+X is negative) our equatkm will 
become i= — y ^ : which^ by put- 



wbeNof tb« flutBt wiU be fiNuid (by t)i« seeond ixtrt 
of this w«ife) e,«ia Id i ^ mitf tipUed fcy a^ ^ 
ferenoe of the two circular aM, whose secants are 

— T — and ^» to the raditis unity. From this vallie 

of 4ie ercAi AS ^ pei»tiim <if the point B, is ^ 
orbit, is given. 

But tf the angk of direction C A 6 be a ii^t one, 
the fluent will become barely = + — x arch whose 



secant is -r- (because then h^k, and the arch whose 
secant is -? , =Q) vhtdi therefor^ when J?^ -boconles 
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1 

infinite, will be truly defined by + 5— x whole peri- 
phery A F, &c. Whence it is evident that the body 
must either fly entirely ofi^, or fidl to the center C, in 

1 
a number of revdutions expressed hy+^ ; accord- 
ing as the value of mis poidtive or negative. 

Thus, if n =: — S, and m= 1, the body will.fly 
entirely off in half a revolution : and, if n s — 4, 
and m ss — 1, it wIU fiiD to the center in hdf a revo- 
lution. 

COROLLA&Y II. 

. S44. Moreover, though the fluent esq^essin^ the angle 
at die center cannot be exhibited in a genenU manner, 
yet there are. certain cases of the exponent (n) where 
Its respective values may be derived firom each other. 

For let (as above) n + S be put =s m, and (to 
shorten the operation) let C A (a^ Ibe taken as imity : 
ihen our equation will be transfi)nned to i = 

: make 



^Vi + 



X x^ — ft2 — 



m 

y=x^9 and it will be fiirther transformed to i = 
2 by 

^ a/ 2 t 2y« 

4 2 

put r = — , and it will become i s= -- x 
*^ m' m 

^ : lastly) 

rv* r 

r^%.p^ ^ + V ^«2.p2 ^^ 



17 
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r 2 

let ■ = 1 + — (or 1 — 



r^^.p^ r— 2.g« r — 2.p2 



, or gf* = ^ — = ) and then we shall 



have i=— X — j ^ — 



r-2.9« r-.2.sf« 

Which expression (excepting the general multiplicator 

2 \ . ' 

—J being exactly of the same fonn with the first 

above given must^ therefore be the fluxion of the angle 
at the center, when the index of the fcrce is r-^3 ; 
for the very same reasons that the former appears to be 
the fluxion thereof when the index is m-^3 (or nj. 



Hence^ if the fluent of 



yVi + 



2 . , 2t^ 

xy - 6* - -^ 



=, or the 



angle at the center, when the exponent is r— 3 (or 

•4 • 4 • ■ . - 

-7' — 3 = — r-^ — 8V be denoted by Wy the value 

of Zf (the measure of the said angle, when the ex- 
ponent is m — 8 or »^ will be truly defined by — '. 

From which we collect, that if the indices of the 

4 
force, in any two causes, be represented by n and — -^ 

~S, and the respective distances firom the center by 

X and X ^ , then the angles themselves correspohding 
to those distances will be every where in the constant 
ratio of 2 to n + 3. Therefore, when the orbit can 



tM TBn 08X 09 mrxttlrs 

be construoted in the one case, it also may in the otheri 

provided ihe above equation j* ( = * -= =}= 

■I, »r ^ 
'^ , &r the l«]atioti tf the oeleiitieii hi A, 

dots not beedlfis iffi^dSlibi^ iM Whefti 

n is il niigativB nuiaber. 

dbnoLLA&Y til. 

245. If the body be supposed to move in a ver- 
tittd ikeOAc^ AU% the»^ putting ih^ idxkit f 

I 

(C H) = I ji* X n + 1 + if*' X o = the lh«a^i 

- . - , ^ 
to which the Wy will ascend 2 henoe||^xii+l + A' 
xa—a (sbAH) is the distance thlou^ winch it mnsi 
fioedy descend te mqmre the gilven ^ellSiky lUI A: tiboi 
distimce, in case of an unirorm force, when 91=3, 
will b&mneit:fj^* Hhd^ when the fbree is in- 
versely as the square of the distance, it will then be= 

Bat, when p^lf or the velocity at A is just suffi- 

A^t to ifetsdn dbbdy in the<^e a£^, Ail .teeomes 






X a ^ m: wkich is the t#o cMm 



afioMaid wffl be ^ml to i<t| «id « respectivel|r i ^^ 
infinite^ whin n isv^S^ 






COO^OLLAKT IV. 

246. Whe^ the value of n+1 is positive, tli« ve- 
locity at the center^ where x s= 0, wHX be barely = 

/ o • 

V |)2+-r-=-- X dT+^i but if the vqjua qf n + 1 

be negative, the velocity at the center will be infinite ; 
because^ diq;i 0"'^^ is in^nite« 



/ 



COBOLLABT V. 

24T. Moreover, when n + 1 !« negative and x in- 
fioite^ ^velocity also bQCom^:^\/ns -i- — — >;fif+'; 

because then a?*^*a^O. 

Hence, if the centripetal force be inversely as some 
power of the distanpe greater than the first, the body 
may ascend, ad infinitum^ and' have a velocity always 

greater than \/p« ^ -— - x a"+'; whi^b is to 

^ n + 1 

jpa *^ , the given velodty, at A, as V/ p^ -f- -^ — - to 

J9. And t^is will actually be the case when thQ value 

of jr^ +tT-jnj is pwtive, Qt jp? gre^^r ^n m^ -. i^.^^ i ■ - , 

but; UQt otli^rwis^ th^ ^uare lOQt ^f a n^Jtive ^uw- 
tjity being impossible, 

Thuft, if n3»-rr^ or thft fti(?« be inv^sdy A3 the 
sip«r^ ^ th^ diiUwkOe^ aQ^. J?S at tb? ssm»i Ubq^, greater 

(Si \ . 
-J ) the bo^y will not only continue to 

aftc^d in ir^ifuifij but l^^vi^ a velocity ahrays greater 
than that defined by V^|>^— 8, whiqh is its limit. 
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COSOLLARY VI. 



Art. 9H. 



S48. Hence the least oeleritj sufficient to cause the 
hody to ascend for ever in a nght-Iine is given. For, 

4 / 2 

putting y /!« + X a"+' = 0, we have p = 

w + * 

^/ =.. Therefore the least celerity hf which 

the body might ascend for ever, is to that whereby it 

may revolve in a cirde AEF, as \/ — r^ry ^^ 

unity. Prom whidi it appears that, if the force be 
inversely as any power of the distance greater than the 
third, a less velocity wUl cmue a hody to ascend ad in- 
finitum than toould retain it in a circle. 

Scholium. 
249. From the ratio of the velocity 

(yP^-\ ^ — r X o"^' =•) wherewith the 

body arrives at any distance x from the center, to that 

\x 2 y* which it ought to have to revolve in a circle 

at the. same distance, it will not be difficult to determine 
in what cases the body will be forced to the center, 
'and in what others it will continue to fly it ad infinitum. 
For, firet, if the angle C A 6 be acute, or the body 
from A begins to descend, it will continue to do so till 
it actually arrives at the center, if the former velocity, 
during the descent, be not somewhere greater than the 

latter, or the quotient \/ p- H rX-rn ri 

greater than unity ; because, if k ever begins to ascend. 
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it must have an apse^ as D (where a right-line drawn 
from the center cuts the orbit at right-angles) and 
there the celerity must evidently be greater than that 
sufficient to cause the body to revolve in a circle. - 

Secondly, but if the quantity 



s/> 



^' + ;rf-i^&'-;rTi' « t^e «««» of the 

T 

body towards the center, increases so as to become 

Eeilter than unity, or be every where so ; then the ve-* 
lity at all inferior distances being more than sufficient 
to retain a body in a circle at any such distance^ the 
projectile cannot be forced to the center. 

After the same manner, if the angle C Ab he ob- 
tuse, or the body from A begins to ascend, it will con- 
tinue to do so for ever, when the foresaid quantity is 
always greater than unity, or, which is the same, when 
the body, in its recess from the center, has 'in every 
place through which it passeth, a velocity greater than 
sufficient to retain it in a circle at that distance. 

It therefore now remains to find in what laws of the 
centripetal force these different cases obtain : and, first, 
it is easy to perceive that when the value of n + 1 is. 

positive, that of V/ p^ + — —r x ~-r. tt ^'j 

by increasing jt, become equal to nothing. Therefore 
the body cannot ascend 6x ever in this case : neither 
can it descend to the center (except in a right-line) 
because the foresaid quantity, by diminishing x, be- 
comes greater than unity (or any other assignable 
magnitude). 

But, if the value of n be betwixt — 1, and — 9,* 
the said general expression, taking x infinite, will * also 

become infinite, proyjded the valup of p^ + — -- be 
positive (or p- greater than -^ =-V Therefore the 



g fl 
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bodf , in thii ene, may aiqeiid oi it^mihm^ but eanaot 
pQiiiUy fidl to iht eentor (exeept n a fig^line) nnoe^ 

when xsO, is greater than unity. 

Lastly, if n be expressed bv any n^vtive nunlber 
greater than«-9, or tne bnr ot the fiiioe be inveis^y 
as any power of the distance greater than the third, ^ 

f ■■■■'■■' ' 

two a:treine values of \/ ©a + ", v ^ — 
win, MH^ be denoted as in the preoe£ng ease; but 

here tbe letter of them, \/ -J!I^, is less t)nn unity. 

^ n 4- 1 

Therefintt the body must, ift this ease, eidier aseend flr 

o^oEr, (^ be fiMwed to the center ; exe^ fa one parti- 

Cldar cffemsstanee^ hereafter to be taken notioo o£ 

Now, fiNim these obsenrations we gather, 

1^ That, when the emtripetal finroe is as any power 

of the distance directly, w less than Ae first power 

thereof mTevsely, ihe orf)it will always have a& higher 

and a lower afse ; beyond which the body eannot 

ascend cnr descend. 

^. That, when the centfipetal A>i^ )9 inyefr^dy 

as any power of the distance (whole or broken) be- 

twi^ the iirst and third, the orbit will ako ha?e two 

qpiub^, if j2 be less than \/ ■*» ■■ ? ■ j ; bat otherwise^ 

cmly one ; in which last case, the bodyt *ft^ it has 
passed its apse, will continue to recede from the coiier 
in infinitum, , 

3^ That when the force is inverseTy as any power 
greater than the third, the orbit can, at most, have but 
one a^Bt ; but, in some eases, it will have none at aU ; 
and it may be worth while to inquire here, under what 
restrictions of the velocity (p) this will happen ; since 
thereby, besides being able to know when the body wilf 
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be forced to the center, &c. we shall fall upon a cir- 
cumstance somewhat repiarkable and curious. 

Now it appears, that, if the body from A b^ns to 
descendf it must, wl^en it comes to an apse at D, have 
a velocity there greater than is sufficient to retain it 
in a circle; in which case the general expression 

above) must accordingly be gtes^ter than unity. Let 
it be therefoi^e made equal to unity, which is the utmost 
limit thereof, beyond which the orbit cannot admit 
of an ap$e ; puttmg at the same time x^ or its divisor 



v^ 



v. 



Y^ , %(r^^ 



p» + — - X «« - p'¥ - == — —, in the 
^ » + l n + 1 . a^ 

general equation of the orbit, equal to nothing 
(it being always so at the apsides), ^ Then, from 
these two equations, duly ordered, we shall get x =3 

1 ■ 

X a, i»nd i>« ( 3= —p. j = 

fi+3 

X — Now, it is evident, if the 

value of p be greater than is given from the last equa- 
tion, the orbit will have an apse ; but, if less, it can 
have none. In the former case, the body will there- 
fore fly quite off; and in the latter, it will be forced to 
the center. But we are now, naturally, led to inquire 
what will be the consequence when the value of p is 
neither greater nor less, but exactly the same as given from 
the foresaid equation : this is the case above hinted at ; 
and here the body will continue to' descend for ever in a 
spiral, yet never so low as to enter within the circle 



2 -h « + 1. 


"?] 


?i 4- 3 


p» 


2 + « + 1. 


n + 3 


>■ 



whose radius C D is = 



2 + n + 1 . o^ 

ic — £_ 



n + & 

VOL. I. T 



n+l 

X a. FcMT, if 
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the ocmtrary were possible, the body, at its arrival to thef 
ciiGttQiference of that circle, would (because of the 
foresaid equations) not only have a direction, but also 
velocity proper to retain it therein ; which (Cannot be, 
because the parts of the orbit on either side of ah apse 
are always similar to each other. 

From the same equation, the value of the limit 
will also be given when the angle of direction C Ai is 
obtuse, or the body is projected upwards. 

For that equation (as . is easy to demonstrate)* ad- 
mits of two different roots, or values of p ; the one 
greater, the other less, than unity : whereof the fonnery 

S'ving C D {xj less than C A, is to .be taken in 
e preceding case, and the latter (making C D grea>ter 
than C A) m the present. And the boay will, either,- 
continue to ascend for ever, or come to an apse, and 
from thence fall to the center, according as the given 
value of j9 is greater or less than that here specified. 
But if it be neither greater nor less, but exactly the 
same, thenthebody, though it will still continue to ascend 
for ever in a spiral, yet it can never rise so high as 
the circumference of the circle whose radius C D is=: 



' ^ X a, for reasons similar to those" 



n+8 
already delivered, in respect to the preceding case. 



* Mathematical Dissertations, p. 107. 



srs 



APPENDIX 

TO 

VOLUME THE FIRST. 



In presenting the student with an Appendix, thcf 
object of the editor is to iiimish him with such addi- 
tional matter as the progress in this subject, and others! 
dependent upon it, made since the original publication 
of the work, seems to demand. Many important dis- 
coveries in the Fluxionary Calculus, under different 
titles, have since that period been published, both by 
our author himself and contemporaries, and subsequent 
writers. The applications of these improvements to 
questions connected with Natural Philosophy, have 
been equally extensive, and in order to understand the 
great works of Lagrange and Laplace, and many other 
important works, which are treated in a manner wholly 
analytical, it has become necessary to have at command 
every resource which this branch of abstract inquiry, in 
its present improved state, can afford. As far, there- 
fore, as the limits of an elementary work will permit, 
we will endeavour to supply these desiderata^ makings 
at the same time, such remarks upon the work itself a9 
may appear useful. 

SECT. I. — In this Section we have the fluxions of 
algebraic quantities only. The fluxions of logarithms, 
of exponentials, and of circular quantities, are ^ven in 
articles 126, 250, and 142, respectively. In the exam* 
pies we intend to give in maonma and minima^ in draw- 
ing tangents to curves^ &c. &c. (subjects which are in- 
troduced previously to thbse articles) it being necessai:^ 

T 2 
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to employ the fluxions of such quantities^ we shall pro* 
oeed to determine them. 

1. Required the Fluxion of (f^ a being constanty and s 

variable. 

By ordinary algebra 

Therefore, taking the fluxions of each term 

A^xH A^.x^x 
(a^'= Ax+A^.xx'\'^YY"^ 18 3 "*" 

= ^ix(l+^T + ^+ ) 

= Axx(f. 



J7-.1 



♦Ford's: (l+a-l)'=l+x.(a-l)+«.-^- x 

(a-l)«+ 

= 1+j: {(a-l)-i.(a-l)«+J.(o-l)» 
- }+Bx^ + Cx'+&c. 

Bf Cf &c. being at present unknown. 

.-.a* = l+^j:-f.jBap« + Cx' + 

Similarly cr^=l + J. (x + tt) + jB. (JT +««)* + C. (a? + «)^ 
Also 0^=0* X a-=(l+^«+J?x«+...) X (l+^««+*M«+...) 

+ ABix'^CL + tt^x) + by actual multiplication. 

^eae&A^.xu-^-BA (ap«ti+i^a?) + = 9,Bxu + 

_, A^ ^ BA A^ J . ,. 

same manner may the other indeterminates be found. 
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Nowil=a— 1— |. (a— 1)«+ oo = /.(a) (/being - 

the characteristic of hyperbolic logarithms). 

.*. thejbixwn of an exponential ((f) is equal to the 
product of the exponential itself the hyperbolic logarithm 
of the constant, and the fluxion of the variable. 

Let a = e = the hyperbolic base. Then le = 1 and 
(e'X = c'jc. 

(S.) To determine the Fluxion of log. Xy a being the 

base of the System, 

Let u=.log, X, Then a(j=a% 
and »=fa*/= laxux a*:=zxla x u (by 1) 

X 

.\ ti= — - — 
X la. 

Or, The fluxion of U logarithm equals the fluxion of 
the variable, divided by the product of the variable and 
the hyperbolic logarithm of the base of the system. 

If Z . a = 1, or a = the hyperbolic base, we have 

u = (ixy = I. 

X 

(8.) To find the fluxion ofx". 

Let Mssoc* 
Then l.u=iv,l,x . Therefore 

tf XV 

-^vl.X + (lxyv=:vlx + - (2) 
U ^ X ^ ^ 

.•. UziztX^lx •\- XO0r'\ 

(4.) To find the fluxion of sin. x, and of cos. x. 
By Demoivre's Theorem 
COS. nd+ t/^. sin. ^9=z(cos. B+ 1/^ . sin. &)* 



. ne+ V —1. sin. n9=z(cos. fl+ V — 1 . sin. e)«i 
r. nd — -/"— 1 sin. nBz=(cos. d— V — 1 sin. 6)" j 



^ This Theorem is best proved by the actual multi- 
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Adding and subtracting these equations, after ex- 
panding their right-hand members by the binomial 

theorem, and dividing by 2, and S t/ — 1 respectivelyt 
we get 

COS. nO = c(w."d— ^^ J^ ^ COS. "-«d sin. «d + 

ii —^ — ^-^ ' COS. " '♦O . sin. *t>— fee. 

2. 8, 4 

J • A «-f/» • A n . (n — 1) (n — 8) 
and 5wi. nO =r n . cos. *^*0 «tn. d ^ — ■■• ^^^ • 

2. 3 
n.(n-l)(n-2)(n— 3)(n— 4) 



t ■>■ 



X c(w, "~^fl . Mn. ^d &c. 



plication of cos. Jl± V — 1 sin. A, cos. B+ )/ — 1 x 

sin. By cos. C + V — 1 sin. C jto n terms. The 

product will be 

COS. (A + B+ n terms) ± V^ — 1 . sin. (J + B-^ 

C+ n terms) = (co5. A -V v — 1 . «tn. -4) x 

{cos. B ± /^^ M7I. jB) X &c. Let J = JB =: 

C= 

Then cos, nA±_ v — 1. sin. nA= (cos., A+ V — -1 . 
sin. Ay which is the theorem in the case of n being an 
integer. 

P 
Again, let a = - . -4. 

Then (cos. a ± 1^—1 sin. aj^ = cos. qa ± \/— 1 x 

sin. qaz=cos.pA+ V — 1 sin, pAz=i(cos. -4 + v — 1 
sin. Ay. 



.', cos. - A ■\- i/— 1 sin. - A =. (cos. A + i/— 1 
5m ^^' which is the other case. 
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Let n=go 9 and 9=0^ so that nO may be finite and =jp. 
TheA COS. d=l, sin. 0=0= -, ' \ ^ = o ^- *«• 
and by substitution we find 

*fn.af=x-j-^+ 12 3 4 5 1 7 "^ 3 

Hence 

(«>.x)=i(l-^ + j-^-j-^-g^'+ ) 

= X COS. X 

and 

Icos.T)-^ - i (X- ^^ +-o:|4:^ - • ) 

^^ • • 

IJenoe,^TAc jhixion of the sine of an arc equals the 
product of thefuxion of the arc and the cosine of the 
arc. Also, Thefuxion of the cosine of an arc equals 
minus the product of thejiuxion of the arc and the sine 
of the arc. 

These results are derived from the circle in a more 
simple manner by our author in Art. 142. 

5. To find the fluxion of tan. x, cot. x, sec. x, and 
cosec, X. 
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. .. (sin.xy 

Itan. X) =1 I ) = 

^ ^ \cos. x) 



(sin. x)' (cos. x)' sin. x 

COS. X COS. ^x 



X COS. X X sin. ^x X. (cos. -x-\-stn. %) 

: i j — 1 r 

COS. X COS. ^X COS. ^x 

X 

' T— (radius = 1), or =i . sec. -x or = 

COS. ^x ^ ^ 

X. (l + tan. ^x). 
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Affain loot, x)' = (tan, 90^— j)' = tttjjt v = 

* ^ / V -^ y CM. %90— a?) 

-: — T-, or =r — « . (1-l-CO*. ^ap). 

/ 1 V — (co^. ac)' i^n.x 
Also (sec. x) = ( I = — -—z = r— , or 

^ \C(M. X I COS. 2j? COS. ^X 

= « tan. X . «cc. a:, or = ac ^aec. ^a?— 1 . «cc. *. 

A 1 ^ V. . >. «W!. (90 — X) 

And (cosec. x) = (sec. (90°— x)} = — ». tttwv v 

^ / t v*' yj co«. 2(90— ») 

— ac . 09$. » 
— : — ;; — 9 or = — ac . cot. x . cosec, a:, or = — ^ . 

V cosec. -a?— 1 . co^ec. j:. 

These results, as well as those deduced in the pre- 
ceding articles, being of frequent occurrence, the student 
is recommended to commit them to memory. Thejr 
will enable him to find the fluxions of thie most compli- 

e* — 1 . /l+stn. X X 

cated forms, such as / . -- — - , /. W = : — ^ , s "" 

e^-f-l ^ 1— sin. X 9* 

sin. X . cos. X sin, nx ,, 1\ « in* 

7z , T-, r-, cos. (l.-l &c., whose nuxions, 

2 (sin a)" ^ x/ 

after the proper reductions, are found to be 

2e*« X . -^ n. sin. (n—1) X .X 

'ox' "1 i ' 9 • ^ Sin, X^ /• . \ „a. I > 

e^*— 1 cos, X («in. x)"+' 

a . - 1\ . . _ 

- sin. (( . - I, &c. respectively. 

Having prepared the student for finding the fluxions 
of every species of quantity, we will show him the 
utility of some very celebrated theorems. 

Let f(x) represent a quantity any how involving x 
f called a function of x), and let it be required to expand^ 
when it is possible, f (x) in terms of the ascending 
powers ofx. 
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Assume u :=:fx=: A. -}• Bx-^ Cx'' + Dx* + Ex^+ 

A^ B^ Cy &c. being constant. 

u ' 
Then- =jB+2Cx+32)i^«+4£«'+ 

X 

• 9 

^^=i2C+S.2Dx+i:SEx^+S.*Fx^-^ 

- =3. 22) +4. 3. S,Ex+5. 4. SFx^^. 

&c.=&c. the law being evident. 
Let jc = 0, and the corresponding values of u, 

-5 — , &c. be denoted by t7, IT',, CTi, &c. 

XX- 

Then J=i7, B=C^,, C=t72xf, O^U^x^, 

&C. = &c. 

Therefore /r^rj = Cr+ t^, .« + J7,.| + ^^3.^ 

+ Slc. which is the Theorem of Maclaurin. 

Ex. 1. Required to expand Z . (1 + apj . 
u:=:l.(l+x),.\ Cr=/.(1)=0 

««~ (1+*)*'" '" 

&c. = &c., &c = &c.. 

Therefore /. (1 +i^) = « - "J + i. - ^ + 

•« <5 4} 
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Ex. 2. Required to lucpress an arc in terms of its sine. 
Let jps^n. u 
Then u=arc whose sine is x, .*. (7=0 

-= = ■ * ■ (see 4), .'. 17=1 (radius 

X COS. u yY^x^ 

being 1) 
U X 






, .-. f7,=0 



(I-*-)' 



i^ 1 3 . a^ 



+ 



3 2 



(l-«2)^ (1-x^) 

u X 



3 » 



U.=l 



X* ,-, ,xT 



(l-««) 



— 6 —7 



^=3.3.(l-««) ' + 2.5.9x«(l-**) " + 

3.5. 7«* (!-»') ^••- f^5=8.8 
&c==&c. 

x^ 3 . 3 «^ 

Hence m = «+ ^ ^ ^ + ^ ^' ^ ^ + &c. 

1.2.3^ 1.2.3.4.5 

Ex. 3. Required to express an arc in terms of its 
tangent. , 

Let jc=tan. u. 
Then, since - = (l+w^)""*, (by 5) by proceeding 

X 

as above, we get 



x^ x^ 



■"='-3*5- 
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Otheir examples are, To express a number in terms of 
its logarithm; To express (cos. xy in terms of x ; To 

express in terms of x ; &c. &c. 

COS. X 

1 

In many cases this Theorem fails, as in m = — , 

X 

uz:zl(x)y x=sec. M, x=:cosec, M, 8cc. because in the first 
i/^ = - =00 , in the second ?/=/ . (0) = — op , in the 

third and fourth x can never equal 0. In many of these 
cases a transformation will give the function the form 
proper for developement. We have not room, however, 
to produce any instances. 

Supposing u =:f (xj to be such a fiinction of «, 
as is developable into a series of powers of x^ with con«* 
stant co-efficients, we may assume 

U:=zf(xJ=:LAxf + B3l^-\'Cx'+ 

Let x become, by the variation of x^ x+h. Then 

&-f{X'\-h)=:A.{X'\-hy-\-B,{x+hy^C.{X'\'hy^-... 

= J:c«+5x*+Ca^+ 

^h.{aAx^"'-\-bBx^'-\-cCxr-'+ ) 

A2 



+ Y-0-- {a.a—l. Axf"-''-\-b .b'-\ . Bx 
h^ 



*-3 



l'» At* 9 

T^.Bx'-^^ ) 

+ &c* &c. by the binomial theorem, which 
^e must suppose established on algebraical principles. 

But-rfaf+fij?*-!- =/(^) = u 

a-4r-* + 6'5cr*-' + = - 
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»« 



&c. = &c. 



u u h^ U h} 

+ Sec. which was first given by Newton at the end of 
his Frincipia, but is known by the name of Taylor^ s 
Theorem. Lagran^ and some subsequent writer 
make this theorem the basis of the Fluxional or Dif- 
ferential Calculus, by defining the fluxion or differential 
of a function ,to be the second term of its developement 
according to that theorem. 

The theorem may be simplified by making A=a5; 
for then 

* M 

Functions of various kinds may be expanded by this 
theorem, into a variety of series, by givmg to (h) the 
requisite forms, &c. 

We will give an example. 

Let u == tan. "'x, (or the arc whose tangent is 



9f 



a?) = "3 — ^, by supposition. 



2 



Then x=tow. u=ztan, {-^ ^ y)=:coty 
u 1 , y 

T= % . o = ««W. % = — - 

X X + x^ *^ X 

u y 

— =^ X sin. 2y= — {sin, yY. sin, 9,y 

X X 

Similarly , ^ .^ = — t (sin, y . cos. y . sin. 2y + 

X • At. X X 

sin. -y . COS. %/) 
:=-sin. ^y. sin, 3y ^ 
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s 



and = — sin. ^y. «». 4y 

k 
Hence tan. ""' (« + A) = ton. ""'a? + rfn. y . «n.y. j 

— sin, ^jf, sin. 2y- "o* + **^« ^y* **^» % • 'S'"***»»1y X 

stn. 4y.— + (a) 

Let A = — a:. 

Then, tan. "*« = — — y=iX . sin. y . sin.y + ■© x 

x^ , x^ 

sin. 2y . sin. ^J^ + -^ *wi. 3y. sin ^^ + t" • *in* 4y X 

« 
rfw. ^^ + (b) 

Since x cs cot. y, we also have 
— =:j^ + sin.y . cos.y + — ^ — .cos. ^y+ (c) 

Again, in series (a) let A =s — 2j, and we get 

Sx 2^x* 

2 ton. ""'x = -r- . «tn. ^ . sin^y + —^ . sin. 9y x 

«». ^y + — 5— «in. 3y . wn. ^y + .„ (d) 

Substituting co^ ^ for x in (d) we get 

— = y+5in.j(. co^.jf+ - . ^n.2y. aw. ^ + -^ X 
«n. dy .'C09. ^y + (e) 

Hence, by makings = -j, we have 

*" 4 "^2"*" 2x2 "^872 "672 "O^TTI"^ ^' 
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And by similar substitutions in series (a)^ many other 
beautiml formulas may be obtained. See Euler, Inst. 
Calc. Diff. Part II, 67, &c. 

Maclaurin's might evidently hare been dediioed from 
this theorem. 

Given y=^a+x, ^, to expand u =:fy =J^- (^+«<>y) 
according to the powers of x, ^ and j denoting krunon 
functions, and a being timependent ofx andy. 

m \ 

Sincey=a + af. ^, we have 
y 9fd h 

X^ X x* 

• • 

y Sv ^ 

X* X^ X* 

Now, since t? is a function of .y, and •y is evidently a 
function of x, taking the fluxions in the supposition 
that X is the principal variable, we have 

- = -:•- (this will be manifested by an example^ 
X y X 

such as V = Jg^ =/. (fr) = {a-\-x)\ where i? = w x 



V y^ . V y 



&c. = &c. 

.-. -7 = a? -f- jr. -r • T 

X ^ OP 
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A^ain, £rom the equation u szffy)^ taking x as thd 
variable, we have 

u u y 
X y X 

tt tf V V ** 

ac* y* «* »• y 

&c. = &c. 

But by Maclaurin^s Theorem (see page 281), 

and U = f(a\ the value of u when a? = 0. 

C/, = — r- X ^a, 
a 

rj {{nyy (fa)' ^ ,^., (ML 



a ' 



&c. = &c. 






a 

+ 1.2.3i f_J 

a* 

+ &c. 
This theorem (making « = 1) was first given by 
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Lagrange, whose name it boars, and is highly important. 
A few examples will show its advantages. 

Ex. (1). Let it be required to revert A-^By-i'Cyr 4- 

= 0, or to express y ^ in terms oj the conr- 

stants A^ B^ C, 8cc. 

Since y= - - -^. (C + 2>y + £y^ + .), 

comparing it with u^fy^f. (a+x^), we have 

M = jr, a = — -gj/o = a, X = 1 
. <>y= -•|.(C+I)y+£y»+ ), and .-. 

(pa = - ~. (C + Da + £a« + ). 

(fay a 
Hejace also -^^^^ z= -r = 1 

a a 

a a B ^ 

+ ....) xS-g-.(C+2)a + )-^- (■'^ + 2^ 

+ .,.,). } = &C. &c. &c. 

Ca^ Da} Ea* 
Hence 3/ = a ^ ^ ^ &c. 

50a* 

+ &c, 
where a = — — . 



{ 
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Ex. S. Let it be require to express the Eccentric 
Anomaly of a Planet, reckoning from the Perihelumj in 
Terms proceeding according to Vie Ascending Powers of 
the Eccentricity of the OrbU. 

If y denote the eccentric anomaly^ e the eccentricity, 
and nt the mean anomaly, it is well known that 

y =z nt + e . sin. y ; 

which being compared with 

M =1 fy =z a -^ X , fy, we have 

u = y, a = nt, X z=: e, ^ = sin. y, and .-. 

fa z=i a =z nt, (pa = sin» a = sin. nt. 

Hence -^^^ = —r- = n 
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f 



{<-)• m 



9tn sin. nt . cos, nt x, nt' x n 



a nt 

n^ X sin. 9,nt 
Sec. = &c. 

By performing the successive operations, and substi- 
tuting, we shall finally obtain 

y=:nt-i-e . sin. nt+ y^y^ x2.sin. ^^^'^i'^'q^ 



€ 

X (3^. sin. 3n*— 8 sin, nt) + -i o « j. 93 * ^ *' *^^' ^^ 



t 



5 



— 4 . 2^ sin. itni) + 10345 g4 ^ (5^.«w«« Sw* 

6. 4 

— 5. 3*. Mn. 3wt + . —-0 sin* nt) + &c. From the 

comparative smallness of e, this series converges very 
rapidly. 

For other examples to this theorem, see Lagrange, 
Risohtion des Equations Numhiques, and A Collection 
TOL. I. u 
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of Examples of the Applications of the Differential and 
Integral Calculus. By G. Peacock, A. M. &c. 

This theorem has been extended by Laplace to the 
fbnn 

which it is required to expand according to ascending 
powers of x. 

Assume u =zf. {f. {a+x^) } = ^. (a+xqg/). 
Then, by Taylor's Theorem 

Also <Py^ (p. {f(a-\'X<py)} = (p, . (a-f- a?^) by si^ 
position. 

(ft g)'' J^^(^)^ . . 
a^ 1.2.8 "^ *^ 

Let la == (Zq , — ; — = ^1 9 — ^r~ = ^2 » &c. = &c. 

a a^ 

(^i g)' (^i g) ' 

?),a = Ao, -—-. — = A^ , .^ = ^„&c,=&c. 

a a 

and ^ = V. 

ap« 
Hence « = Oo + a,© x x + Oj t?^ x -r-g + flj «>' X 



x^ 



+ &c. 



1.2.3 

and i> = -4o + -4, t? XX + A.^v'^ x j-g* + -^jw^ x 



«* 



+ «c. 



1.2.3 
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Also t?« = ^o« + 9,AqA^ » X » + &C. 

v^ = Aq^ + &c. 
&c. = &c. 
.\ by substitution, we get 

tt = tto + a, -4o X X + (2a, ^i a? + dt^o^) y^ + 

(3a, -4, i>2 +603^0-^1 »+a3 -4oO • J-gS" "^ *^ 
But, by Maclaui^s Theorem, 

« =x (7 + i7, . JP + Us . y-g + &c.[see page 281.] 

and supposing x = in eadi of the above coefficients, 
we get (since on that supposition v = ^= 9, (a-fx^) 
becomes ^, a) 

jy =s Oo = 4^0 

, ■ „ . (+«)' ^ 

1/,= a, ^0 = — ^~ • 9i ^ 

similarly 1/3 = -^ x { ((p. a)K —^ V 

&c. = &c. 
.'. M =/. {/(a + xipy) } = 4, . (a + or. «>y) 

/! V 5(?««)'- ^ 

= 4,0 -h<P,a. ^^ . T+-^ -' 

a 1 a 

1.2''' ?5— ^ 1.2.3 ''" ^* 

.4rhich Is called Laplace's Theorem. 
• o 2 
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This Theorem might have been established in the 
same manner as Lagrange's, and vice vers^. The stu- 
dent is advised, for the sake of practice, to use both 
modes, of demonstration. 

For the appUcation of these principles, we refer the 
student to the Collection of Examples^ &c. by G, Pea- 
cock, A. M. &c., where he will find abundant illustra- 
tion of this subject, (specially in what relates to the 
investi^tion of the T00I3 of equations. See also La- 
place, MSchamque CSkste^ tome 1, p. 170 — 181. 

We now come to Partial Fluxions^ called by 
D'Akmbert, who ^plied them so suecess&lly in maay 
phvsical problems of the most arduous solution, Partial 
jDtfferences. 

If te be a function of x and y^ denoted by 

u=zf.(x,y), 

and its fluxion be first taken on the supposition that x 
alone is variable, and on the supposition tha^^ alone is 
variable, we shall have results of the forms 

F(x,y).:i, r(x,y)y: 

which are termed the partial fluxions of «, rdative to 
X and y respectively. 

Also, since it can make no difference in the entire 
fluxion of Uf whether we suppose its parts due to the 
variation of a and y respectively, to be generated together 
or separately, we have 

tt = F{x,y) X + r(x,y)y: 
which Geometers represent by 

MM 

u z=, -r « + -r . y (a) 

X y 



u . u 



-r and -r being named the Partial-Flwcional Co-effi- 
X y ^ , 

cients relative to x and y respectively. 

Again, operating in the same manner upon each of 
the terms in equation (a), and continuing the same prin- 
ciple of notation, we have 
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f U U \ I u u , \ 



-^ i« + 2— • ■ 

2« u 



= ^ ^' + ^^, ^+ :^ y' (*) 



for r-. y« = -TT «y, since we shall obviously get the 
yx xy 

same result whether we take the fluxion of Uy supposing 
ao constant, and then again supposing y constant, or in 
the inverse order. 

In the same manner, since, for the above reasons, 

• • ♦ 

> • • * • • 

U U U -X 

y^x "" '^"" yxy f 

(m) 



u u u u ^ 

'-—TT &C. 



yx yx^ if'X^ ^^y 



( 



&c. = &c. 

the order of the Variables in the denominator showing 
that in which they are considered variable, we have 

• • • . • 

x^ x-y xy^ y ^ "" 

&c. = &c. 

By examining the results marked a, 6, c, the law of 
continuation appears very similar to that in the Bino- 
mial Theorem. 

Those equations also exhibit the successive fluxions 
of functions of two variables in a manner diflferent from 
the method used by Simpson* 

Ex. Required the fluxion of xy. 

Let u = xy. 

N u u 

Then w = — i + -r . y, by (a) 

u 
but —z X =i xy (considering y constant) 

X • 
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mi j ... ^ -. ^j^ ^j being constant) 

y 

/. ^ s= yx -^ xy. [See page 7.] 

If u =if(Xjy, Zf &c.) the same considerations will 
«how that 

u u u 

x y ^ z 

and so on for any order of fluxions. 

The following Theorem of Euler affords an applica- 
tion of this theory. 

//*«=/ fx^v, z ) be an homogeneous function ff 

x^y^ z vonost terms each rise to the same du 

m, and we have 

ii =z JCx + Yy ^ Zz + 

then it may be proved that 

Xx + Yy -{- Zz -{- 



u = 



m 



By putting^ = ^x^ z = z'x, 8cc we easily tranaform 
u to 

u^x-.fJl, ^, .) 

\X X 

and taking the fluxion relatively to each of the varia- 
bles, x% ^, — by the principles just delivered. 



X X 



+ x'"x 



+ 8U5 



^.J 


I — , — ^ ...... 

\X X 


u 


xy — j^i 


f^) 


•• x^ 


UJ 




• 

u 


xz — zx 



) 






©■ " 
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{mj—y f^, - ) - i--«j^.P - ar-^'zQ^ }i 

+ ^xT-^Py + ar-'^Q.z + 

• • 

P, Q, &c. being put = ;, ---. &c. 

But li also = Jfx 4- Fy + Zi 4- 

.*. equating co-efficients of x, y, &c. we get 

- &c., F :f X—' P, Z = a:"-' Q, &c.=&c. 

and substituting for / ( -, - )> P, Qj &c. trans 

fit 
posing the negative terms, and dividing by — , there 

X 

finally results 

mu = Xx + Yy -i- Zz -{• 

This theorem is useful in the integration of homo- 
geneous equations. 

We wiU give another example. 
Given two differ erU functions of x^y 

F(x,y)sLaAf. (x,y), 
to determine if one function be a function of the other. 

Let u =:f (x^y) ... (e)j and assume 

F(x,y)z=z<p {f(x,yj} = ^ f mJ = v. 

* « 

V V 

Hence — «-| y = i5 = tf<P' (u) by hyp. 

X y 

But from equation (e) 

a u 

X y 
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X y X y 

which can be true only when 

-. = --(? (u)y and ^ = -rV(u) 
X ± y y 

Hence 4 • 4 = 4 • j r/; 

the equation of condition^ which bdbog satisfied 
F (x, y) is a function of/(T,,y). 

As a particular instance, take ^ 

and a^x^ -f 6^ — cAxy =/. (j?,y). f 
H L^ 2aV -f Sfl^ftyj^ - aby 
X "" (ooc + byY 

£ _ 26^y^ -4- Sab^xy'^ - a^&a'^ 
y - (flwp -h byy 



u 

-V = 2a*j: — aby 

u 

~ = 2i2y — abx 

which being substituted in equation (f) the two mem- 
bers are found to be identical^ and F (x, y) is therefore 
a function ofy (x, y). 

It is easily seen indeed that 

F Wy) = («^ + ^) X /(x,y). 

In this place we might show the method of elimi- 
nating constants from equations between two or more 
variables, by successively taking the fluxions and making 
proper substitutions ; but as it involves no new prin- 
ciples, nor any difiSculty in the application of those 
already ^ explained, we shall prodeed to matters of 
greater importance. 
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We shall here treat of Vanishing Fractions j or those 
fractions which, under certain circumstances, assume the 

indeterminate fonu ^ . 



iV 
Let jpr- = Q be such that (N and D are fiinctions 

of a:; X being put = a, both numerator and denominator 
may vanish ; required under these circumstances, a de- 

terminate value of "j^ . 

Let N^y 2),, Qa, &c. denote the values of iV, Z>, 
Qy &c. when for x we have substituted a. 

Then since iV = 2) Q 

/. ^. - Q -h ^. 

and -^^ = Q. = •=;-, since X>, = 0. 
2/. Z>. 

Again, if j^ also = -jr, we have 

JV" = D"Q + mO' + Q" i> 

If ^ ZQD' Q" ^ 
..^. = Q + ^-gn- + ^2) 

and j^ = Q, =r ■—, since D' and Z> each=0. 

Ni , 

If -g^ still = j^ , we must repeat the operation, and 

so on, till at length we arrive at a determinate value. 

Na 
This value will be that of ;^ = g • [See page 155.] 



Ex.l. LHQ=.''-^''""^ 
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N 1 



Ex. 2. Let Q=: . 

N 
Then Q. = -^p = - 6a. 

A 

a" — «• 
Ex 8. J>< Q = , ^ ■ (/ denoting the hyperbolic 

logarithm.) 

Then Q, = -p? = iW. 



2x 



Ex. 4. Let Q = 



N' 
Then Q = "fv" ^^ "" • 

('>. (f) 

Ex. 5. 

i\r. n . ( n -f 1) 2n + 1) 
Then Q, = — = O^ ®^" 

A 

presses the sum of the series 

1 + 2« + 8« + »*. 

This method failing in some cases of N and D being 
functions of irrational binomials, trinomials, &c. we shall 
subjoin a process of general application, which has the 
advantage also of being very simple. 
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Let a + A be substituted for x in iV and D, which let 
be expanded by Taylor's theorem, or any other equi- 
valent process, in series ascending according to the 
powers of A, so that we may have 

Q^u = ^/,^ ^i^ * which being considered ac- 
cording to the three cases m > , =, or < m^ will give, 
by putting A=0, 

J 

orQ, = ~ 

1 

or Q, = — = cx) . 


Hence, then, the following general rule for finding 
the values of all functions of x, which assume the 



Take the first term of N and D expanded according 
to the ascending powers of h (x being put=:ia+h)^ re^ 
dtice the restdting fraction to its lowest terms, and then 
ptU A=0 : the result will express the value required. 

vf X 

We thus find becomes -— = --, on the 

, ffx 8 

4 X cos. -^ 

supposition that x=0. 

Also that — • 5 becomes tt = "^ 

ar» g2^* _ ar^ 6 

when jr=0 ; which fimctions express the series 
111 



1—^8 "^ gc «. ^2 "^ 5^ — x« 
111 



^ 12 + x« '^ 2« + x'^ ^ 32 4- ^« 
respectively. 



00 



00 
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ever, be teduced to -r-, and traated Mttotdhigly. 







Uj 1 



JVJl _ « _ _^ ^ _ ^ 

^"A ">« -/i\-o ^ 1-0- 

JV. 

Also we have -^ = oo — oo = q • 

1 

For « — oo = oox(l— 1)=-qX0 = -q. 

Examples of these kinds of functions are 

(1.) ^ - - 2 co<. 2d, which beoottes — 

N I 
— 2 cot. 2d, when j = oo ; and ^ = -j-2 coC. 2d, 

did 
which is the value of ten. d + | ten. "o "^ 2« ' *^^' S? 

+ &C. to X . 
^^•) 5 = ^ + 2^(Jx_iy ''W* expresses the 



«anes 






1 + «« ' 3*+»' 
^ = 00 -00 = o-g- 



APPfiUPIX. 



aoi 



SECT. II. — The subject of maxima and minima 
has been so amply and ably treated by our author, that 
little need be given in a^ition to this section. We 
shall content ours^es with applying Taylor^s theorem 
to distinguish between maxima and minima of functions 
of one variable, and a few examples in Transcendental 
Funetions (exponential, logarithmic, circular, Ac), and 
in functions of t^^p or more independent variables. 

The function of x expressed by u^f(x) admits of a 

• • •• 

a u u 

maximum or mininuim^ if — = 0, or if each of -jj -:7 

4 5 

•• •••••• ■ 

^ u u u u u u 

a°d j^ = 0, or »/ eocA 0/ -,-, ^, -, and - 

6 

U u u 

= 0, or &c. according as •— , or —, or -:r-, or 8cc. re- 

X X^ X 

spectiveljr, ia negative or positive. 

For, by Taylor's theorem [see page 284.] 

^/ Lx u . ii h^ 
«.=/(x-A)=«---A + -.-^-. 



X ^ «« 1.2 ^ 

Hi and ttj bemg the values immediately preceding and 
succeeding «. 

Now when h ia vary small, any <»ie term of the series 

Ah-\'Bh^-\- X is greats than tjhe sum of all the 

succeeding terms: for S&^ + CAH == A^. (5+ 

CA+i»4- ),aiida+2>A«^....... = A.(C+2)A 

4- ) is evanescent compared with B^ .*. Bh* is 

greater than Ch^ + DA^ + and soon 

u A* 
Hence all the terms bey9nd — . -^^ ^" ^i > ^2 ™*y 

be neglected, and w» hav^ 



SOS 
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tt . ii A* 



t«, = u-—A + --- 



X x« 1.2 



U - u 



A» 



* • x« 1.8 

But in the case of u^zmax. u is greater than both Ui and 

• •• 

«2 9 which cannot possibly be unless -r = 0. and tz 

is negative. And when u=zmtn. u is less than either 

u ti 

«t or tti ; therefore, in this case, — = 0, and tz ib 

X X 

positive. 

• •« 

u u 

Again, let both — and — equal 0. 

XX* 



the 



Then «. = « - T3 . 0:3+^4 • -0:3:4 / 

- !L ^' ^ A^ r 

««a- « + -^3 • 1.0.3+X4' 1.2.3.4-/ 

higher powers of A being neglected for the same reason 
as before. By the above mode of reasoning, it also 
appears in this case, when u = max. or mm. we have 

J = 0, jp = 0, T7 = 0, and ~ = a native or 

positive quantity, according as ti = max. or fitm« The 
same process may evidently be continued. 

In (unctions of two or more variables, . the characters 
which distinguish the maxima from the minima^ taaj, 
by a similar but more complicated process, be ascer- 
tained. 

If u=f(Xf y)y it will be found that according as 
u = max. or min. the partud fluxions 
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^ are both native, or both positive, and 

in both cases, 

Tj i« X ^ X y« IS greater than [-j. 

Examples in Transcendental Functions. 

1. To find that Number which hears the greatest 
Ratio to its Logarithm (hyperbolic). 

Let X be the number. 

X 

Then y- = max. and taking the fluxions, we have 
Ix 

.\ /« = ]=: fe, or « = e the hyperbolic base. 

(2). To divide a Number n into so many Parts ^ that 
their continued Product may he a Maximum. 

Let X be the number of parts. 
Then {-'\ = max, 

and since the greater a quantity is, the greater is its 
logarithm to the same base. 

I. (-1 =«./-=: max. 
\x/ X 

/• « • / nx = 

X 

.% / - = 1 = / . c. 

X 

n J » 

/. - = e, and « = -. 

X e 

« 

Also e' = the maxim'^m. 
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(8). To divide an Arc A (Radius of the Circle 
being 1) into two such Parts ^ that the Product of the 
(n)^ Power of the one, and ike n^ Power of the other, 
may be a Maximum. 

Let.d = one part. 
Then ^ - d = the other, and 

sin, *0 X sin. %A — 6) = max. 
and taking the logarithms 

n t. sin. d + til / . sin. ("^ — C) = max. 

n 6* COS. G m&' cos. (-^ "" _ /\ 

sin. 9 * sin. (if — 0) 

Hence*!? = 'fl^Sd—^ 
n tan. B 

m + n ^ tan, (A — 9) + tan. B _ si n. A 

m-^n tan. (J-^ — tan.B "" ^^J— 2^) 



and 



wi — w 



.\ sin. (A-^^ff) = . sin. A, which pves 

m -^ n 

A — 9,9, and .*. 9. Henee also A -^ kit humi,^ 

4. Required the value of x when -: — : — -r = a «it- 
ntmum. , 

Answer x = a + ~. 

4 

The following exam]^ will illustrate Arf . 45, p. 43. 

(1.) Amongst aU ParaUelopepedonsy whose Planes are 
perpendibdar to one another, and of given Magnitude, 
Jind that which has the least Surface. 

Let x^ y^ z, be the three edges of the parallelcqpe- 
pedon. 

Then, since the magnitude is given 

xyz = a (a given quantity) 
and 9ay + 2xz + ^z ss a minimwn 
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•% by substituting for x, and taking the half, 

a a 

•^ y X 

V see page 43. 
and -=« =0% 

Hence V =5— =axi^=^. 

.•. y = a* i 
also X =s a^ > which indicates that the parallelopi- 

and.\ X s= a^ J 
pedon is a cube. 

(2.) /f Cf ft, c, be the prime Factors composing a 
given lumber -4, required the ffumber of Times each 
must enter that Number^ so that it may contain the 
greatest possible Number of Divisors. 

Let X, V, Zj be the number of times a, b, c, are taken 
respectively. 

Thena'bfc' s= A. 

And tt = (x+l). Cy + 1) (ar + 1) = war. (see Bar- 
low's Theory of Numbers, p. 82). 

Now first we will eliminate zoj means of 
xl, a + yLb + zk =: lA 

whence M=(« + l).(y+l)/— — ^ - y ^ + 1) 
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- («+l) (y+1) I = (by Art. 45). 



'^ »2(i 



-(«+l).Cy+l).^=0. 

Hence L< — optz — ytt + fc = (» + 1) . fa) 
and L< — «tz — ^ft + fc = {y 4- 1) . /J) 

.-. (x + 1) fa = (j/ + 1) . tt 
.•. «fa = ^tt — / . - : 

c 
similarly ;2:/c = ^ft "" ' • r 

o 

also = lA —ylb — xla, 
.*. we have the two equations 

xla = ^/& — / • — 

b 

and opfa = / J + / . 4- "" %* 

o 



which give 



o o 

i. Mac; -r 2ft 

similarly x = — ! — ^, » 

3fc 
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SECT. Ill .'rr Supplementary to this section, which 
treats of drawing tangents to curves, we may give other 
modes of determining the position of the tangent, with 
additional examples in transcendental and other curves ; 
also a brief exposition of the method of drawing a^fmp^ 
totes, or those lines which touch the (^urv€ 0t a point 
whose abscissa is infinite. 

(1.) If X andy denote the abscissa and ordinate of a 
curve respectively f and 9 the inclination of the tar^ent 

^0 the line ofabscissay then ^ = ta^, dw 

X 

For the angle SCn = CFm = 9 (fig. page 54), and 
y\x\\Sn\Cn::\\ tan. Q 



» . 

X 



4 = tanA {a) 



. This equation is useful in deteipiining the pos^itiJQn of 
tbe^. tangent, or of the cucre, at particular pomts in the 
curve ; e. g, required the angle at which a circle cuts its 
diqml^-' 

Here y^ = 2rx — x-. 

y r^x r— x 

.'• tan, B =: — ;- = — — - ^ = '- 

X V2rx — x^, y 

Let X and therefore ^ = 0. 

Then> at the point of intersection, 

^ r 
tan, 9 = — = 00 , 

or a 5=: 90% 
which we also know from common geometry. 

(2.) Required the Conditions of Contact of any two 
Curves whose Equations are y '=-f» (x), y ^j (<^)> 
X and X being medsvred on the mm^ straight tine. 

Since at the point of contact the two curves meet, we 
these have 

^ = y, 

x2 
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Also^ the curves having the same straight line touching 
them both at the point of contact, 

^ = tan, (see equation a)-'s= ■^. 
The conations of contact are, therefore, 



d^ 



X 



The use of these expressions will readily be perceived 
from what follows. 

Ex. 1. Required to draw a Parabola whose Axis 
shaU coincide with that of a given Cirde, and touch the 
Circle in a given Point. 

Let V* = 2rx — «*? 
^.^ > be the equations of the cirde 

and parabola, p (the lotus rectum of the parabola) beings 
at present, undetermined. 



Then^L = L 

and^ = iiZf 
* 9 

Hence, at the point of contact. 



jp r — a: 



(by equation &) 



or p =: ^ X 2 X (r— J?) = 2. (r— «) 

p "" p ~ 2.(r— «) 

If, therefore, a parabola, whose latus rectum is 2, (r — x), 
and vertex, distant from the ordinate of the given point 



• \ 
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in the circle, by i? = ^-7 r-, be described, it shall 

Jo (r— a?) 

touch the circle at the given point. 

Ex. 2. To draw an Ellipse of given Eccentricity^ 
having the same line of abscissa as a given Circle, and 
touching it in a given Point. 

Here^* = Hrx — x* 

e _ ^^ ,o_* >o\ r * ^^^ ^ heing the 



= Hrx — X* ^ 



and^ 

constants to be determined. 

At the point of contact 

r—x y y' b^ a -^ x 

y ""»"»'"" a*' ^ 

r *** X 
whence 6* = x a«. 

Let fhe given eccentricity = e 

Then a* — c« = &« = !lllf x a^ 

a— x 

and by reduction we get 

al,-— ra^ '^ e^a as jrc^ 

from which, having found the possible values of a, we 
^t f, which enables us €0 construct the tangent curve as 
in the preceding example. 

Ex. 3. To draw a Straight Line touching any given 
Curve in a given Point. 

Let j^ =/. (x) be the equation of the curve 
y z= A + Bx that of the tangent 

A and B being to be detennined, and x and x^ havmg 
-the same origm and direction. 

At the point of contact 
S=^ = ^, andj^sy, andx = J?' 

X X 
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.-, ^ = ^ - Bj' = ^ - ? jK 



X 



§ -5^-^«-«-? XX' 



X 
V 

or 



^-J^=^ X (y-x) »(c) 

which is the equation of the tangent to any cbr^ and 
may be used in many cases mmre oommodiously in 
detennining its position, than ithe obmmbn depres- 
sion for the subtangent. 

The normil bcSng ^rpendicular to the tangent, will 
have for its equation 

jf' — yss. — ; X (x''— x) ;.. (d) 

y 

^' and a/' being its co-ordinates, and.x,^, those of the 
curve. 

Thus, in the Iqrperbola referred to its aiymplSoles, 
the equation being 

ab 
y ^ — 

X 

we ba^Te, ftcnn (c) 
Soft 

X 

And frdm (d) 

y ahx 



Again, in the Cissoid ofDiocksy 
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sad we readily find the equations of the tangent ^and 
nonnal to be « ^ 

i/7 



2. (a— jc)^ 

andy = ^ X g^' (8g " ^) - 8' (g"^)V 

l/ax — J?* 8a— Sac i 

Also in the Witchy the equation being 

a\/ax— a?* 
y = , 

we hate 

2x. Vax^x^ 



and y'= ^-^^-^\ K'- X + J?LY 

In the logarithmic curve the equation is 

and it easily appear^ that the 

subtangent ;= — = -; — , 

y ^-g 

y = a* + (j/ — a?) a*/, a, 
andy^ef-Caj'iij) x 



(fUa 



In the curve whose equation is 

y =1 af 



The subtangent = ^ — — (see page 277) 

X "f" f • *r 

^ =V + (x^^x).(l + Lx)x' 

and v" =s ar* — ---I—. 



sit 
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The reader will find no mat difficulty in applying 
these forms in the solution of the Problems 

To draw a straight Line from a given Point Umeh^ 
ing a given Curve ; 

To draw a Curve of a given nature passing through 
a given Pointy and touching a given Cume. 

(8). We now proceed to determine the anfn^pMes (if 
any) of a curve aefined by parallel ordinates ; a subject 
of considerable importance, although entirely overlooked 
by our author. 

Let C D E be an aymptote^ or tangent at an infinite 
distance, to the curve AMY. 




Also let M T be a tangent at the point M, and draw 
AB, P D, at right angles, to C F ; and put A P=x, 
PM=y. 

Then since 

P T = "^j and A P = *, 

y 

/. A T = ^ — X which = A C when x is infinite. 

' y 

AlsoT = tan. MTP (see page 307) which = 

A B 
tan. A C B = xttj when x is infinite. 
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Hence by making x infinite in the values, deduced 
from the equation of the curve, of 

yot 

y \ (e) 



,y /vi ^ xy 

and^ X C^ — x)ory — ^ 



we get A C and A B, whidi are sufficient to determine 
the position of the asymptote. 

^ To find all the asymptotes we must treat the equa- 
tions, (e) in a similar manner for the infinite value of ^. 

If A C and B C be both finite, C B being joined 
and produced indefinitely, Will be the asymptote re- 
quired. 

If A C be infinite and A B finite, C E being drawn 
through B at right angles to A B, or parallel to A F, 
will be the asymptote. 

If A C be finite, and A B infinite, the asymptote 
will pass through C at right angles to C F. 

If A C and A B be both infinite, the curve will 
have no asymptote. 

If AC and AB both =s 0, thci asymptote passes 

through A, and its direction is found by ^ = tan, d 

(see page SOT). 

If AC=0, and AB be infinite, it coincides with AB. 

If A C be infinite, and A C == 0, it coincides with 
AC. 

Ex. 1. Let the Curve be the common Hyperholay 

b* 
whose Equation is^ = — . (2ar + x^). 

Then P T = ^i±^ (page 6^ 

I 

ax 
and.-. ATs: PT-a: = 



a+x 



axoo 
or A C 5= s= a. 

00 
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Hioiee C is the c^ter of the hypdrbob. 
xy bx 



Agaiiij 



V^2a» + «« 



. ^ 6x00 
.•.AB= -7=; = ± 6. 
Voo' 

Hence, drawmjg A B, A B' = + 6, on different sides 

of C A, and joining C fi, &c. we cet the position of the 

asjrmptotes, the same as by the ormhary methods of gco» 

nutry. 

Ex. S. Let the Equation of the Curve be 

y' — «' = flwjy. 

Then it will be found that 
A T :±= V - ^^ - gg^ 

and .vAC = -^ = —• fy being finiti^. 

Now^ to separate the variables^ put aI = ^ (whidh 

will apply in similar cases). Hence y ±t 3fv> and 
sifbfttitutii^ in the drigixkal e^ua^iotf, &c.> we get 

iriu^x 

— ;r - Stt =5 0, 

and % lieidg fixate^ may be omitted when x is infinite. 

a 

«"• = 3 

Hence A C = 5 

* "^ « ~ 3«2-cx ""3*' ~Sx^+axy 

i-ax 
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• • * " - 3i« - 8* ^ X 

Taking, therefore, A B = A C = -a, and joining CB, 
&C. we shaU get the asymptote required. 

Other curves having asymptotes are^ the Cissoid 
Cy* = ), Conchoid (a+x^) . (b^ - a?2)=«y, the 

WtteA (j^ = ^L—^^LlZJLj. Also the curves whose 

X / 

equations are y^ = or^ + a:% and ax^ — iy* + cxy=zO. 

Another Inethod of determining as]rmptotes^ is by 
finding from the equation of the tangent 

for itfhat vdbtes if x its orSinates become ri^nite. 

Ex. Iiv the C^oid we Kave Xps^ 911) 

^ = — -^ — (Sa-ar.x'f-aA) 
2. (a-x)* 

which becomii^ infinite, when x^a, coincides with the 
tangent, or is an asymptote. 

Other applications will readily Snuggest themsdves. 

(4.) Given the Equation between the Radius Vector 
(^), and the Angle described (fi), of a Curve, to draw a 
Tangent at any Point of it. 

Let S P be any position of the radius vector of the 
curve A B whose pole is S. Also let S T be drawn at 
right angles to S P, meeting the tangent T P R in T, 



S16 
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and with S as center, and radius = 1, describe the 
circle Kp cutting the curve in A and S P 'mp» 

Then^ since the point P has two motions, one in the 
direction S P, and the other perpendicukr to it, arisii^ 
from the angukr motion of S P, if the indefinitely small 
space P R, uniformly described and measuring the vdLo- 
aty of P in the curve, be resolved into F Q, Q R per- 
pendicular and parallel to S P respectivdy, P Q, Q R 
will represent the velocities of P in those directions, or 
the fluxions of a circle whose radius is S P^ and of S P. 

Let S P ss ^, and Ap r= ^. 

SP 

Then pq = 6*, and we have P Q = -g— x pq =^ f^'- 

Also QR : P Q : ; S P : S T, whence the subtangent 
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Ex. 1. To draw a Tangent to a Curve whose Equa- 
tion is 

a* 

Take, therefore, ST = ^ and job TP: TPwffl 

be the tangent required. 
When n=l, the curve is the Spiral of Archimedes. 
When n= — 1, it is the Reciprocal Spiral. 
When nss —2, it is Cot^s Lituus. 

Ex. 2. In the Involute of a Circle 



_ • -//»*— a 



>S n 



P 

Hence, sttitow. = ?-^ =: ^ ^ *"^ 

op a 



Ex. 8. /n ;Ae Conchoid S 

0- = *''*' 



0»— a) V^f*— 2(v+a«— 6«* 
Hence, subtan. = i-^ = * y- ^ ===» 

Other examples are the Come Sections referred to the 
j^>ctt9, a ctrcfe whose pole is in the circumference, and 

1 

the curves whose equations are, = > «• 

f« = aO - 02, d = c^ + V + cp' + &c. 

In this place we might dilate upon the conditions of 
contact, &c. of any two curves referred to the same pole, 
and deduce conclusions similar to those for curves 
referred to an axis ; but matter of greater importance 
claims our attention. 



»7 
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(5). To^nd the Asymptotes of Curves referred to 
a Pok. 

.2d' 

Compute the subtangent — .- for the infinite value of 

fy and find the corresponding value of d. Draw a per- 
pendicular to that radius vector which passes through 
the extremitv of this value of 9, and measure upon it 
the value of the subtangent. Then the perpenmcuUr 
at the extremity of this subtangent wiU be the asjnnp- 
tote required. 

If when f is infinite, ^ is finite, or = 0^ the cqrve 
admits an asymptote. 

If when /) is infinite^ d is infinite, there is no asymp- 
tote. 

If when d is infinite, f> is finite, the curve admits a 
circular asymptote, the radius of the circle being that 
finite value off. 

a" 
Ex. 1. *Let = -r- 

f 

Then, since d is not infinite when p is, the curve 
admits an asymptote, and the subtangent 

when p is infinite, for all values of n except 1, and 
6 then = 0. 

Whenn = 1, STrs— a. 

Hence, supposing to 
bemn at A, the infinite 
value of p will pass through 
A, and ST, perpendicular 
to S.P, being put =r a, then 
T D, perpendicular to S T, 
will be the ^ymptqte. 

This is the Reciprocal 
Spiral 




'I 



APPENDIX. 

Let n = 2. 

Then S T = 0, and the origin 
being at A, d = 0, and the 
asymptote coincides with S P* 

This is the Lttuus. 

When n is any number greater 
than S, SP is still the asymp- 
tote. 
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Ex. 3. In the Conchoid^ the equation is 

secant = f — a, 

and .-. S T = ^ 

(f— a) l/f*— go^+a*— 6« 

= bf when p is infinite. 

and since sec. d =s oo , when f ^ oo 

ft= 90^ 



Hence, if T be the 
beginning of d, T A a 
quadrant, and ST=b, 
the perpendicular T D 
will be the asymptote. 




" •(V - f ' 




When Ossa>,f=a. 

Alio f canoot exceed a, because then 6 would be 
muunjiaiy. 

.'. « azde vbow radius ua is an asymptote to the spiial. 

Also f makes an infinite number of revolutions before 
it terminates in the center. For when t ssO, = eo . 



Ex.4. Lete = 



Then, since f must always be greater than a, and - 
yet may approach it nearer than ^ any assignable di&' 
Rienc^ the drde a& desoihed "with the cento* S and 
radius s; a will be an asymptote to the spiral. 
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Again, the subtangent 

a 



ST = 

And d then = 0. 



2 



f^-f^ 



(f^af)i 



= — 1, when p±=« . 



Hence, A being the beginning of d, and ST = 1, TD 
. perpendicular to §T, will be an asymptote to the curve, 

* 

SECT. IV, Simpson, in this section, having 
omitted to treat of Spirals and those curves which are 
referred to a center or pole, we shall endeavour to sup- 
ply the defect. See page 83. 

VOL. I. Y 



tust 



APKKPIX. 



(1). To dttermne the Ptnnts of amirafy Flexure 
m Curves dtfintd by Polar Co^ordinaJtee. 




9 

Let C be the point rf contrary flexure. Thea su^ 
posing P C convex towards S, and C FS coi^ve, it is 
evident that the perpendicular upon the tangent Sy 
increases frmn P to C, and afterwards decreases. At C 
therefore the perpendicular is a maximum^ and itt 
fluxion as 0. 

Let Sy = p. 
HofW from similar triangles (fig. page S16) 

Sy:Py::PQ:QR, 

or retaining our former notation, 

P : Vp« - p^ : i X B' : f 



Hence p = --========-== — 7==;;= 



*^ 



and taking the flnxions on the sapporitnm t^ V u 
ooDSitsaif we obtain 



P_ 

9 

t 






ti 

9*8 



+ <•' 



&< + 9* 
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But at the point of oantrary flexure p* =: ; kenoe 
then 

1^ - TT + ^' = » 

or T^ • A^ '^ ^ .......#•••• (/y 

is the equation of condition for a point of CBmtrary 
fitxure, 

Ex. 1. Required the PoifUt of emUrary Flexure in 

1 

the Curve whose Eqtmtion is 0= -- - 



r n+l f 



Hence — =: - -^ . _ x ^ 

Theref(Hre, by substitution in equation (f) we get 

1 
Hence p = ( = J 

^^-^^ > r^r;. 

««j fl «, i -. l/n-l 

If n be native, these equations are impossible, or 
the spiral has no points of inflexion. 

If itssl, p is iimnite, and curve has no inflexion. 

If n = 2, p = 4J = ± i/S 

1 

and d ss + ~ 

and all higher vdues of n will give points 

y2 



I 
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Ex« 2. In the Conchoid considered as a Spiral^ 
required the Points of inflexion. 

Here sec, 6 =z f ^ a. 
••• = ' , . (page 880). 



P f— « 



Hence -rr s= -=-r^ . -/p* — 8{zp + a*— 6* 

and substituting in (f) we find, after the requisites re- 
ductions, that 

f^+ ^ f^+ -g p+a.(6«-aO=0, 

the solution of which will give the values of p corres- 
ponding to the points of inflexion required. 

In this place, if our limits would permit, we might 
give an exposition of the theory of singular points in 
general ; as of Multiple Points, Points of Uwiulatton^ 
Conjvffite Points J Points of Double Undulation^ &c. &c. 
On this subject the reader may consult, with great 
advantage, Cramer^ Introduction d t Analyse des Lignes 
Courbes, and A Collection of Examples of the AppticcL- 
tions of the Differential and Integral Calculus. By G. 
Peacock, A. M. &c. 

SECT. V The theory of Contact and Osodation 
is better explained as follows. 

Let two curves whose equations are y =if(x}y 
y z=^f'(3f), {x and a/ being measured from the same 
point, and along the same line), touch one another. 

Then (page 307) 

y' y 
^ = V and T7 = -• 

Also, if we suppose x and «' to increase by the quantity 
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A, and the correspondii^ increments of ^, y to be A:, k/ 
respectively, Taylor's theorem will give us 

L-lk^t ±-^y -i!- + 



•••••• 



- , y' , y' A« ^ A' 

and fc' = t; A + -^. ^-g + ^ . j-^-g + 

and .*. the distance between the curves 

measured along the - ordinate corresponding to the 
abscissa x + h; or the deflection from the tangent, is the 
less in proportion, as there are more of the equations 



y 

X 


y' 

~ sf 


• • 

y 

3f2 


y 



(gj 



8cc.= &c. 

that is, the contact is so much the more intimate. It is 
said to be of the first, second, third, &c. orders,, accord- 
ing as one, two, three, &c. of these equations obtain. 

Hence we reduce the whole theory of Osculation to the 
solution of the following problem. 

• 

Given the nature of a Curve to find its dimensions 
(i. e. its indeterminate Constants) so that it may touch a 
given Curve in a given Point more intimately than any. 
other of the same kind. 

(1.) Letx', y be the co-ordinates of the tangent 
curve, and first, let it be a straight line. 



rJ 



y ' ■ __. „:. y y 



Then, since 77 is constant, and Tni-rrt &c. all 
vanish, and -r^ > -77 , &c. do not vanish, except when 

X^ X'* ' 
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{^9 y) ^ ,aIso a ttraif^t line, only one of the cquationf 
fg) obtain. 

Hence one straight line cannot touch a curve more 
closely than another. 

When (xy y) and (a/,y) are both straight lines, then 
an infinite number cf equations obtain, and the lines 
^actually oolncida 

(S). Let (a/, y) be a circle whose general equatioii it 

(x^ - «)« + (y - /3)« = a* 

R being the radius, and (a, 0) the co-or£nates of its 
center referred to the line of abscissa of the given curve 

Then(a?'-«)+(^-Q- ^ = 0^ 

Hence obtaining ^ — /? and jf -^ ot^ and substituting 
them in the given equation, we get 

R = ^ "^ ' 



t 



But at the point of contact 






x' 



••. i2 = IT (0 

which completely determines the radius of the circle 
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vAAA touohes the curve (t, y) more intimately than 
any other ; because no other circle will require more of 
the equations (g) to obtain. 

This is a contact of the second order. - 

The drdes of stmpk contact are innumerable ; for, 
from the equation of the circle^ the first of (h), and 

the conditions of simple contact ^ =? ^, j^ = y, we 

X X 

readily obtain 

« = X + — J ^ and/S = y — 



8*7 



— 1 ami p =^ 7 — -'— , 



r*; 



whence 5 = (« — i) v 1 + — V 

oriZ=Cy-^\/l+^A 

which, since » and are indeterminate, must have in- 
numerable values. 

Equating these values of Ry we get 

— ^ = . (a — «) flj 

y 

which denotes that the locus of the points whose co-or- 
dinates are («, 0), or the centers of the circles of simple 
amtact, is the normal of the given curve at the point 
'txf contact. 

]^roceeding as above, we might determine the degrees 
of contact of other curves. We should find that the 
ellipse, having four constants in its general equation, 
has three orders of contact ; and in general, that an 
osculating curve having (n + 1) constants in its general 
equation, can only be determined in its dimensions by n 
of the equations (g) obtaining, and therefore, that it is 
susceptible of a contact of the n*^ order* This we must 
leave to the reader. v 
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G^eometers have agreed to adopt the elrde, fiom its 
r^ularity of curvature and general sunplidty, as the 
measure of curvature of other curves ; and that cirde 
which touches a curve most intimately at any point, v is 
called the circle ofcwnxUure^ and its radius, the radius 
incurvature of that paint. 



<> ^ 9* 



Hence £= (mj 

L 

the radius of curvature [p. 72.] 

In the above expression x is constant, but, b being the 
arc corresponding to j, y, 

R = — T-T — , and making x vary, we have 



(i)^' 



y\ _ yx - xy 

xl x« 



z^ 



yx '-' xy 
which is the complete expression for jB. 

(3.) The above metKod will apply with the same 
success in Polar Curves. We prefer, however, deducing 
the expression for R in this case, as follows : 

If p be the radius vector of a curve and 6 its inclina- 
tion to the line along which x would be measured, 
we have 

X =: f . COS. and j^ = p . sin, 

and from the equation of the circle of curvature, and 
the conditions of contact [p. 326] we get, by substitution, 

(f COS. 0-«)2 + (p sin. 0-gy- = R^ fpj 
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and taking the fluxions twice with regard to p and B9 
we get 

(p . cos, d — a) [ ^ COS. 0— f> sin. 6) + (p **^« ^t/^) x 

(ir «n. d 4. p COS. 6) = 0, and f -g? cos. — f «tn. fl)* 

(•• • 

|r- COS. 6 — 2 ^ Mn. — p COS. 0) + 

Y 9in. + p cos. 0)« 4- (p wn. ^ — |5) . (^ sin. + 
2 ^ COS. d— p wn. 0)=O ; whence obtaining p sin. d— P, 

V 

and p cos. ^ a, and substituting them in equation 
CpJ we finally obtain 



3 



(4.) The ivolute is evidently the locus of the centers 
of the circles of curvature for the different points of the 
siven curve. Its co-ordinates are therefore a and 0, and 

Its equation will be determined very easily by substi- 

• •• 

tutmg for y, ^ J ~j deduced from the equation of the 



JK X 



curve in terms of x, in the equations of contact [see K]» 



(« - «) + (j, - ^ . I = 1 



CO 

and 

and hence eliminating x* 

We shall thus obtain the relation between » and 
or the equation of the evolute. 
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7% evohiie cf evefy algdmnod cuTf^ being equal m 
kngthj to the difference of the radii of cureature oor- 
responding to ite extremitieSf is always rectifiable. 

We have not much room for examples in this theory. 
Take the following : 

Ex.1. Let the curve be the rectangular hyperbola 
referred to its asymptotes, ot xy zs a\ 

Then we readily find 

and from equations (r) and that of the curve 
a =s <. — 4- — , and 6 = + •:z — 

Hence, to eliminate x, we should have, by the usual 
method, to solve an equation of the third dq^iee. An 
artifice, however, will simplify the matter. 

Smce« = 5 X (3-+-r),and/3=5.{— +-y) 

a /a ^ x\^\ 

X a \a/ 

X a \a/ 

Hence ?? = f-5) . {(« + /?)*-(•-. ^* } 
a \a/ • 




f 
*^« = (l) ^-^ - 



T . /. fl\3^ 



(• +0) +{.*-f>) 
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-. j = (« + jS)^— (« — /5) , the equttimi 
* to the evolute. 



A« 



Ex. 2. /ji the dlipae ^j/« = ^ . a« — a?^)^^ we shall 



find 



. , a2 — i« ,.i 



i2 = 



06 
and the equation to the evolutCj 

Ex. 8. In the Trisectrix the eqtiatton is p sz Z 
€0f • + 1 ; and we easily find by equation (jj) that 



a 

T 



R _ (5 ± ^ ^<^* ^) 

9 + 6 (Hw. d 



SECT. VI.— This Section, treating of the fluents 
of algebraic fiinctions only, is imperfect ; in investigating 
«the areas, &c. of all sorts of curves, we may have occa- 
sion to find the fluents also of exponential^ logarithmic^ 
and circular fimctions. 

(1.) To find the fluent ofaS" «. 

Let if ^u 

Then 6 = a»«./.a [p. 277-1 

.-. /a*« = ; — + c =s ; — •\- CyC being supposed the 
<• a In a 

constant which vanished by taking the fluxion, and / de- 
notmg the fluent of the quantity which immediatdy 
foDows it. 



3&2 
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Geruralbff required thefiuenJt of Ux, where U is any 
algdmiic junction ofaf^u^ wiuUever* 

Since x = — - — as above, we have 

—■ — , which is reduced to an algebraic form. 
uLa 

(2.) To fond the fluent of x . o'i, which is partly 
algebraic ana partly exponential. 

Since (pw)' ^^vw-^-wv 

and /. fvw = t?t£7 — fwv, we have 

farxy,x^ — >,x^fx _ = _-.^ + c 

the fluent required. 

And generally^ required the fluent of -ATo**, toAerc 
X is any algebraic function ofx. 

Let ^. = :?, 

X . 

&c. = &c. 

Then since /A^ X (fi = ^ ^ - i . C^aTx^z 

-^ la la J X 

a* 1 

— X . /-AT, afx, if the process be continued we 

la la 

shall obtain 

•^ la {lay ^ {la)^ 

when n is an integer. ^ 
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This method will always reduce direct powers of x or 
its functions. 

When the powers are inverse or in the denominator, 
we must make 

X, = fXx 

&c. = &c. and 
fXx X a* = X,a«- lafX.x. <f 

continued, will give 

fXxxa" z::z X^(f -^ la X^(f '\- {lay . X^aT - &c. 

J(fx C ^1 /. a 

■*"(»-.1)...2.iJT- 

(3.) To^nd the fluent of xl. x. 
Since Qx)' = - [p. 277.] 

/i X /x = a:/jc — j — X a: 

= xho -' X •\' Cy 

and generally, required the fluent of xf, (I. x) . where 
jf denotes an algebraic function. 

Let Ix = u 

Then x = c" 

and X = ii c" [p. 277.] 

Hence fxf{lx) = feuf{u) which may be 
found by the general process explamed in the preceding 
article.. 

(4.) To find the fluent of Xx I . .r, where X is any 
Algebraic Function ofx.' 



9M APPXNon. 

will be aljgebraie if fJU eome out in thftt Ibrnt. 



Ex. 1. Let Jr = ar. 

Then /j:-iir =s T^^"'^ - /^* = jj;^ >^ 

(ir - 1) + C. 

And generdUj/y to find the Fluent tfX^(l. s)\ 

Let -^Ti s= / JCe 

X^ =B fXfi 

Then^ by continuing the above process, we shall get 

fXx(lx/ = X, rtr/- nX^ (bcy^'^-n . (ji-l) X 

JTj (Ix)"^-^ &c. 

(6.) To find the Fluent of --j^ . 

(Xxy 



Let X, = 









JJITi i 



— jpi 



(n-1) (&)-» ' 



(n-l)(iry 
(n-1) (tr) 



Ibr — = (I. xY 
X ^ ^ 
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Hence, hj OQntinuing the process, we obtain 

/ Xx -^a? JT^x 
Qxy "^ (n-1) {Ixy "" (n-l). (ii-2X&)-* "" 
&c., constantly diminishing the negative index of £r. 

It is worthy of remark, that the general form — x 
f. (Ix) bemg = (Ix)' x/. (&), may be always integrated. 

(6.) To^nd the fluent of x iin. Xy x tan. x^ dt see. x, 
4md ct vers. x. 

First fsc sin. jr=/— (co^. x)' (see page 279). 

= — eas.x + c (a) 

Hepoe fx cos. « = /i sm. l-^ — ») = 

/ "• (-f - a?y sin. (-^ - ^) = cos. (-|- - x) + 
€ = sin. X + c ...,,. (6) 

A - ^. r* «». X f — (co*. j:)' 

Agam fx tan. x = I = I ^— 

° ^ Jcos.x Jcos.x 

= — / . (cos. «) + c. 

.\fxtan.x=:fx. 5= I — : — =;-«/• cos. ar+c««»(c) 

COS. « J co^ X ^ ^ 

Hence f oe cot. a? = /« ea». f ^ — a:) = — j ( ^ — 

2 — ir) = /. cos.'f^ — a?)+c=/f.(stnj?)+c 

COS. X (* X ^ 

••. /« COf. X=:f3C -: = I ^ ssLsin. X + C .... (d) 

sin. X . J tan. x 

. . ^ . r i C^ COS. X C (*wi. a?)* 

Again /« «c. a?= I = I r-= r=^ — r-^ 

^ J COS. X J co^. ^x J.lsm.^x 

r, (swt. «)' f ^ (si«. a;)* , y- r.-^ 
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■- /. •! - sirux + c = l.\/l±5^ + e = 

^ 1 SIJI. X 

x\ 
/.ton. (45+-5 ) + c 

.'. foe see. X = I =/. ton. (46+ "sj + c......(c) 

J eoa, X ^ xj ^ 

JX X 
— : r= Z. ton. -s" + c Cf/ 

Finally /(£ vera, a? = /« . (1 — ' ccw. x) = /i -^ 
/ico9. » = X — nn. X + c .« f^J^ 

Hence /x ooversed «mi. f^fx vers, f — — x) = — 

— jp) + c = a: — -g- + ccw. a: + e (h) ' 

(7.) To find the Fluent ofx stn.*x x cos. "x = /V 
First let us reduce n. 

By the form f^^vw-^fwv, we have 
F=fx sin. X . COS. "x x sin. •"*» 

m + 1 . m-fl 

/i C05. "•■'■'j? . «n. "^a?. 

But CM. "•+*j? sin. "^x^cos. *x sin. "^x x (1— «in. *x) 
=co9. *"j? sin. "^X'-cos. *« «tn. "«. 

m+n _ 1 «+i ' ' «— I . 

Hence — -=■ JP = — — tt . cos. ''^^x stn. *^*ap + 
m + 1 m+1 

« — 1 . ^ 

r- ri COS. "x . «in. "^j:, or 

m + 1 '^ 

^ 1 J.. . 1 »— 1 

p =- _ cotf. "•+'x «n. *^^j: H ; — X 

m + n m -f « 

f X cos. **x sin. **^^x fkj 

in which n the index of sin. x is reduced by two. 



Again to reduce m we have 
F zs. fx COS. X . sin, "x x cos, "^'jp 



n + X w -f 1 

COS. ""^x, and reducing as before, we obtain 

y, sin, ""*"'x . cos. "•"■*j: w - 1 /» . . . ..^ 

/^ = . 4- /ac ^m. "X cos. *"^x 

fO 

whidi rcduoes tbe index m by S. 

Continuing these reductions we shall at length arrive 
at the simplest form of the fluent. When m and n ^xq 
integer, our last form will be one of the forms in the 
pre^^ding number. 

(8,) Tojlni the fluent of t^^^ = F, 

COS. "x 

To rediwe », we have 

F =: fx . sin. X , cos, """x x sin. """'x, 
and proceeding as before, ve get 

jr, 1 sin. "~'x n — 1 Tx sin. """'^x 

n—m COS. ""^'x n—mj cos.^'z 
whioh reduces m by two. 

To reduce m we have 

F = fx COS. X sin. "x x cos '~*"'^x, ' 
and we easily obtain 

„ 1 sin.^'^^x le— «(^4-^ /*x«w."x ^ . 

Jt=9 e- • r -^ ^;-* I • fw> 

m— 1 cos."^*x w — 1 J cos.'^'^^x 

which- reduces m by two. 

Repeating these operations, the fluent may ]be re- 
duced to its most simple form ; and when w, n are in- 
%^T^ it is xed'^cil^le lo some ds^ of .those io No. ^. 

VOL. I. z 
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ct sin. "x 



Hence we may find the fluent of x tan, "x= 



cos, "x 



m 

of X sec, *x = , and therefore of x cot, "x, and of 



COS. "x 



ct cosec, "jr. 



(9.) To find the fluent of - ^ 



stn,*x, cos'^x 



The process required for reducing m and n here, does 
not differ fi'om that delivered in No. 9 for reducing m. 

(10.) To find the fluent of x sin, ~'«, x tan, ""'x, 
X sec, ""'», and x vers, "'x, where sin, ~'x, &c. denotes 
the arc whose sine is x to rad.=l &c. 

First, fx sin. ""'or = x sin. ""'« — fx (sin. ""'a:)' = 
X sin, ~'x — I ^ ( see page 279, line 8 V == 

x,sin''^x — V^l — X* 4- c» (o) 

(* XX 

Again, fx tan, ~'x = x tan. 'x — I ^ (see 

p. 279, No. 5)=x tan. «-' — | / . (1 ■h3^^)-hc (p) 

J XX 

— - y (see 

/x me 

, But -7= 



•x« — 1 



XX 

X •\ -jzz 



•a?2-l (a? + ^x*-iy 



a: + /x2 — 1 X + V^x^ — 1* 

.-. /* sec. -'j:=t sec. ""'x — /. (x + V^x« — 1) ... (}>, 
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Again, fx vers. *"'x= j: vers. ~'« — fx . (vers. ~'j:)\ 
Let vers. 6 = ^=1 — cos. d, .\ x =z 6 sin. 6 = 

Hence / ac vers, *"*x = x ver*. x — I y -- , 

J V^x—x^ 

r XX r x-^xx r x 

.— \^^ — a?2 + vers. ""'j?. 

.'. we finally obtain 
/« vcr^. ■"'a:=(x— 1) vers. "^x+V^x-^x^+c (r) 

Hence there will be no difficulty in getting the 
fluents of X cos. "^x^ dt cot. ~'jr, x cosec. ""'jt, and 
X covers. ""*a:. 

(lljj To find the fluent of Xx x 2", where X is any 
functift of x^ and z the arc, whose sine, or cosine, or 
tangent &c. = x. 

Let — = P, a function of x. 

X 

Let also fXx = JTi 

fPX^x^X, 

fPX,x = ^3 

&c. = &c. 

Then fXxz" = X,2r — nfXPxz*'^ and repeating 
the operation, we get 

/Xi5r=X,2«-»X22;— » + ?i.(n-]) Xa:»^-&c (s) 

Having thus laid down the general principles of the 
subject, the reader is enabled to supply x the detail 
himself. 
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SECT. VII. — Ex. 1. To Jini Hie arta rf th€ 
logariihmu atrve^ whoie equattot tr 

y ^ (f. 

Syx = Sffx = ^ + c (see p. 331.) 

la 

1 

Let X s= 0, then the area = 0, and c s < — -rr* 

■■jy^- -fa IT- 

Ex. S. In the sinuoid whose epMum u jf = «/)•. r, 
we have 

fyx a: /i «tn. x r= r — 4MM. <r (see p. 336) 

= 1 — COS. X. 

Ex. 3. In the conchoid referred to a pole the 
equation is ^ 

f-bsee. B±a .\ I ^ = j — -j ±f(m^A 



/to«0' b^ ^\ 

-^= ^. ton. fi Hh ai. Z. ton. (46°+ -^j + 



(see pp. 122, 385.) 

Let the area = when d ±£ 0. 
Then c = . + abl.Xb). 






ton. (46° + 1^) 



d+^. — 7 4- y. 



SECT. VIII. — In this Section, which treats oF the 
rectification of curves^ we may add the fluxional ex- 
pression for the arc of a curve, as defined by a radius 
pector and the angle at the pole. 
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In figure page IST, if jB m denote the fluxioA of the 
curve JR or z, then mr = (CR/zrz p\ and Nn = 
(BNXz=:9\ LetCJSz^l. 

Then Rr^Nn x -^7^ = d f. 

Hence i = V^r« + i?r« = V^f^ + ^^9'^.. ...... .(aj 

which ii$ another expression for the fluxion of an arc. 

Ex. Let 9=:p* be the equation of the curve. 

Then i =s fVl -f «*f^% 

whose fluent cannot be found generally except by 
approximttioa. 

When nd or die curve is the ^tr<d of Archimedes, 

' z = /pvr+7 

Let p . y/\ + f^ = ti 

Then « = 2<.VrhF- 



1/1 + 









3 

p. 140.) 

Let the arc = 0, when 9 = 0; thence c s 0, 

and 2 = i._±L + I .i. 0+/r+7) (see p. 164.) 
When « = — 1, or the curve is the reciprocal spiral 

2 = j J-vrr? 
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Put /r+7^= «, 

■ • 

Then i = -7== = —7= x (p« + 1 - 1) 






f 



Hence 2 = •! + f« + I —7==. 

But f / =f/. ,"*"^'""^ -(seel41, where 
Stinpson might have shown in the same way, that 

Hence, and taking the correction on the supposition 
that the arc vanishes when f does, we get 

2r= vTT7 + /.-7== — r-l. 



SECT. IX and X.— Tjf a solid be generated by 
the doubk motion of a curve whose plane is constcmtly 
perpendicular to that of a given curve^ one in the 
direction of its own line of (wscissOy and the other in 
that of the given curve^ so that the intersections of the 
curves may be their common ordtnateSf its solid content 
is thus obtained: 

Let AN = x, PN=j^, A'N = x'- 

Hence, since fyx' = the area of P A'p, the sohd 
^content of P Ap A' will be expressed by 

S = fxf^yx' = 2fxfyx\ 
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Ex. Let BAG be a semicircle whose radius BO is r, 
and Y Af p a triangle^ whose equation isy •= ax\ 

Here S = 2fx j^ = 2/i£ + / ci = 

2/x ^ — ^ ^ + CI" = — + cx+c'. But the 

xa a oa 

area B A' p = 0, when ^ = 

.'. c=0; and the solIdssO, when x=0, .'. c=0. 



rx* 



X' 



2H 



Hence^= _-- = —, when «= r, 

= Q . — X r = Q the triangular base x 
altitude. 

Other examples will readily suggest themselves. 

The expression for surfaces so generated, will evi- 
dently he 8=z fz fz, z and z being the arcs of the 
curves. 
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We mijdit now proceed to the diseussion of curves 
curve surtaccs, ana solids, in general, as referred to 
three rectangular co-ordinates, that is, any how dis- 
posed in space ; but it would greatly exceed the limits 
of this work. The reader will find all the information 
on this intricate subject, he can desire, in the works of 
Mtmgt, 
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